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Preface 

The present book originates from a course of lectures I have been 
giving for the last 17 years at the University of Frankfurt (Main). 
The purpose of this book is to explain, in a concentrated form 
appropriate to present-day needs, the formal structure of thermo¬ 
dynamics and the technique of handling the subject. The reader 
should then be capable of applying the theory by himself. The 
basic plan has been developed from my work in this field over many 
years and my experience in teaching the subject. This basic plan 
consists of the purely mathematical derivation of the whole of the 
structure of thermodynamics from three relationships: the funda¬ 
mental equation, the equilibrium condition, and the stability 
condition. These relationships thus play a role similar to that of 
Maxwell’s equations in electrodynamics. This presentation is 
undoubtedly associated with a certain lack of clarity in the con¬ 
ventional sense; the lack of clarity is, however, amply compensated 
by a greater depth of understanding and by an enhanced simplicity 
and confidence in the application of the theory to concrete problems. 

The basic plan determines the structure of the book. We start by 
showing how simple facts of experience lead to the three basic 
relationships mentioned above (Chapter I). The purpose of this 
chapter is not (as was erroneously assumed in a review of the 
German edition) to serve as an introduction to the axioms of thermo¬ 
dynamics in a modern context. Such an introduction would be out 
of place within the framework of this book and new developments 
in this field have been largely ignored. Chapter I is designed to lead 
to a physical understanding of the mathematical formulations 
which constitute the basis of thermodynamics. Caratheodory’s 
theory has likewise been treated in this way whereas its significance 
as the basis of modern thermodynamic axiomatics is mentioned only 
briefly without any detailed discussion. 

Chapters II and III comprise an explanation of basic relationships 
and an investigation of these relationships in terms of their formal 
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properties. Chapter IV (stability conditions) may be regarded as 
falling within the same field of systematics. The separation of this 
chapter from the other two is based on certain didactic considerations. 

The remaining chapters serve to apply the basic relationships to 
a number of general problems (heterogeneous equilibria, chemical 
equilibria, critical phases and higher-order transitions, solids, 
systems in electric and magnetic fields, electrochemical systems, 
gravitational and centrifugal fields). This choice of subjects is based 
not only on their physical relevance but also on the desire to 
illustrate the power of thermodynamic formalism in as many ways 
as possible and, furthermore, to show by means of a few examples its 
usefulness (sometimes underestimated) in problems of practical 
research. 

The design of the book excludes a systematic treatment of various 
classes of substances (gases, liquids, etc.); it also excludes any 
discussion of empirically or statistically based formulae for thermo¬ 
dynamic functions as well as numerical calculations. Exceptions to 
these rules are exemplified by classes of substances whose treatment 
is connected with the development of particular aspects of thermo¬ 
dynamic formalism (solids, electrochemical systems) and by the 
definition of molecular weight whose most convenient introduction 
into thermodynamics is by way of statistical mechanics. I have tried, 
however, to help the reader to understand the subject by means of 
numerous examples (often in the form of diagrammatic figures) ; 
these examples should also serve to indicate the way in which 
particular problems may be treated. In this connexion, special care 
has been taken in the treatment of certain problems which are known 
to cause particular difficulties to the beginner when he tries to apply 
the theory to such problems (e.g. the concept of internal parameters, 
particularly the progress variable; normalization of thermodynamic 
functions; single electrode potentials). The Nernst heat theorem is 
discussed at length for the same reason. 

The book assumes a knowledge of chemistry, physical chemistry, 
and physics of about the standard of introductory courses in these 
subjects. The general mathematical background necessary comprises 
the basic operations of the differential and integral calculus, 
particularly partial differentiation of functions of several variables. 
Some further mathematical aids are developed briefly in the book. 
Vector and tensor algebra is used in Chapters VIII, IX, and X. 

The collection of problems at the end of the book should not 
be regarded as mere exercises but as a significant supplementation 
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of the material in the text. Certain suggestions in this respect have 
come from my students and colleagues. Since, however, it is not 
possible to determine the exact origin of these suggestions, I can 
merely express my gratitude to these anonymous helpers. 

For their valuable help in the construction of the German text I 
wish to thank Dr. E. Lux, who, in particular, checked all the 
problems, and Mrs. A. Tupker. I owe particular gratitude to Dr. E. S. 
Halberstadt for his excellent translation and for the correction of a 
number of errors in the original manuscript. 

Grateful acknowledgment is made to the following publishers, 
societies, and authors for permission to reproduce illustrations: 
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Magnetic field strength 
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M Total magnetization 
P Pressure 
P t Intensive parameter 
P Total electric polarization 
Q Heat introduced into the system 
R Gas constant 
S Entropy 
S Strain tensor 

Sj Components of the strain tensor represented as the six-dimensional 
vector S 

T Absolute temperature 
T Stress tensor 

T f Components of the stress tensor represented as a six-dimensional 
vector T 

U Internal energy 
V Volume 

W Work done on the system 
Xf Extensive parameter 
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Z Function of state 
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List of the more important symbols 

hf Partial molar enthalpy of component i 
m Number of components 
m Mass 

m Magnetic moment per unit volume (magnetization density) 
rii Number of moles (mole number) of component i 
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Si Partial molar entropy of component i 
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<t> Electromotive force (e.m.f) 
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y ¥ k Thermodynamic potential dependent on k intensive parameters 
a Coefficient of thermal expansion 
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e Dielectric constant 
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p Magnetic permeability 
Pi Chemical potential of component i 
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X Electric susceptibility (Chapter IX); magnetic susceptibility 
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Molar quantities of pure substances are denoted by small letters (e.g. u, s) 
or by capital letters with an asterisk (e.g. U* t S*). 
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Introduction 


§1 

As a part of theoretical physics thermodynamics is one of the group 
of phenomenological theories, together with hydrodynamics and 
electrodynamics. All these theories have the following properties in 
common: 

(a) The atomic structure of matter is ignored. 

(b) Accordingly, only measurable quantities defined for macro¬ 
scopic systems are taken into consideration. 

(c) The laws of the theory are derived from experience of macro¬ 
scopic phenomena. These laws are expressed in suitable mathe¬ 
matical form (Navier-Stokes equations, Maxwell’s equations). 

(d) Characteristic properties of substances appear as characteristic 
parameters (viscosity, dielectric constant). 

The subject of thermodynamics may be defined, for the time being 
and using conventional terminology, as being concerned with those 
physical phenomena which involve heat and temperature. Thermo¬ 
dynamics actually deals with only some of these phenomena. It con¬ 
fines itself to the considerations of equilibrium states and to those 
changes of state which may be represented by a continuous series of 
equilibrium states (quasi-static changes of state). Such changes of 
state can, strictly speaking, only be imagined as being infinitely slow. 
They can, therefore, not be represented as a function of time. Non¬ 
static changes of state must sometimes be taken into account but 
they are not a true part of the theory. The name ‘thermostatics ’ has 
therefore been thought to be more representative of the subject but 
has never been generally accepted. In recent times, the thermo¬ 
dynamics of irreversible processes has been developed. Although it is 
related to classical thermodynamics it has a completely different 
structure and will not be considered in this book. 

It should be clear from what has been said so far that the structure 
of thermodynamics differs significantly from that of other phenomeno¬ 
logical theories. Firstly, time is never a factor in thermodynamic 
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2 Introduction [§ 1] 

considerations. Secondly, spatial co-ordinates do not, in general, 
appear since the quantities measured at equilibrium are not functions 
of spatial co-ordinates. Although the systems considered by thermo¬ 
dynamics are not necessarily homogeneous (e.g. the system liquid- 
vapour), the spatial distribution of the homogeneous regions is not 
significant. The situation is somewhat different when external fields 
(gravitational, electric, and magnetic) or boundaries need to be con¬ 
sidered. We shall deal with such cases in Chapters IX, X and XII. 
Here it is sufficient to say that the basic structure of thermodynamics 
is not affected by them. 

The structure of thermodynamics can be defined, in a negative 
way, by saying that, unlike hydrodynamics and electrodynamics, it 
is not a field theory and its geometrical representations are confined 
to abstract phase space. These considerations determine which aspects 
of thermodynamics are easy and which are difficult. 

It follows from what has just been said that the typical partial 
differential equations of mathematical physics containing derivatives 
of time and co-ordinates do not appear in thermodynamics. The 
mathematics of thermodynamics is, in fact, extremely simple, apart 
from a few special cases, and consists mainly of the methods of partial 
differentiation and of ordinary differential equations of simple form. 
The conceptual aspect of thermodynamics is, in contrast, extraordi¬ 
narily abstract and it is here that the real difficulties arise. It has 
long been customary to try to avoid these difficulties by means of 
spurious analogies. It has, however, become clear that this method 
makes a deeper understanding leading to mastery of the subject more 
difficult. The characteristic properties of this field must be accepted 
and, on the one hand, basic concepts must be developed from concrete 
experience while, on the other, the mathematical structure must be 
analysed. These considerations determine the way in which this book 
is written. Chapter I analyses the basic concepts while subsequent 
chapters develop the formal structure. Examples of applications are 
given but the various kinds of substance are not treated systemati¬ 
cally. This is justified by the fact that thermodynamic relationships 
are independent of specific properties which always have to be deter¬ 
mined experimentally. The theoretical study of specific properties is 
the subject of statistical thermodynamics, a complementary part of 
theoretical physics. 

Statistical thermodynamics starts explicitly with the atomic struc¬ 
ture of matter and makes possible a deductive foundation for the laws 
which are introduced into thermodynamics on the basis of experience. 
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[§ 1] Introduction 

The historical beginnings of thermodynamics lie in the study of the 

efficiency of heat engines. This explains the name ‘thermodynamics’. 

1824 Publication of Carnot’s thesis ‘Reflexions sur la puissance 
motrice du feu’ which includes the theorem which states that 
the efficiency of a heat engine depends only on the temperature 
difference and not on the working substance. 

1834 Carnot’s notes, examined after his death, clearly state the 
energy principle, i.e. the equivalence of heat and mechanical 
energy. 

1834 Clapeyron applies Carnot’s results to vapour-liquid equilibria 
and arrives at the relationship now called the Clausius- 
Clapeyron equation which contains an unknown temperature 
function later identified as the absolute temperature scale by 
Clausius. 

1840-45 Experimental demonstration of the equivalence of heat 
and work by Joule, published in 1845. 

1842 Formulation of the energy principle by Robert Mayer. 

1848 W. Thomson (Lord Kelvin) defines an absolute temperature 
scale (i.e. independent of the thermometric substance) based 
on Carnot’s work. 

1850 Clausius publishes the thesis ‘t)ber die bewegende Kraft der 
Warme und die Gesetze, welche sich daraus fur die Warmelehre 
selbst ableiten lassen’. (Concerning the motive force of heat 
and the thermodynamic laws which can be derived from it.) 
This, in essence, combines Carnot’s theory with the energy 
principle and thus contains the basis of the Second Law of 
thermodynamics. 

According to Willard Gibbs, the greatest exponent of 
thermodynamics of a later period, this thesis marks an epoch 
in the history of physics and the beginning of thermodynamics 
as a science (Gibbs, Collected Works , vol. II, p. 262). 

1851 W. Thomson formulates explicitly the two laws of thermo¬ 
dynamics based on the work of Carnot, Joule, and Clausius. 

1854 Clausius introduces the concept of entropy leading to a new 
formulation of the Second Law. 

1865 Clausius introduces the term ‘entropy’. This work contains the 
famous quotation: ‘The energy of the universe is constant. 
The entropy of the universe tends towards a maximum.’ 

1869 Massieu introduces the first ‘characteristic functions’ from 
which all thermodynamic quantities can be derived by 
differentiation. 
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1873 Horstmann calculates, for the first time, chemical equilibria 
(dissociation of CaC0 3 and PC1 5 ). 

1875 Gibbs publishes his thesis ‘On the equilibrium of heterogeneous 
substances’. Extension of thermodynamics in a general form 
to heterogeneous systems and chemical reactions. Derivation 
of equilibrium conditions for various special cases from a com¬ 
pletely general formulation. Introduction of characteristic 
functions. The motto of Gibbs’ thesis is the above quotation 
from Clausius. 

1882 Helmholtz, independently of Gibbs, introduces free energy and 
derives the relationship now known as the Gibbs-Helmholtz 
equation. 

1886 Duhem derives the Gibbs-Duhem equation. 

1887 Planck divides changes of state into two classes, reversible and 
irreversible processes. 

1906 Nemst publishes his new heat theorem. 

1909 Caratheodory publishes a new axiomatic basis of thermo¬ 
dynamics. 

Later work deals with axiomatic problems, extension of the formal 

framework, and application to special problems. 



CHAPTER I 


The Laws of thermodynamics 


§ 2 Definitions 

The so-called Laws of thermodynamics constitute, as has already 
been explained, its axioms. Starting with certain observed facts they 
serve to develop the concepts used to build up the formal apparatus 
of the subject. The formulation of the Laws is, however, the result of 
a historical process. They do not constitute a complete system of 
axioms and it must be remembered that thermodynamics uses 
observed facts which are not contained in the Laws. We shall return 
to these considerations in due course. 

Let us start with some definitions. 

A system is a part of the physical world, defined in some way by 
boundaries, which is the subject of an investigation. Usually the 
system is the sample of material under investigation in the laboratory. 
It may also be a much more complicated structure (heat engine, 
electrical network). 

The state of a system is determined by a set of measurable quantities 
such that the result of any further measurement applied to the system 
can be calculated. This formal definition is inherently not particularly 
useful. Experience shows, however, that the complete set of quanti¬ 
ties can be divided into sub-sets which give an approximately complete 
picture in the above sense, i.e. within each sub-set all other quantities 
can be calculated from a limited number of measurable quantities. 
Thus, this limited number of quantities necessary to calculate all 
others within the sub-set may be taken as the definition of a state. 
This idealized division corresponds to other branches of theoretical 
physics: the mechanical state of a chemical system is defined by a set 
of general co-ordinates and momenta or velocities; the state of a 
quantum mechanical system is defined by the wave function or 
Dirac’s ket vector; an electromagnetic state is defined by the depen¬ 
dence of electric or magnetic field strength on spatial co-ordinates. A 
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Definitions [§ 2] 

complete division is possible only for ideal systems (incompressible 
liquid, vacuum). Coupling can be taken into account to a certain 
extent by the introduction of suitable parameters. Further develop¬ 
ment leads to the fusion of separate subjects into more comprehensive 
theories (irreversible thermodynamics). These are, however, usually 
only of interest when applied to certain problems. 

Thermodynamics is a phenomenological theory and therefore deals 
only with macroscopic measurable quantities, i.e. with quantities 
which can be defined for a macroscopic system. Such quantities can 
be defined only for a macroscopic system (a point mass has no 
temperature) or, at least, the structure of matter does not enter 
into the definition (in this sense the lattice constant of a crystal is 
not a macroscopic quantity). The measurable quantities of thermo¬ 
dynamics are defined partly in mechanics, f partly in the Laws of 
thermodynamics. 

A considerable simplification is caused by thermodynamics being 
limited to equilibrium states and quasi-static processes. Since the 
existence and properties of equilibrium are closely connected with the 
Second Law, we can, at the moment, define equilibrium merely as 
that state towards which a system tends spontaneously; alternatively, 
equilibrium may be defined as that state in which the thermodynamic 
quantities of the system are no longer time dependent. Experience 
shows that the number of quantities necessary to describe such a 
state is smaller than that for any non-equilibrium state. For a given 
mass of ideal gas, for example, the equilibrium state can be com¬ 
pletely described by any two of the three variables—pressure, volume, 
and temperature—while non-equilibrium states additionally need 
temperature and density gradients for a complete description. 

We shall, from now on, denote as a (thermodynamic) variable of 
state a set of variables which defines the thermodynamic state at 
equilibrium. We simply call this a (thermodynamic) state . The system 
which has thus been completely described is called a (thermodynamic) 
system. A quantity whose differential is a complete differential of the 
variables of state is called a function of state. The abstract space 
which corresponds to variables of state is called co-ordinate (or phase) 
space. Each thermodynamic equilibrium state of the system thus 
corresponds uniquely to a point in co-ordinate space and vice versa. 

A system is called closed when it can exchange energy with its 
surroundings but cannot exchange matter (a liquid under its own 

t Certain quantities of thermodynamics are defined by electrodynamics (see 
Chapters IX-XI). 
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[I] The Laws of thermodynamics 

vapour is an open system ). An isolated system can exchange neither 
matter nor energy with its surroundings. A substance is called 
homogeneous when temperature, pressure, concentration, and, con¬ 
sequently, all other macroscopic physical properties (crystal structure, 
refractive index, etc.) within it are independent of location. It should 
be obvious that this definition makes sense only on a macroscopic 
scale. If the size and shape of the substance are ignored, we speak of 
a phase (vapour, liquid, crystal). A homogeneous system contains 
only a single phase. Two co-existent phases can occur together 
separated by a smooth boundary and in an equilibrium which is not 
determined by ‘barriers’ (e.g. two different crystals at room tempera¬ 
ture pressed against each other are separated by a ‘barrier’). A 
heterogeneous system contains two or more co-existent phases. The 
number ( m ) of ( independent ) components of a system in the thermo¬ 
dynamic sense is equal to the number (c) of substances (or particle 
species) in the chemical sense less the sum of the number (r) of 
reaction equations and the number (b) of conditional equations 
connecting them, i.e. 

m = c — r — b. (2.1) 

Example. An aqueous solution of common salt contains the 
substances H 2 0, NaCl, Na + , Cl - . There is one reaction equation 

Na+ + Cl - ^NaCl (2.2) 

and, if n A is the mole number of substance A, the conditional 
equation is 

n Na+ = n Cl — (2*3) 

According to (2.1), therefore, the system has two (independent) 
components in the thermodynamic sense (binary system). It is 
assumed that the reactions corresponding to the reaction equations 
really occur under the experimental conditions. 

Example. The system H 2 , 0 2 , H 2 0 generally has two components 
because of the reaction equation 

2H 2 + 0 2 ^2H 2 0. (2.4) 

At room temperature and atmospheric pressure, however, this 
reaction does not take place in the absence of a catalyst. Under 
these conditions the system is, therefore, a three-component system 
(ternary system). 

The above definitions are important. Insufficient attention to them 
leads to much misunderstanding and many mistakes. 
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The First Law . Internal energy [§ 3] 

The following discussion will be restricted to a certain class of 
systems called simple systems. They are characterized by each phase 
having constant mass and composition and their state is defined by 
two independent variables of state. We shall see later that at least 
two variables of state are required for the definition of the thermo¬ 
dynamic state; we shall, therefore, for the time being neglect solid 
substances, external fields, boundary phenomena, etc. It follows 
further from the definition that exchange of matter takes place 
neither between the phases nor with the surroundings. The whole 
system and each separate phase on its own therefore constitutes a 
closed system. Finally, the definition also excludes chemical reactions. 
We shall return to these questions in Part C of this chapter. 


A. CLASSICAL FORMULATION OF THE LAWS 
§ 3 The First Law. Internal energy 

The classical formulation of the Laws takes the concepts of 
temperature and heat from the immediate experience of the senses 
and does not analyse them further. Their measurability is accepted as 
innate. We shall therefore defer a detailed discussion of these concepts 
to Part B of this chapter. 

The empirical foundations of the First Law were laid by Joule’s 
experiments (1840-45). He showed that the amount of mechanical 
work necessary to raise the temperature of a certain amount of water 
by 1° was always the same. This so-called equivalence principle was 
formulated by Thomson as follows: 

When equal amounts of mechanical work are produced from 
thermal sources or disappear in thermal effects, equivalent amounts 
of heat disappear or appear. 

This theorem can also be put in the form : It is impossible to 
construct a machine which does mechanical work without consuming 
an equivalent amount of heat. (Principle of the impossibility of 
perpetual motion of the first kind.) 

Let Q be the heat absorbed by the system and W the work done 
on the system. If we consider a process which starts from a definite 
state and returns to the same state via a series of (positive or 
negative) heat absorptions, A Q, and a series of (positive or negative) 
work performances, A W (cyclic process), then according to the 
equivalence principle 


£AQ = -i;atf. 


(3.1) 
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If we now define a quantity 

MJ = £±Q + MV (3.2) 

we have from (3.1), for the limiting case, 

= 0 (3.3) 

where the integration is to be performed over a closed curve in 
co-ordinate space. It follows that 

dU = d'Q + d'W (3.4) 

is a complete differential and that U is a function of state. These 
considerations constitute the appropriate mathematical formulation 
of the First Law within the framework of the classical theory. Follow¬ 
ing Clausius, U is called the internal energy of the system. According 
to its definition, U is defined except for an additive constant. 

It should be noted that d'Q and d'W are not, in general, exact 
1*2 r2 

differentials. The values of J d'Q and J d'W depend on the path in 

co-ordinate space over which the integration is performed. This can 
easily be confirmed by means of simple examples. 

For a homogeneous simple system, we have for a quasi-static 
process 

dW = -PdV (3.5) 

where V is the volume and P the pressure. The internal energy is, 
therefore, in this case 

dU = d'Q —PdF. (3.6) 

For a closed system, therefore, the internal energy is constant. 


§4 The Second Law. Entropy and absolute temperature 

According to Clausius the empirical basis of the Second Law is 
formulated as follows: 

It is impossible for heat to flow spontaneously (i.e. in an isolated 
system) from a colder to a hotter body. 

The formulation used by Thomson and later by Planck is: 

It is impossible to construct a cyclic engine which performs 
mechanical work by merely cooling a heat reservoir. (Principle of the 
impossibility of perpetual motion of the second kind.) 

These two formulations, which at first sight seem to have little 
connexion, are in fact equivalent. 
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Proof, (a) Let Thomson's principle be true but not that of Clausius. 
Part of the heat contained in a heat reservoir R could then be brought 
to a higher temperature and thus a heat reservoir R' at a higher 
temperature could be produced. A part of the heat in R' could then 
be changed into work, the rest brought to the temperature of R and 
returned to R. R' would then have disappeared and the net effect 
would be that work had been obtained from the heat contained in R. 
This process could be repeated indefinitely and would thus constitute 
perpetual motion of the second kind. This is in conflict with Thomson’s 
principle and, if Thomson’s principle is true, Clausius’ principle is 
likewise true. 

(b) Let Clausius’ principle be true but not that of Thomson. A 
perpetual motion machine of the second kind could then be con¬ 
structed. A certain amount of heat could be abstracted from a heat 
reservoir and this heat could be changed into work. This work can 
freely be changed into heat at a higher temperature. The heat in 
question would thus without compensation be brought from a lower 
to a higher temperature. This denies Clausius’ principle and, there¬ 
fore, if Clausius’ principle is true, Thomson’s principle is likewise true. 

An immediate consequence of Thomson’s principle is that a 
continuously working engine which converts heat into work (heat 
engine) is possible only if a working substance (e.g. steam) undergoes 
a cyclic process between two heat reservoirs at different temperatures. 
The working substance accepts an amount of heat Q x (all amounts of 
heat are expressed as absolute values) from the hotter reservoir 
and rejects an amount of heat Q 2 into the colder reservoir. The 
difference Q x — Q 2 is converted into work. The efficiency of such a 
cyclic process is defined by the equation 


V = 


Q1-Q2 
Qi ‘ 


(4.1) 


Clausius’ principle then leads to the following theorem: 

The efficiency of a completely reversible cyclic process K cannot be 
exceeded by any other cyclic process which uses the same working 
substance between the same two temperatures. 

Proof. If we assume the theorem to be wrong, there exists a cyclic 
process K' between the same two temperatures for which 


W — W , rj > 77 , Qi<Qi , Q 2 <Q%' (4*^) 

K' and K can then be coupled so that K occurs in the reverse direc¬ 
tion. According to (4.2) the resulting work would be zero. Since 
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Q' 1 <Q 1 , however, heat would be added to the hotter reservoir which 
contradicts Clausius’ principle. 

An analogous argument is used to prove Carnot’s theorem: 

The efficiency of a reversible cyclic process depends only on the 
temperature of the two heat reservoirs and is independent of the 
nature of the working substance. 

Thomson showed that Carnot’s theorem can be used to define 
thermodynamic or absolute temperature. 

According to (4.1) 



From Carnot’s theorem and (4.3) we have 

& = f(M 2 ) (4-4) 

where t 1 and t 2 are the temperatures of the two reservoirs on an 
arbitrary empirical scale. We now imagine a third heat reservoir at a 
temperature t 3 such that t x >t 3 >t 2 \ we also have two reversible cyclic 
processes K and K' such that K occurs between t x and t 3 while K' 
occurs between t 3 and t 2 . They are coupled so that K rejects into t 3 
the same amount of heat which is absorbed from t 3 by K'. From the 
above theorem we then have that the resultant efficiency of the 
coupled processes is the same as the efficiency of a simple cyclic 
process between t Y and t 2 . In both cases, an amount of heat Q 2 is 
rejected into the coldest reservoir. But we have 



(4.5) 

tv ~ f(^> y • 

V3 

(4.6) 

From (4.4)—(4.6) we have 


_ Q2IQ1 _ 

Qz Q3IQ1 

(4.7) 

and, therefore, 


<3 ’ y f (t v t 3 y 

(4.8) 


However, according to the above theorems the efficiency of a cyclic 
process between the temperatures t 3 and t 2 must be independent of 
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the temperature t v Equations (4.7) and (4.8), therefore, give 




Q* 

Qz 




(4.9) 


where is a new function. The absolute temperature T is then defined 
by the equation 

<t>(t) = CT (4.10) 


where C is a universal proportionality factor. According to (4.9) we 
then have 


Q 2 __ ^2 

Qi Ti 


(4.11) 


Equations (4.10) and (4.11) constitute Thomson’s definition of 
absolute temperature. A reversible cyclic process between the ice 
point and the boiling point of water at standard pressure (1 atm) 
gives the absolute temperature scale when taken together with the 
statement that, over this range, T increases by 100 units. We then 
have that 


Q x _ x+ 100 
Qz % 


(4.12) 


and measurements show that 


x = 273 15K. 


(4.13) 


This defines the absolute or Kelvin scale of temperature. 

We now introduce two new definitions. A process which occurs 
under the condition T = const is called an isothermal process. A 
process which occurs such that d'Q = 0 is called an adiabatic process. 
For an adiabatic process, therefore, the system must be thermally 
insulated against the surroundings. Let us consider a homogeneous 
system and a reversible cyclic process consisting of two adiabatic and 
two isothermal processes (Carnot cycle). 



Fig. 1. Carnot cycle 
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If we again write heats algebraically, (4.11) gives for the Carnot 
cycle 

Q' Q" 

^7 + ^ = 0. (4.14) 

It can be shown that any reversible cyclic process in the PF-plane 
may be represented as the sum of infinitesimal Carnot cycles. 



Fig. 2. Arbitrary cyclic process 

(4.15) 

(4.16) 


It must then be generally true that 



If we now define a quantity 



(4.15) shows that d S is a complete differential and S is therefore a 
function of state. Clausius (1865) called this function the entropy of 
the system. The reciprocal of the absolute temperature is, therefore, 
an integrating factor for the incomplete differential d'Q.| These 
considerations constitute the mathematical formulation of the Second 
Law for reversible processes. According to the definition, entropy is 
defined except for an additive constant. 

From (4.16) we have that for an adiabatic reversible process the 
entropy remains constant. Such processes are therefore called 
isentropic processes. 

From (4.16) and (3.6) we have 

TdS = dU + PdV. (4.17) 

Let us now consider a heterogeneous system whose phases are 
distinguished by the index a. The definition of a simple system 
excludes exchange of material with the surroundings or between 

t In order to simplify equations we shall, from now on, no longer distinguish 
incomplete differentials by primes, but write simply d(? and d W. 
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phases. If there is no heat exchange between phases we have 

d£ = 2d£ (a) . (4.18) 

OL 

The total entropy change of the system is thus equal to the sum of 
the entropy changes in the parts of the system and d S is again given 
by (4.16). If the barriers between the phases allow heat to pass and 
if we suppose all parts of the system to have the same temperature 
the same applies. This will be shown in detail in Part B. 

We still have to consider the case where the parts of the system 
have different temperatures. For simplicity we shall consider an 
adiabatic isolated system consisting of two parts, a and jS, which are 
separated by an adiabatic barrier and which have temperatures T (a) 
and TW such that 

Ti«)>T<fi). (4.19) 

The entropy is a function of state and has, in this state (denoted by A) 
a definite value given by (4.18) as 

S a = S'« + S<£'. (4.20) 

If the barrier is now made heat conducting, a temperature equili¬ 
brium will result. According to Clausius’ principle, heat will flow 
from a. to ft. In the final state B, the entropy again has a definite 
value given by 

S B = Sp + S&. (4.21) 

Since the process is adiabatic and irreversible, S A ^S B according to 
the Second Law. Since, however, the whole system is closed, we have 
d'Q = 0. Equation (4.16) is, therefore, not applicable to this case. 
This result was to be expected since we included an irreversible 
process. This gap in the theory may be filled, on the basis of Clausius’ 
principle, as follows: 

Let us suppose that heat exchange between the phases is much 
slower than heat equilibration within a phase. During the irreversible 
process each phase is thus in internal equilibrium, i.e. in a thermo¬ 
dynamic state. The two phases, however, are not in equilibrium with 
each other. During the process, therefore, we have functions of state 
U and S for each phase. The entropy change for the whole system can 
then be defined, after the introduction of an adiabatic barrier 
between the parts of the system, by eq. (3.18). We now consider an 
infinitesimal step of the process during which an amount of heat 

-dQ^^dQW^dQi (4.22) 
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flows from a to /?. The temperatures of the two parts of the system 
may be regarded as constant during this process. If no external work 
is done (dF = 0) the entropy changes associated with the process are 
given by the above and eq. (4.17) as 

T< a > d£ (a) = dC7 (a) , TW d SW = d U^K (4.23) 


Introduction of the general eq. (3.4) (for d'W = 0) gives 


dS {(X) = 


d 

T«x) 9 


dSW = 


d QW 
TW * 


(4.24) 


This shows that (4.16) applies as long as the phase under considera¬ 
tion is in internal equilibrium, i.e. in a thermodynamic state; it is 
not, however, necessary for the heat flow to be a reversible process. 
The total entropy change due to the irreversible process is then 

dSi = dS (0L) + dS { P ] (4.25) 

or, with (4.22) and (4.24), 

= < 4 - 26 > 

Clausius’ principle then, because of (4.19), gives the fundamental 
result 

d/S^O. (4.27) 

The entropy change caused by the irreversible process of heat 

conduction can only be positive or, in the limiting case, zero. 

The preceding argument may be generalized for other exchange 
processes (exchange of matter, chemical reaction). The equations will, 
of course, become more complicated. If the whole system is not 
closed towards the surroundings, dissipative processes may also occur 
(irreversible change of work into heat, e.g. by friction or an electric 
current). Even continuous processes may be considered by reducing 
phases to volume elements such that the differences between adjacent 
volume elements are infinitesimal. Equation (4.27) is thus shown to 
be valid for all irreversible processes. For simplicity’s sake we shall 
only consider the case discussed above. The main results are, how¬ 
ever, generally valid. 

In order to obtain the total entropy change, we still have to 
consider the exchange of heat with the surroundings, bearing in 
mind that the two phases have, by definition, different temperatures. 
The total heat absorbed from the surroundings must, therefore, be 
divided according to the equation 

Q = QM+QW, 


(4.28) 
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If the increase in entropy due to absorption of heat from the 
surroundings is d$ a , we have 

d S = dS^ + dSi (4.29) 

or, introducing (4.16) and (4.26), 

dS = (4 - 30) 

For simplicity’s sake we shall suppose that dQ (a) = d Q { P ] — £dQ and 
introduce an 'effective temperature* 


2 T (a) + TW 

T = ^(a) JHfi) ‘ 


If we now define dQ' by 


d Q' = 2d Qi 


p(OC) _ p(0) 
JHac) + JH/J) 


then (4.30) becomes 


ds-f + f. 


(4.31) 

(4.32) 


(4.33) 


This formulation, due to Clausius, is again completely general. If the 
temperature of the system is uniform (i.e. irreversible processes are 
confined to transport of matter, chemical reactions and dissipative 
processes), the effective temperature becomes the same as the actual 
temperature. The quantity d Q' is defined, according to Clausius, as 
‘uncompensated heat*. Its significance for the theory of irreversible 
processes appears to have been recognized first by Duhem (1911). 
Comparison of (4.33) with (4.29) shows, together with (4.27), that 
quite generally 

d Q f > 0 (4.34) 

must be true. It must be remembered that (4.33) is simply a symbolic 
way of writing eq. (4.30) for the case of heat conduction. We shall 
retain this symbolic form to the end of this section in order to obtain 
a simple formulation. Explicit calculations must, however, obviously 
be based on (4.30). 

From (4.33) and (4.34) we get the completely general relationship 

d(KTdS. (4.35) 

This important relationship is called Clausius * inequality. In the 
absence of irreversible processes, it reduces to eq. (4.16). 
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Let us now consider an adiabatic isolated system. According to 
(4.29) dS = d&£ and we have from (4.27) 

d$ ^ 0 (adiabatic isolated system). (4.36) 

The entropy of an isolated system can thus never decrease. In the 
limiting case when only reversible processes take place, the entropy 
remains constant. It follows that the entropy of an isolated system in 
thermodynamic equilibrium (i.e. all possible irreversible processes in 
the system have gone to completion) has the maximum value com¬ 
patible with the given conditions. This value is usually, but not 
necessarily, a stationary value in the mathematical sense. 

The preceding considerations amplify the Second Law and consti¬ 
tute the basis for the formulation of the equilibrium conditions 
(Chapter II). If the universe is regarded as a closed system the 
theorem of Clausius mentioned in § 1 follows. 


§ 5 Refrigerators and heat pumps 


The classical development of the Second Law stems from a 
particular technical problem and can, therefore, serve as a convenient 
model for the investigation of related problems. We shall look briefly 
at two such applications. As in § 4, we shall confine our discussion to 
the idealized case of completely reversible cyclic processes. 

The cyclic process considered at the beginning of § 4 constitutes the 
basic principle of all heat engines and yields the maximum efficiency 
7), i.e. the greatest efficiency allowed by the Second Law. This 
maximum efficiency can be reached only in the limiting case of 
complete reversibility of the process. The equation for the efficiency 
can be written according to (4.3) and (4.11) as 


V = 


1 i-r, 

T .i ' 


(5.1) 


Since T 2 is in practice usually fixed (temperature of the surroundings), 
a direct consequence is that the efficiency of a heat engine is increased 
by increasing the working temperature (use of superheated steam, 
internal combustion engines). 

The process under consideration can also be used in the reverse 
direction in such a way that an amount of heat Q 2 is taken from the 
colder reservoir, work W is done on the working substance and heat 
Q 1 is finally given up to the hotter reservoir. Such an arrangement is 
called a refrigerator when the technical interest is centred on the 
cooling of the colder reservoir. When the heating of the hotter 
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reservoir is the desired result, the arrangement is called a heat pump . 
Both machines are, therefore, based on the same principle and differ 
only from a technical point of view. 

The simplest example of a refrigerator is the ordinary domestic 
type. The inside of the ‘fridge’ constitutes the colder reservoir 
(temperature T 2 ) while the surroundings represent the hotter reser¬ 
voir (temperature T x ). The work is done by the electric current. The 
definition of the efficiency is naturally based on the technological 
point of view. For refrigerators, it is therefore defined as the ratio 
of cooling (i.e. the heat Q 2 extracted from the colder reservoir) to the 
work done, i.e. 




Qt 

w 


(5.2) 


Since we have assumed a reversible cyclic process, we again have 
from (4.11) (if the heats are written as algebraic quantities) 

|+| = 0. (5.3) 

Now, according to the First Law, 

W+Q 2 + Q x = 0 (5.4) 


and, therefore, 


Q2 $2+^ 

t 2 t. 


= 0 . 


(5.5) 


We then get the efficiency of the refrigerator from (5.2) and (5.5) to be 

T 2 


T x -T 2 


(5.6) 


This shows that the efficiency of a refrigerator becomes greater when 
the temperature difference T x — T 2 becomes smaller (the ‘fridge’ uses 
more current during the heat of summer). On the other hand, the 
efficiency is lower (at given T x ) when T 2 is lower. This is one of the 
reasons why it is difficult to attain very low temperatures. 

The heat pump is based on the same principle. In practice the hot 
reservoir may be represented by the inside of a house while the cold 
reservoir is represented by the open air. The work is again done by 
an electric current. According to the technological standpoint the 
efficiency is here defined as 


e H 


Qi 

w m 


(5.7) 
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With eq. (5.4), this gives 
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e n ~ ( 5 * 8 ) 

The efficiency is therefore less at large temperature differences 
T x — T 2 . If T 1 — T 2 is fixed the efficiency increases with increasing 
temperature T x of the hot reservoir. 

Such an arrangement can be realized in principle by placing an 
open ‘fridge’ by an open window, although the effect is very small. 
Heat pumps are of considerable technical interest for heating pur¬ 
poses because of their enormous efficiency. We can see, for instance, 
from eq. (5.8) that for T x — 16 °C and T 2 = 0 °C more than 16 times 
the electric energy used appears as heat energy (in the ideal case). 
The heat pump is thus greatly superior to direct electric heating. 
Practical applications have been almost absent so far owing to the 
excessive investment and maintenance costs, but now seem promis¬ 
ing for smaller installations. The use of the Peltier effect in semi¬ 
conductors is of special interest in this connexion. 


B. CARATHEODORY’S AXIOMS 


§ 6 Definitions 

The classical development of the Laws is particularly suitable for 
an introduction to the basic concepts of thermodynamics. Certain 
aspects are, however, not satisfactory from a logical standpoint 
(uncritical introduction of the concepts of temperature and heat, no 
clear differentiation between purely physical facts of experience and 
purely mathematical aspects). We shall now develop the Laws, 
according to Caratheodory (1909), in a strictly systematic way. 

We shall first summarize, even though this involves repetition, the 
most important definitions which we shall need. We shall accept as 
given only those concepts which are defined in mechanics (mass, 
volume, pressure, work, etc.). Let us consider a homogeneous isotropic 
substance in equilibrium in the absence of external fields. According 
to hydrostatics the volume V is then uniquely determined by the 
pressure P. We now introduce the first fact of experience which also 
serves to define a concept. 

Theorem based on experience; definition. Processes exist which lead 
to a change in V even though P is constant. These are called thermal 
processes. 
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Heating and cooling are therefore thermal processes. The theorem 
shows immediately that, in thermodynamics, the system we are con¬ 
sidering needs two independent variables to define its state. We shall 
choose, for the time being, the quantities P and F as variables of 
state. They are defined in mechanics. Each equilibrium state of the 
substance then corresponds to a point in the P-F-plane. 

A wall surrounding the substance is called adiabatic when the state 
of the substance can be changed only by non-thermal (i.e. mechanical, 
electrical, etc.) processes (movement of parts of the wall, switching 
on of the current, etc.). Any non-thermal wall is called diathermic or 
heat conducting . 

A change of state is called quasi-static when it occurs via a 
continuous series of equilibrium states. It must, therefore, occur 
infinitely slowly and is not a function of time (see §1). Example : 
Expansion of a gas in a cylinder by slow withdrawal of the piston. 

Any other change of state is called non-static. Intermediate states 
in non-static processes need additional variables for their description. 
Their discussion, apart from certain general considerations, lies 
beyond the scope of classical thermodynamics. We shall confine our 
discussion, for the time being, to quasi-static processes. 

It should be noted that the concept of quasi-static change of state 
is pragmatically the same as that of reversible change of state, but 
the two are different from the point of view of logic. The concepts of 
reversibility and irreversibility will be introduced much later in con¬ 
nexion with the Second Law. 

§ 7 Empirical temperature 

Let us consider a homogeneous adiabatic closed substance in the 
state p„,v 0 . Let there be a quasi-static change of state resulting in the 
state P , F. Since thermal processes are by definition excluded, all 
states which are attainable in a quasi-static adiabatic way, starting 
from the initial state P 0 , V 0 , must lie on a curve in the P- F-plane. This 
curve is called the adiabatic of the body through P 0 , V 0 . All the 
adiabatics of the body constitute a single-parameter family of curves 
on the P-F-plane. This family of curves completely covers a region 
of the plane. One, and only one, adiabatic therefore passes through 
each point in the P-F-plane. 

The equation of the adiabatics may be written as 

*(P, V) = 5 

where s denotes the parameter. 


(7.1) 
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Example. The equation of the adiabatic for an ideal gas is 

PV K = s (7.2) 

where k is a constant characteristic of the substance, and 

s = P 0 V g. (7.3) 

Let us now consider a system which is adiabatically isolated from 
the surroundings and which consists of the phases ' and The 
corresponding families of adiabatics are given by 

s'(P', V’) = s"(P\ V”) = s". (7.4) 

If the two phases are separated by an adiabatic wall, there will be a 
relationship between P' and V' on the one hand, and one between 
P n and V" on the other. Arbitrary pairs of values can exist separately 
in equilibrium. If, however, the separating wall is diathermic, experi¬ 
ence shows that this is no longer true. 

Theorem of experience , and definition. Where two bodies are 
separated by a diathermic wall and are isolated adiabatically 
from the surroundings, they are in equilibrium with each other only 
if one equation of the form 

F(P', V' ; P", V”) = 0 (7.5) 

is obeyed. Such an equilibrium is called a thermal equilibrium since, 
by definition, it can be attained only by means of a thermal process. 

This theorem does not tell us whether eq. (7.5) is obeyed because 
of any special properties of the substances concerned or whether it is 
obeyed because of a general property possessed, in principle, by all 
substances. The following example explains what we mean. Let us 
introduce into our system a third, unprimed, phase in such a way 
that it can be brought into thermal contact with ' and with n (by 
changing the adiabatic wall into a diathermic wall). We shall suppose 
that thermal equilibrium exists between the unprimed phase and ' 
and also between the unprimed phase and \ The equations 

F(P, V; P', V') = 0 , F(P, V; P\ V") = 0 (7.6) 



Fig. 3. Definition of empirical temperature 
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are therefore obeyed. The theorem still does not tell us whether 
thermal equilibrium exists between ' and A new fact of experience 
is therefore required. 

Theorem of experience , and definition. If, in a three-phase system, 
' and " are in thermal equilibrium with a third phase, ' and " are also 
in thermal equilibrium with each other. Each phase has, therefore, a 
measurable property t(P , V) such that t' = t" follows from t = t\ 
t = t n . 

This property is called the empirical temperature. The theorem so 
far allows us merely to state whether the temperatures of two bodies 
are the same or different. In order to get a temperature scale which 
permits comparison of different temperatures, the function 

t(P, V) = t (7.7) 

must be defined. This is done by defining two easily reproducible 
temperatures (thermometric fixed points, e.g. ice point and boiling 
point of water at standard pressure) and measuring, over this interval, 
the change in a suitable property of a convenient ‘thermometric 
substance* (e.g. change of volume of mercury or ethanol). If numerical 
values are assigned to the temperatures of the fixed points (0° and 
100° on the Celsius scale), the temperature scale is defined. The most 
convenient thermometric substance from a theoretical point of view 
is the ideal gas, i.e. the measurement of PV extrapolated to PF->0 
for a gas with the lowest possible condensation temperature (H 2 or 
He). For this case, the function t(P , V) is known, apart from scale 
conversion constants, and only one fixed point is required. The true 
gas thermometer scale is the one which agrees most accurately with 
the thermodynamic scale (§4). 

Equation (7.7) is called the thermal equation of state of the body 
under consideration. For an ideal gas it has the simple form 

PV = i(t) (7.8) 

where i(t) depends only on the empirical temperature. On the gas 
thermometer scale f(J) is identical with the temperature except for a 
constant factor. One puts 

T* = 273-15° (7.9) 

for the ice point. Equation (7.8) then becomes (for one mole) 

PV = RT* 

where R is the gas constant and T* is numerically equal to the 
temperature on the Kelvin scale (§4). 
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Equation (7.7) represents a further family of single-parameter 
curves in the P-V- plane, called the isothermals of the substance. 

§ 8 The First Law 

Caratheodory’s theory formulates the First Law from a viewpoint 
different from that of the classical theory. Internal energy is intro¬ 
duced by means of purely mechanical concepts and a basic fact of 
experience is used to define the concept of heat. 

Theorem of experience , and definition. The same amount of 
mechanical (or electrical, etc.) work is always necessary to change 
a homogeneous or heterogeneous system from an initial state 1 to 
a final state 2 by an adiabatic process. This amount of work is 
independent of the equilibrium or non-equilibrium states traversed 
during the process. The work done on the system during such a 
process is called the increase in internal energy of the system. The 
equation 

U 2 — U x = J d W (adiabatic) (8.1) 

therefore applies. 

According to this definition, the internal energy is a function of 
state and is defined except for an additive constant. 

The usefulness of this definition (which is also a way of measure¬ 
ment) obviously depends on whether the process is practicable 
for all pairs of states 1,2. A somewhat unsatisfactory aspect of 
Carath^odory’s theory is that a consequence of the Second Law 
must be considered at this point, i.e. that it is not always possible to 
reach any state 2 from any other state 1 by means of an adiabatic 
process. For instance, it is impossible to change a homogeneous 
system at constant volume adiabatically to a state of lower internal 
energy since such a process would be the reverse of a dissipative 
process (e.g. production of heat by friction). In such cases, it is, 
however, always possible to realize the reverse of the desired process 
adiabatically. This assures the general validity of the definition (8.1). 

If the process 1 2 occurs along an arbitrary (non-adiabatic) path, 

the work done depends on the path, i.e. on the intermediate states 
passed through by the system. The change in internal energy must, 
however, be the same as that for the adiabatic case since it depends 
only on the initial and final states. 

Definition. For any process l->2, the difference between the 
increase in internal energy and the work done on the system is called 
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the heat absorbed : 

d'Q = (U 2 — Di) — J d'W (any change of state) (8.2) 
or, in differential form, 

dU = d'Q + d'W. (8.3) 

This definition and eqs. (8.1)-(8.3) together constitute the First Law 
in the Carath^odory formulation. 

We shall consider briefly a few special cases: for homogeneous 
systems we have for a quasi-static process 


dW = -FdF 

(8.4) 

and, therefore, 


dU = dQ-PdV; 

(8.5) 

for an adiabatic process 


dQ = 0, dU = dJF, 

(8.6) 

and for a quasi-static adiabatic process 


dg = 0, dU = —PdF. 

(8.7) 


These equations can easily be generalized for heterogeneous systems 
since the quantities of eq. (8.3) are obtained by adding together the 
contributions of the individual phases. For the sake of simplicity, we 
shall confine ourselves to two phases ' and ". 

We then have for a quasi-static process 

dU' + dU" = dQ' 4- dQ" — P'd V' — P"d V", (8.8) 

and for a quasi-static adiabatic process 

dQ' + d<3* = 0 , dU'-hdU" = -P'dV'-P"dV\ (8.9) 


If we choose t and V as variables of state, the First Law gives for a 
homogeneous system 




Combination of (8.7) and (8.10) gives for a quasi-static adiabatic 
process 


[H- 

lw, 


+ P dr + m d< = 0. 
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Accordingly we have for a two-phase system whose phases are in 
thermal equilibrium 


Iw'A 


+P'|dF'+[(|^+P'] dV" 


The derivative of internal energy with respect to temperature, 
which occurs in these equations, is called the heat capacity at constant 
volume. If it refers to one mole of a uniform substance, it is called the 
molar heat capacity at constant volume , C v . 


§ 9 Interlude: Pfaff differentials 

This section summarizes some mathematical aids necessary for 
Caratheodory’s theory. As was seen in §8 the First Law leads to 
equations of the form 

d Q= ^X i 6x i (9.1) 

i=l 

where the quantities JQ are functions of some or all of the independent 
variables. Such expressions are called Pfaff differentials. Equation 
(9.1) can be integrated along a path in ^-dimensional space but the 
value of the integral will, in general, depend on the chosen path. The 
integral can, therefore, not be expressed in the form Q(2) — Q(l) where 
1 and 2 denote the integration limits, d Q is called an incomplete 
differential in such a case. We now pose two questions: 

(a) Under what conditions is dQ a complete differential ? 

(b) Under what conditions is there an integrating factor 1/r such 
that d Q/t is a complete differential ? 

(a) Condition for &Q to be a complete differential. The condition for 
dQ to be a complete differential can always be written 

dQ = d£(x v ... f x n ) (9.2) 

where df \x l9 ..., x n ) is the differential of a function f (a^,..., x n ). It then 
follows that 

Jd0-f(2)-f(l). (9.3) 

» df 
df = S o— 

t=i fai 


By definition, 


(9.4) 
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(9.5) 


We have, therefore, that 

az, = a 2 f dXj = dH 

dxj dx i dxj 9 dx i dx^ dx { ’ 

The necessary and sufficient condition for dQ to be a complete 
differential is, therefore, 


( ^ =1 ’-’ w) - (9 - 7) 

Equation (9.1) in vectorial notation becomes 

dQ = R.dr. (9.8) 

Condition (9.7) for n = 3 can, therefore, be written in the simple 
formf 

votR = Q. (9.9) 


The necessary and sufficient condition for the line integral of R to 
vanish along a closed curve is that R is expressible as the gradient 
of a scalar function. 

(b) Condition for the existence of an integrating factor. Let us suppose 
that d Q is not a complete differential and ask the question: What 
condition determines whether there is an integrating factor 1/r such 
that dQjr is a complete differential. If we call 

dQ = 0 or = 0 (9.10) 

the Pfaff differential equation for d Q, we have 

Theorem 1. An integrating factor 1/t exists for the Pfaff differential 
form of d Q when, and only when, there is a solution of the form 

c j(x li ... y x n ) = a (9.11) 

to the Pfaff differential equation for d Q. 



Fig. 4. Existence of an integrating factor 
f For n> 3 an analogous form in tensor notation is possible. 
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Proof. The simplest proof is geometric. The solution (9.11) defines 
a single parameter family of hypersurfaces in n-dimensional space. 
Let us consider two adjacent infinitesimal surfaces a and <7 +da. Let 
us now go from A to <7, first via B x and then via B 2 . By definition, 
dQ = 0 and da = 0 on both surfaces. However, we have assumed that 
the change in d Q depends on the path taken. Since dQ is zero on both 
surfaces the change in dQ can depend only on the crossing point B. 
We have, therefore, that 

dQ=r(B)d(j. (9.12) 

Since, however, da is by definition a complete differential, we have 


da = 


d Q 

T ( x v - ->x n ) 


(9.13) 


which proves the existence of the integrating factor. 

Theorem 2. If an integrating factor exists for a Pfaff differential, 
then an infinite number of integrating factors exists for the differential. 
Proof. If S(o ) is a single-single valued function of a, (9.11) becomes 


Using (9.13), we get 
If we now put 
we get, from (9.15), 


£M*i> = S. 

da da r 


T(x v ...,x n ) = t(x v ...,x k ) 


da 


dS< *. 


(9.14) 

(9.15) 

(9.16) 

(9.17) 


The reciprocal of T(x v ...,x n ) is, therefore, also an integrating factor, 
which proves the theorem. 

Theorem 3 (Carath^odory’s first theorem). If a Pfaff differential 
expression has an integrating factor, then there are points P x 
(x u , ...,x Ui ) in the vicinity of P 0 (x u , ...,# n# ), and as near as we 
please to it, which are not accessible by a route which starts at P 0 
and traverses only paths characterized by d# = 0. 

Proof. According to Theorem 1, the existence of an integrating 
factor depends on the existence of the family of surfaces (9.11). 
According to (9.10) and (9.11), da = 0 and d# = 0 in each surface. 
Let P 0 be a point in such a surface. Then paths d$ = 0 will lead only 
to points on the same surface, which proves the theorem. 
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If no integrating factor exists, any point P 1 can be reached from a 
point P 0 on paths such that d Q = 0. This can easily be verified by 
means of examples. 

Theorem 4. (Caratheodory’s second theorem). If a Pfaff differential 
d Q has the property that as near as we please to P 0 there are other 
points P x which are not accessible from P 0 via paths d Q = 0, then an 
integrating factor exists for d Q. 

This theorem is the converse of Theorem 3. Its proof is, however, 
much more complicated and we shall have to omit it here. 

Theorem 5. For the existence of a solution (9.11) to a Pfaff 
differential equation it is necessary and sufficient for the equation 




l d h 

l Sx t 


dxjJ \dx k dxj t \dx j dxj 


= 0 


(9.18) 


to be obeyed for all triple sets of values i, Jc,j. 

Proof. We shall only show that the condition is necessary and shall 
suppose, therefore, that the solution in the form (9.11) exists. If we 
simplify by letting = it follows from (9.13) together with (9.1) 
that 

u{x 1 ,...,x n )X i = ^. (9.19) 

This gives, since da is a complete differential, 


dx i dx j 


(9.20) 


If we carry out the differentiation, we get 


u 



du du 
dxj j dx { 


and, correspondingly, 

dXiJ_Xjc 

dx k dx { 

&X k — dXj 
dxj dx k 

If the first of the eqs. (9.21) is multiplied by X k , the second by Xj 
and the third by X i and the resulting equations are added together, 
eq. (9.18) is obtained. This shows that the condition (9.18) is neces¬ 
sary. It can also be proved to be sufficient. 


) 


_ v du du 


1 8x,. 


_ v Su du 
~ Xi d^~ Xk 


dxi 


(9.21) 
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For three independent variables, (9.18) can be written in the 
vectorial form 

R.rotR = 0 (three variables). (9.22) 

We shall now consider explicitly the special cases involving two or 
three independent variables since these two cases are of particular 
importance. 

(a) Two independent variables. Theorem 6. There is an integrating 
factor for any PfafT differential of two independent variables. 

Proof. If we put, for instance, k = j in eq. (9.18) it becomes obvious 
that the condition is always fulfilled for two independent variables. 
Combination with Theorem 1 then gives the proposition. 

Let us consider the Pfaff differential equation 

&Q = Xdx+Y&y = 0 . (9.23) 


According to Theorem 6, there is a solution 

o(x,y) = or 


(9.24) 


which represents a family of single parameter curves in the 
x, y-plane. 


Along each curve 


and 

d<2 = 0 

(9.25) 


, da do , 

da = T x Ax+ Ty Ay = Q - 

(9.26) 

From (9.26) we get 



d y do/dx 

dx dajdy 

(9.27) 

and from (9.23) 

d y X 

dx r 

(9.28) 

From (9.27) and (9.28) 

we get 



dojdx ~ dajdy ~ 

(9.29) 


where r(x 9 y) is a function dependent on x and y. But from (9.1) and 
(9.13) we get 

d<r = 4^-r = — dx + -d«/. (9.30) 


X. Y j 
= —dx + — dy. 
t(x, y) r T 


The reciprocal, r(x 9 y) 9 of the integrating factor is therefore given by 
eq. (9.29). 



30 The Second Law applied to quasi-static processes [§ 10] 

(p) Three independent variables. Let us consider the Pfaff differential 
equation 

d Q = Xdx+ Y dy+Zdz = 0. (9.31) 

In this case, condition (9.18) is not necessarily fulfilled. This can be 
verified easily by means of examples. Equation (9.31) therefore does 
not necessarily have a solution of the form 

o(x i y,z) = o (9.32) 

and there is thus not necessarily an integrating factor for d$. 

Let us now suppose that the solution (9.32) exists. It defines a 
family of single-parameter surfaces in three-dimensional space. In 
these surfaces, we have that 


From this we get 
d y 

dx 


d °-? d 

dx 

dojdx dz 
do/dy 9 dx 

But from (9.31) we get 

d y _ X dz 
dx z Y 9 dx 

From (9.34) and (9.35) we get 
X Y 


dojdx dojdy dojdz 


7 do 

-dy + -w- dz. 

/ dz 

(9.33) 

dojdx dz dojdy 

dojdz 9 dy x do/dz * 

(9.34) 

X dz _ Y 

(9.35) 

Z 9 dy x ~ Z‘ 

d„IBz = r(x ' y ’ z) 

(9.36) 


and we can show, as above, that r(x,y,z) is the reciprocal of the 
integrating factor of the incomplete differential dQ. 

This derivation can be generalized quite simply for more than three 
independent variables. 


§ 10 The Second Law applied to quasi-static processes 

The facts of experience on which the Second Law is based are 
introduced by Caratheodory in a form essentially similar to the one 
we used in the discussion of the First Law (§8). 

Theorem of experience (CaratModory 9 s principle). As near as we 
please to any state of a (homogeneous or heterogeneous) system there 
are neighbouring states which are not accessible via an adiabatic path 
starting at the original state. 
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An example has already been mentioned in § 8. We shall confine 
ourselves, in the present section, to quasi-static processes. It must 
then be true that the above theorem applies to this special class of 
changes of state. An example is the adiabatic compression or expan¬ 
sion of an ideal gas which can only occur for values of the P, F pairs 
which obey eq. (7.2). 

Let us now consider the relationship of Caratheodory’s principle to 
Clausius’ (or Thomson’s) principle (§4). We can see clearly that 
Caratheodory’s principle is derived directly from Clausius’ principle. 
The converse is, however, not true: Caratheodory’s principle confines 
itself to the statement that there are adiabatic processes which cannot 
be carried out, while Clausius’ principle states which adiabatic pro¬ 
cesses are impossible. 

Caratheodory’s principle would, therefore, be preferable if all the 
consequences of the Second Law could be derived from it. We shall 
see that this is not the case and that a further theorem of experience 
is required (§ 13). 

Let us now return to our consideration of quasi-static processes. 
For a homogeneous system the Pfaff differential d Q depends on only 
two independent variables. The existence of an integrating factor 
and thus of entropy is then, according to Theorem 6 of § 9, a purely 
mathematical consequence; no further fact of experience is necessary. 
From this point of view, therefore, the case of three independent 
variables is the first one of interest. Furthermore, the identification 
of the integrating factor with reciprocal temperature requires the 
introduction of a thermal equilibrium; this is impossible if the 
argument is confined to two independent variables. For this reason 
we shall start with the analysis of a system consisting of two phases 
' and " which are separated by a diathermic wall and in thermal 
equilibrium. We shall choose F', V" and t as independent variables. 

Carath^odory’s principle together with Theorem 4 of §9 leads 
directly to the existence of an integrating factor for dQ. 

We have, therefore, that 

d Q = dQ' + dQ" = t( V', V\t)da(V', F", t). (10.1) 

For the two phases, we have 

d Q’ = r(F',f)da'(F',0, d Q" = T n (V n ,t)da"{V ,t). (10.2) 

Equations (10.1) and (10.2) give 


rdo- = t da' + t * dcr". 


(10.3) 
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We now choose a', a ”, and t as independent variables. Since da is a 
complete differential, (10.3) gives 


do r do t" do 

= d 7 ' = 7 ’ dt 


(10.4) 


The function o is, therefore, independent of t and we have 

o = o(o\ a"). 

Therefore, because of (10.4), we also have 


d_ 

dt 



= o, 



= 0 . 


Differentiation then leads to 
1 dr^ 
r' dt 


1 dr" 1 dr 
t" dt t dt' 


(10.5) 

( 10 . 6 ) 


(10.7) 


Now t depends only on t and a', t" only on t and a". The first equality 
sign can, therefore, only be valid when the logarithmic derivatives of 
t and t with respect to t depend on neither o’ nor o" but only on t. 
It follows thus that 


ainr' __ ainr" dlnr m 
~dT = ~W = ~dT = g{t) 


( 10 . 8 ) 


where g(t) is a function of the empirical temperature independent of 
all special properties of the phases and the same for all phases in 
thermal equilibrium. Integration of (10.8) for the whole system or for 
the two phases gives 


lnr = 


In r = 
lnr" = 


J* g(t) dt + ln<f>(o', a"), 

J g(t)dt + ln<t>'(<j'), 

jg(t)dt + ]n<f>"(ar'') 


\ 


(10.9) 


or 


T = e xp[J?(<)d<] 

T ' = T " 





( 10 . 10 ) 


Thus, for a system whose phases are in thermal equilibrium, r the 
reciprocal of the integrating factor for the whole system and for each 
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of the phases is made up of two factors; one depends only on the 
common empirical temperature t , the other is a function of the 
individual variables of state (o' and o " for the system, o' for ' and 
a" for '). 

The absolute temperature is now defined by the equation 

T = C. exp [JW)d<] (10.11) 

where C is an arbitrary constant which is fixed by the definition of 
the temperature scale. In other words, T is made to differ by a certain 
amount (100°) between two fixed points (ice point and normal boiling 
point of water). Equation (10.11), however, no longer contains an 
arbitrary constant. The zero point of T is, therefore, defined on a 
physical basis. Combination of (10.11) with (10.1), (10.2) and (10.10) 
gives 

dQ = t d(j = T^do y (10.12) 

G 

d Q' = r'd a' = T^da', d Q" = rdo" = T %da". (10.13) 
G G 

Let us now consider a single phase (say ') and define the entropy of 
the phase by the equation 

S' = ^jV(CT') da' + const. (10.14) 

Entropy, like internal energy, is thus defined except for an arbitrary 
additive constant. Combination of (10.13) with (10.14) gives 

dQ' = TdS', dQ" = TdS\ (10.15) 

We have thus proved the existence of entropy as a function of state 
for each phase, at least for quasi-static processes, and have also 
derived the fundamental equation (4.16). Let us now consider the 
complete system. Equation (10.12) together with (10.3) and (10.10) 
gives 

(f>do = (f>'do f + (f> n do". (10.16) 

We want to show that <f> can be written in the form 

<f> = <f>(o) (10.17) 

i.e. that <f) depends only on o and thus on o' and o ", Differentiation 
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of (10.17) gives 


d(j> d<f> do d<f> d<f> do 

do' do do' 9 do" dodo" 


Elimination of d<f>jdo gives 


d<f> do d<j> dcr _ 

do' do" do" do* 


(10.18) 


(10.19) 


( 10 . 20 ) 


or, in the notation usual for Jacobi determinants, 

= = ( 10 . 20 ) 

d(o , o ) 

The function <f >, therefore, depends explicitly only on o if the Jacobi 
determinant J (<f>, o) vanishes. This condition is fulfilled since we get 
from (10.16) that o o 


<y, 


( 10 . 21 ) 


By definition <f>' depends only on or', <f>" only on o" . Differentiation of 
(10.21) with respect to o" and o' respectively, therefore, gives 


d(j> do d 2 o 

fo i, ~fo' +<t> d7fo" = ’ 

d<j> do d 2 o _ 

{WW + *dPfo' = ()m 


( 10 . 22 ) 


Equation (10.20) is a direct consequence of this, and (10.17) is thus 
proved. The entropy of the complete system can, therefore, be 
defined by the equation 




+ const. 


(10.23) 


From (10.12), therefore, we have again, for the complete system, 

dQ = TdS. (10.24) 

If the First Law in the form of eq. (8.8) is introduced into eq. (10.15) 
and the condition of thermal equilibrium, which is used only to 
define absolute temperature, is ignored we have for each phase that 

T'dS' = dC7' + P'dF' (10.25) 

and for the complete system 

dS = dS' + dS". (10.26) 

With limitation to quasi-static processes we have deduced the 
existence of absolute temperature. We have also derived entropy as 
a function of state defined by (10.15) for each phase and we have 
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shown that the entropy of the complete system is derived additively 
from the entropies of the separate phases. 

One of the important consequences of the Second Law is still 
missing, i.e. the property of entropy increase which is fundamental 
for the formulation of equilibrium conditions. We shall return to this 
subject in § 13. 

It should be noted that, recently, cr and S have been called 
empirical and metrical entropy respectively. In this connexion it 
should be noted that an empirical variable is defined apart from 
arbitrary continuous and strictly increasing scale transformations; 
a metrical variable is defined apart from increasing linear scale trans¬ 
formations (expansion of the scale, change of origin). The existence 
of empirical entropy depends, in the above argument, on Theorem 6 
of § 9 and on Caratheodory’s principle. The introduction of thermal 
coupling is used to deduce metrical entropy and to choose one of the 
possible pairs of variables, <j, t (cf. Theorem 2 of § 9). 

§11 Empirical definition of £7, S , and T 

The derivation given in § 10 may be regarded essentially as a proof 
of existence. Since the functions g(t) and <j)(a) are unknown, T and S 
cannot be derived directly from empirical data. 

Let us consider a closed homogeneous system having adiabatics 

s(P,V) = s (11.1) 

and isothermals 

t(P,V) = t. (11.2) 


We choose s and t as independent variables of state which are 
measured on arbitrary empirical scales. 

We have, therefore, that 



JT7 8V. 8V. t 
dV = -a-ds+-r-d( 

8s 8t 

(11.3) 

and that 

8U 8U , 



dC7 = ^ds + ^d«. 

8s 8t 

(11.4) 

Furthermore, 

dU = T(t)dS(s)-PdV. 

(11.5) 

It follows that 



d £7 


(11.6) 
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Since U is a function of state, (11.5) and (11.6) give 



and on differentiating we get 

dS(s) &T(t) dVdP dVdP_ d(V,P) 
ds d£ ds dt dt ds ~~ d(s f t) 


(H.7) 

( 11 . 8 ) 


The Jacobian J(F, P) is thus always the product of two functions one 
of which depends only on s , the other only on t. We can write, 
therefore, 

J (V,P) = *(8)p(t) (11.9) 


where the quantities a (s) and f3(t) can be regarded as empirically 
known. Equation (11.8) is thus divided into two separate equations 
which, by integration, give 

S(s)=±j<x(s)ds + S 0 , (11.10) 


T(t) = cjp(t)dt + T 0 ( 11 . 11 ) 

and finally, from (11.6), 

U(s,t) = j(s,t) + U 0 (11.12) 

where C , S 0 , T 0 , and U 0 are constants. As has been shown, S 0 and U 0 
may be chosen arbitrarily (i.e. they have no physical significance) 
while C is fixed by the choice of temperature scale [cf. eq. (10.11)]. 
The zero point of T, however, is physically fixed, and the constant T 0 
is thus not adjustable but must be found by experiment. Equation 
(11.11) shows this to be impossible on the basis of quasi-static 
processes which lead to eqs. (11.1) and (11.2). At this point, therefore, 
non-static processes must be introduced. Since, however, the absolute 
temperature is universal, a single experiment on any substance (e.g. 
Gay-Lussac’s streaming experiment using an ideal gas) is sufficient 
to fix T 0 once and for all. 

It can be shown that the values of 8, T , and U are independent of 
the choice of the empirical scales for s and t. 

The above argument obviously constitutes the explicit definition 
of the metrical entropy S using the empirical entropy s. This process 
assumes the existence of metrical entropy and introduces thermal 
coupling implicitly by using isotherms (cf. §7). It should be noted 
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that the existence can be proved using only quasi-static processes 
but that the explicit definition necessarily requires a non-static 
experiment. 

An example which makes use of these arguments is the ideal gas, 
for which the equation for the isotherms (cf. § 7) is 



PV = t 

(11.13) 

and the equation for the adiabatics is 



PV K = PV 1+ y = s 

(11.14) 

where k and y are constants. Logarithmic differentiation gives 


1 8s 1 +y 1 8s 1 

sdv~ v 9 sdP~P' 

(11.15) 


1 3t 1 1 dt 1 

TdV~V’ Tdp-p 

(11.16) 

which lead to 

d(s,t) ds dt ds dt 

8(V,P)~8V8P 8P8V ~ yS ' 

(11.17) 

Quite generally 

8(x,y) 8(z,w) _ 8(x,y) 
d(z,w) d(u,v) d(u y v) 

(11.18) 

and thus (11.17) becomes 



8(V,P)_ 1 

d(s, t) yS * 

(11.19) 

Equation (11.9), therefore, defines the functions 



II 

OQ_ 

-IS. 

II 

a 

(11.20) 

From (11.10), (11.11) and (11.20) we get 



S(s) = ^lns + (S 0 , 

(11.21) 


T(t) = Ct + T 0 

(11.22) 

and substitution of these into eq. (11.5) gives 



d U = (Ct + T 0 )-±-d\ns-PdV 

Gy 

(11.23) 
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or, using (11.13) and (11.14), 


dU = dins +-din (sV~v) 

Cy y 


T 1 

= -^-d\ns + -dt. 

Cy y 

(11.24) 

On integration, (11.24) gives 


U — ~lns + ~ + U 0 

Cy y 

(11.25) 

or, again using (11.13) and (11.14), 


U = ^-ln(tVy)+- + U 0 . 

Cy y 

(11.26) 

In order to determine T 0 a very dilute gas is allowed to expand into 
a vacuum (Gay-Lussac's streaming experiment). We find that 

© 

II 

^13 

(11.27) 

According to (11.26) this is possible only if T 0 = 0 . 
fore, that 

We have, there- 

S= 15y ]nS + S <>’ 

(11.28) 

T = Ct, 

(11.29) 

u = -+u 0 . 
y 

(11.30) 


Equation (11.29) shows that absolute temperature and temperature 
on the ideal gas scale differ only by a factor which may be chosen 
arbitrarily. They can, therefore, be taken to be identical, which is 
usual. If we now write (11.13) in the form of (7.10) we have 

t = RT* (11.31) 

and, with C = 1 /i2, this becomes 

T = T*. (11.32) 

For monatomic gases y — § and (11.28) with (11.13), (11.14), (11.31), 
and (11.32) gives the well-known relationships 

8 = f 12 In T +12 In F + 8' 0 (11.33) 

(where S' 0 is a new constant) and 

U = f i 2 T + U 0 . 


(11.34) 
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§ 12 Measurement of very low temperatures 

In principle the most important processes for the definition of the 
absolute temperature scale are, as has been shown, reversible cyclic 
processes between fixed points (§4) and the ideal gas thermometer 
(§11). At extremely low temperatures (i.e. T ^ 1 K) both of these 
become impracticable. The heat changes in cyclic processes become 
so small as to be no longer accurately measurable while the gas 
thermometer becomes useless because all gases condense. The only 
available scale in this region is, therefore, empirical and the problem 
of correlating this scale wdth the absolute scale becomes important 
for low temperature physics. The solution of this problem arises 
naturally from the considerations of § 11. We shall follow it through 
explicitly since the argument differs slightly from the general con¬ 
siderations of § 11. 

Let us assume that the absolute scale is known as far down as a 
temperature T 0 . Below T 0 , let the temperature be proportional to the 
volume of a thermometric fluid. Let us choose the proportionality 
factor such that this empirical scale T* becomes identical with the 
absolute scale at T 0 , i.e. TJ = P 0 . We shall choose T (or T*) and P as 
independent variables of state and investigate the relationship 
between T and T* along the straight line P = 0. 



Fig. 5. Measurement of very low temperatures 


(a) The first step is to prove that independent entropy values can 
be determined for all points (T*, 0) of the empirical scale. We 
shall assume that the entropy in the usual units is known for 
the point (T 0 ,0 ) and denote it by S 0 . An isothermal compression 
to a pressure P 2 leads to the entropy at the point (T 0) P 2 ), 


£i = S 0 + 



dP. 

To 


( 12 . 1 ) 





Measurement of very low temperatures [§ 12] 
We shall show later (§ 24) that 


\8PJ t \8T/p 


Introduction of (12.2) and of the coefficient of thermal 
expansion 


= -(-) 
v \dTj , 


into (12.1) gives 


Ci\ 


FadP. 


S x can thus be calculated if the volume and the coefficient of 
thermal expansion at T 0 in the pressure region 0 ->P 2 are known. 

Starting from the point (P 0 ,P 2 ) let us now carry out a 
quasi-static adiabatic expansion which changes the empirical 
temperature of the substance to Tf . For this process dS = 0, 
i.e. the entropy has the same value as that at the point 
(P 0 ,P 2 ). This shows that, along the straight line P = 0, we can 
determine an entropy scale independent of the empirical 
scale T*. 

(b) The second step is to show that the entropy scale determined 
along the straight line P = 0 can be used to calculate the 
absolute temperature T corresponding to T* along the same 
straight line. 

Let us start with the equation 

dU = Pd$ —PdF (12.5) 

which, for P = 0, reduces to 

dt/ = dQ = Pd£ (12.6) 

from which follows that 



(12.7) 


The quantity (d#/dT*) P=0 is the heat capacity at constant 
pressure on the empirical scale (for simplicity we shall take it 
to refer to 1 mole and denote it by (7j£), which is experimentally 
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accessible and we can write 

T ~° t (m)L- < 12 - 8 > 

Since the variation of S with T* is known we can calculate T 
for any T*. 

In practice we use certain paramagnetic salts as thermo¬ 
metric substances. The adiabatic process used is adiabatic 
demagnetization (discussed in § 66 ) and, therefore, the magnetic 
field strength H = 0 corresponds to the pressure P — 0 . The 
empirical scale is defined with the aid of susceptibility 
measurements. 


§ 13 The Second Law applied to non-static processes 

It has already been mentioned (§ 10 ) that the increase of entropy 
under conditions of adiabatic isolation (4.36) cannot be deduced from 
Caratheodory’s principle. This fact was emphasized particularly by 
Planck (1926). A further fact of experience must, therefore, be used 
in order to obtain all the consequences of the Second Law formulated 
in Part A. 

As our first step we shall formulate 

Theorem 1 . Each adiabatic surface s divides the volume of state in 
co-ordinate space into two half-volumes in such a way that all states 
z which can be attained adiabatically from a state z 0 lying in the 
surface are within the same half-volume. 

Proof. The theorem follows directly from Caratheodory’s principle. 
Let us suppose that the inaccessible states z' lie on both sides of s. 
According to Caratheodory’s principle these states z' can be as near 
as we please to z 0 which leads to the conclusion that there is no way 
of leaving s along an adiabatic path, since accessibility of z' contains 
implicitly accessibility of all states lying on the adiabatic surface s' 
through z'. This conclusion, however, contradicts the principle and 
the theorem is thus proved. 

Conditions for an ideal gas are shown diagrammatically in 
Fig. 6 . For simplicity w T e shall initially confine our discussion to 
homogeneous systems with two independent variables of state. 
Carath^odory now introduces, as a definition, 

Theorem 2. Adiabatic changes which start from z 0 and end at 
V = F' cover that half of the F'-line which lies on one side of s. 
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Since V' can be varied arbitrarily, we immediately get 
Theorem 3. The totality of all states adiabatically accessible from s 
is represented by one of the half-volumes generated by s. 



Fig. 0. Non-static processes for an ideal gas 


Finally, we have 

Theorem 4. An adiabatic s" lying between s and s' cannot be 
reached adiabatically from both s and s'. 

Proof. The theorem again follows directly from Caratheodory’s 
principle. This is illustrated by Fig. 7 in which two further adiabatics 
s-l and s 2 are drawn, one on each side of s n . 



Fig. 7. Proof of Theorem 4 

If s" is adiabatically accessible from 5 , Theorem 3 tells us that s 2 
is similarly accessible. This means that s 2 will be adiabatically 
accessible from s”. If s" is adiabatically accessible from s', Theorem 3 
tells us that s 1 is similarly accessible; s l9 therefore, would also be 
adiabatically accessible from s". This means that there would be no 
states as near as we please to a state z" lying on s” which would 
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be adiabatically inaccessible from z". This directly contradicts 
Carath^odory’s principle; s" can, therefore, be reached adiabatically 
either from s or from s " but not from both. 

Theorem 4 states clearly that the adiabatically accessible half¬ 
volumes always lie on the same side of the adiabatic generating the 
half-volumes. 

It follows quite generally from the preceding theorems that 
irreversible adiabatic processes exist. If, therefore, the adiabatic 
process 1 -> 2 is impossible, the adiabatic process 2 -> 1 must be 
possible, a conclusion which we have already used in § 8. It follows 
further that the empirical entropy defined by the family of adiabatics 
[eqs. (10.1) and (10.2)] can under conditions of adiabatic isolation 
either only increase or only decrease. Physical experience cannot 
distinguish between these two possibilities since the direction of 
increase of the empirical entropy may be chosen arbitrarily. We may 
say alternatively that the two half-volumes generated by an adiabatic 
are not labelled physically by the empirical entropy (i.e. are not 
made distinguishable). The decision between the two possibilities is, 
therefore, simply conventional and is given by the definition : 

Under conditions of adiabatic isolation the empirical entropy can 
never decrease. 

We must emphasize again that this definition cannot be verified 
by experiment and that it could, in principle, be replaced by its 
opposite. 

The characteristic increase in entropy under conditions of adiabatic 
isolation discussed in § 4 cannot, therefore, be formulated on the basis 
of empirical entropy. We shall, therefore, have to use metrical 
entropy and we have from eq. (10.23) 

dS = i<£(<T)da. (13.1) 

On the right-hand side of this equation C must, by convention, be a 
positive constant since it depends on the definitions of absolute 
temperature [eqs. (10.11) and (11.11)]. According to the above 
definition dcr is also a positive quantity while, according to 
eq. (10.10), the sign of <f>(a) is the same as the sign of the integrating 
factor t - 1 . The derivation of statement (4.36) thus requires, as far 
as the present argument is concerned, answers to the following 
questions: 

(a) Can the half-volumes generated by an adiabatic be physically 
distinguished ? 
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(b) If they can be distinguished, do we have a choice of sign for the 
integrating factor t -1 ? 

(c) What fact of experience fixes the sign of t ? 

Question (a) is answered by 

Theorem 5. The half-volumes generated by an adiabatic are 
physically distinguished in that the internal energy changes 
monotonically along any line V = V'. 

Proof. Since U, V is a complete set of variables of state for a simple 
homogeneous system, U cannot twice take the same value along a 
line V = V'. If it could, Fig. 6 shows that there would be two states 
having the same value of U and V but different values of P. This 
contradicts the supposition that U , V is a complete set of variables 
of state. U must, therefore change monotonically along any line 
V = V'. Any adiabatic process starting from one adiabatic s and 
proceeding along a line V = V' is, therefore, associated with an 
increase in internal energy for one half-volume and with a decrease 
for the other.f The two half-volumes generated by s are thus 
physically distinguished and the theorem is proved. 

For question (b) we have to prove 

Theorem 6. If do- is defined as positive (see above) for all possible 
adiabatic processes, then r, the reciprocal of the integrating factor, is 
positive when the adiabatic processes possible along the line V = V' 
are associated with an increase in internal energy. If they are 
associated with a decrease in internal energy, then r is negative. 

Proof. According to § 10 the empirical entropy a is a function of 
state; therefore or, V constitutes a complete set of variables of state. 
U,V->a,V must, therefore, be a one-one transformation. It follows 
that, for all states, either ( dU /3 v) v > 0 or (dUldcr) v < 0. 

But, according to eq. (10.1) 



The integrating factor r _1 can, therefore, be either only positive or 
only negative for all states. The left-hand side represents the change 
in internal energy during an adiabatic process occurring along 
V = V', and the change in empirical entropy for a possible process 
is positive by definition; the original statements, therefore, follow 
directly. 

t It can easily be shown for Fig. 6 that processes which lead into the upper 
half-volume are associated with an increase in internal energy. This, however, 
has no significance for the argument which follows. 
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We have now reduced the problem to the question: Are adiabatic 
processes occurring along a line V = V' associated with an increase 
or a decrease in internal energy ? The reason why a discussion of such 
special processes leads to a generally valid result is based on 
Theorems 1 and 3 which maintain that all states accessible from a 
given adiabatic lie within the same half-volume. As was mentioned 
in § 10, the question cannot be answered by using Caratheodory’s 
principle since this does not tell us which of the two half-volumes is 
adiabatically inaccessible. 

We therefore introduce the following new theorem of experience : 

An adiabatic process which occurs along a line V = F' is always 
associated with an increase in internal energy. 

Examples of such processes are the production of frictional heat 
by mechanical work or the production of heat by an electric current. 
It is obvious that, in both these cases, the reverse process is impos¬ 
sible since it would contradict Thomson’s principle and, therefore, 
Clausius’ principle (§4). The present theorem of experience consti¬ 
tutes simply a new formulation of the older principles in a way more 
convenient for our present purposes. Furthermore, like the older 
principles, it implies Caratheodory’s principle. For purely logical 
reasons, therefore, this theorem of experience (or an equivalent 
statement) should serve as the empirical basis of Caratheodory’s 
theory. Despite this, we have chosen a somewhat different way 
(which, on the whole, follows the historical development) since it 
more clearly emphasizes certain aspects. 

The consequences of our theorem of experience can now be 
developed quite simply. The definition and Theorem 6 show imme¬ 
diately that the integrating factor t _1 is always positive. Equation 
(10.10) then gives 

<£'(</)> 0, fV)> 0, <£(cr) > 0 (13.3) 

which, with (13.1) gives for an adiabatic isolated system completely 
generally cLS^O (adiabatic isolated system). (13.4) 

We have now deduced all the results of Part A on the basis of 
Caratheodory’s theory. 

C. GENERALIZATION OF THE SECOND LAW FOR 
OPEN SYSTEMS AND CHEMICAL REACTIONS 

§ 14 The problem 

We have, so far, confined our discussion to the simple systems 
defined in §2. We now have to decide how these limitations can be 
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removed and how the Laws can be formulated in a generally useful 
way. 

The only ‘work co-ordinates* we have used so far are the volumes 
of the phases. It is, however, quite simple to take into account the 
properties of solids, the action of external fields, surface effects, etc. 
by the introduction of additional work co-ordinates. These are usually 
defined so that the differential dof the work co-ordinate when 
multiplied by a ‘work coefficient* or a ‘generalized force* Yj gives the 
work done in a closed phase during a quasi-static change of state. 
These work co-ordinates are, like the volume, adiabatically freely 
adjustable. Their introduction causes no change in the structure of 
the theory developed in Part B, it merely leads to an increase in 
the number of dimensions of the appropriate co-ordinate space. 
Equation (8.4) is now replaced, for quasi-static changes of state, by 

d W = -PdF + iY j dy j = 27,d Vi . (14.1) 

j=2 i 

The situation is, however, quite different when we try to include 
open systems and chemical reactions in the discussion. We note 
immediately that the definition of the fundamental concepts of work 
and heat run into difficulties. A more detailed analysis goes beyond 
the scope of this book and we shall confine our discussion to two 
simple examples. 

(a) Let one phase be surrounded by a semi-permeable membrane 
and let all work co-ordinates be fixed. Now let some material 
be forced through the semi-permeable membrane into the 
phase. Work is obviously done due to compression but the 
volume remains constant. It is, therefore, not generally possible 
to define clearly the ‘volume work* done on an open phase. This 
removes, at the same time, the basis for the definition, accord¬ 
ing to § 8, of the heat absorbed. This state of affairs may be 
expressed somewhat more precisely by saying that adiabatic 
work as required by § 8 cannot, by definition, be done on an 
open phase. 

(b) Let us consider a chemical reaction occurring within a closed 
phase. The reaction may be symbolized by the equation 

= 0. (14.2) 

v i is called the stoichiometric coefficient of substance i. Equation (14.2) 
shows that the changes in mole number of all substances taking part 
in the reaction are completely determined by a single mole number n 
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The course of the reaction can, therefore, be described in the form 

dn^^df (14.3) 

where £ is called the progress variable. 

The quantity £ is not, however, a variable of state. Its equilibrium 
value is completely determined by the two variables of state (e.g. 
T and V) of the system; | is an ‘internal parameter* (cf. § 16) which 
becomes significant only with departure from equilibrium. The 
formal treatment of Part B, therefore, allows chemical reactions 
to occur within any (closed) phase since such reactions do not appear 
explicitly in the treatment. However, it is intrinsically impossible to 
obtain any information about chemical equilibrium in this way. 

We might consider using | as a quasi-static adiabatic freely 
adjustable work co-ordinate by using a (positive or negative) 
catalyst to inhibit and uninhibit the reaction at will. Let us, in this 
connexion, consider the following process :f 

Let (T l9 V v £j) be the initial state in which the reaction is inhibited. 

(i) By a quasi-static change in T and V at constant the system 
is brought to the equilibrium state corresponding to 

(ii) The reaction is uninhibited and occurs quasi-statically as far 
as a value f 2 . This is possible only if T and V also change 
quasi-statically. 

(iii) The reaction is inhibited at the value £ 2 an d the system 
brought to the final state (T 2 , by quasi-static changes in 
T and V at constant f 2 . 


Equilibrium curve 4 = 0 
- 7*1 



•T 2 ,V z ,t 2 


Fig. 8. Quasi-static performance of a chemical reaction 

There is, however, a difficulty here: the work done diming the 
quasi-static process does not generally reduce to an infinitesimal 
expression, even when 1 and 2 are as near to each other as we please. 
We return, in fact, to the previous result when we construct the 
Pfaff form 

dW = -PdV-Ad£ 

t R* Ha»se, Thermodynamik der Mischphasen, Berlin, 1956. 


(14.4) 
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where A is called the affinity. We shall discuss affinity in § 34. All we 
need here is that at chemical equilibrium A = 0. All states connected 
by quasi-static adiabatic processes then lie on a surface given by the 
solution of the Pfaff differential equation 

dU + PdV + Adt = 0. (14.5) 

This example shows, however, that in any partial process either 
A = 0 or d£ = 0 so that the last term vanishes for all quasi-static 
adiabatic processes and £ does not, therefore, constitute a work 
co-ordinate. 


§ 15 General formulation of the Second Law 

The difficulties outlined in § 14 have their real basis in the fact 
that we have, so far, neglected to introduce as quantities of state the 
masses (or mole numbers) of the components. This omission leads to 
difficulties in the context of Caratheodory’s theory since mass is an 
adiabatically inhibited variable (i.e. it is not adiabatically freely 
adjustable; the difference can be illustrated by comparing mass and 
volume). It is, therefore, impossible to show, by the method used in 
Part B, that entropy exists as a function of mass. 

We can now see that we are dealing with a real extension of the 
theory. This extension, and its consequences, constitute the main 
part of Gibbs’ thermodynamics. It is an innate property of pheno¬ 
menological theory that such an extension requires new empirical 
bases. The problem may be approached in two ways. One possibility 
is to build the system of axioms in such a way as to be able to 
include from the start masses as variables of state. This has been 
attempted recently by Falk and Jung. The more usual method is to 
generalize the results obtained so far by means of analogies, and to 
regard the sum total of the experimentally verifiable consequences of 
such a procedure a posteriori as the empirical foundation. 

We shall choose a middle way. We shall refrain from a rigorous 
deduction from empirical axioms, but we shall try to make plausible 
our choice of the particular fact of experience necessary for the 
extension of the theory and its validity. 

Our investigations so far have shown that for any closed phase 
there is a function of state, entropy, for which we can write (with 
limitation to one work co-ordinate) 

TdS = dU + PdF. 


(15.1) 
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Each of the quantities of state U and V on the right is related to the 
attainment of a contact equilibrium. For U it is thermal equilibrium 
made possible by means of a diathermic wall. For V it is pressure 
equilibrium (mechanical equilibrium) attainable by means of a 
frictionless movable piston. We again denote the part systems 
between which contact equilibrium is to be attained by ' and The 
variables U and V are summarized as extensive parameters X { . We 
can now formulate the following important properties of contact 
equilibria: 

(a) Within an adiabatically isolated total system any contact 
equilibrium can be reached and maintained. 

(b) The extensive parameters under consideration obey a 
conservation law 

X'i + X"^ const. (15.2) 

(c) The processes leading to equilibrium are adiabatically 
irreversible. 

For given values Xp Xp therefore, the entropy of the total 
system as a function of X\ is a maximum at equilibrium. 

(d) Each contact equilibrium defines an intensive parameter P* 
such that at equilibrium 


p*/ _ p*ff 

(15.3) 

and 


dS 


P* _ 

~dxr 

(15.4) 

From equation (15.1) we have 


P* = 1 IT, P* = P/T. 

(15.5) 


The above formulation is descriptive. We shall not investigate 
whether the statements are independent of each other. 

Our results so far show entropy to be a function of state. We have, 
however, only used certain types of variables of state. If the above 
conclusions are regarded as necessary and sufficient conditions for the 
existence of a variable of state X t we can formulate the following 
theorem of experience as the basis for the extension of the theory. 

Theorem of experience. A contact equilibrium having the properties 
(a)-(d) above exists for the mass m k (or the mole number n k ) of every 
component. Any equilibrium between open phases will serve as an 
example for this. 

3 
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We now have directly the general formulation of the Second Law : 

For every phase a containing m components, there exists a function 
of state 

= £(«>(£/<«>, F<*>, y£\.~> n m) ( 15 - 6 ) 

called the entropy of the phase having the following properties: 

(a) The differential of the entropy is given by 

T(oo d£«*> = dt7<“> + P< a > d F (a) - S 7l a) d- £ vF <K a> . 

j=2 i=l 

(b) The entropy of the total system is given by 

S= ££<«>. 

a 

(c) When the system is adiabatically isolated we have 

dS ^ 0 (adiabatic isolated system). (15.9) 

(d) The quantity T (a) is a universal function of the empirical 
temperature of the phase. 

Equation (15.7) is called Gibbs' fundamental equation. The quantity 

introduced by Gibbs is known as the chemical potential of substance 
i in phase a. It is expressed in terms of the mole as is usual nowadays 
in phenomenological thermodynamics. In principle it can also be 
expressed in terms of unit mass (Gibbs) or in terms of the molecule 
(statistical mechanics). Equation (15.7) is applicable not only to 
reversible processes although we shall mostly be concerned with such 
processes. We have here similar considerations to those laid down in 
connexion with eq. (4.24). The criterion for applicability is that the 
internal state of the phase at each stage of a change of state is com¬ 
pletely described by the indicated variables. Even though this may 
not be the case, the integrated form of eq. (15.7) is still valid as long 
as the initial and final states of the process are described by these 
variables. 

We still have to decide how to formulate the First Law within the 
above extension of the theory. As explained in § 14 the classical point 
of view (equivalence of heat and work) as well as Caratheodory’s 
point of view (definition of heat) are meaningless for open systems. 
The usual formulation can be saved by an independent and arbitrary 
new definition of the heat absorbed. This device is of no interest in 


(15.7) 

(15.8) 
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connexion with the present discussion. We are thus left with the 
statement that the internal energy of a phase is a function of state. 
The simple method of measurement of §8 is naturally no longer 
useful and we have to investigate more closely the question of 
experimental determination. 

We consider an adiabatic isolated system consisting of two 
part-systems ' and If we define reference values, the internal 
energies U f £/', and U" can be determined by the method of § 8. If 
we now remove the adiabatic wall between ' and " while maintaining 
the adiabatic isolation of the whole system and exclude the per¬ 
formance of external work, the part-systems ' and " will mix, 
temperatures and pressures will change but the total energy will 
remain constant. This process may be regarded as a change of state 
of the open phase ' for which the change in internal energy is 

At/' = U~U'. (15.11) 

Since all quantities on the right-hand side are measurable the change 
in internal energy of an open phase is, in principle, a measurable 
quantity. 



CHAPTER II 


General conditions for equilibrium 
and stability 

§ 16 Discussion of the equilibrium concept. Internal parameters 

We have already discussed the concept of thermodynamic equilibrium 
in a preliminary form in § 2. We shall now give this concept a precise 
form by means of the definition : 

An isolated system is in thermodynamic equilibrium when, in the 
system, no changes of state are occurring at a measurable rate. 

The existence of equilibrium follows directly from Clausius’ 
principle and its generalization for other balancing processes. Accord¬ 
ing to this, changes of state occurring in an isolated system are irrever¬ 
sible, i.e. they can proceed in only one direction in the isolated system 
(which is not subject to any external influences). It follows, therefore, 
that such processes must approach a final state asymptotically. This 
conclusion is reached with even greater clarity if we consider the fact, 
implicit in Clausius’ principle, that these processes are balancing 
processes whose ‘driving force’ is the difference in intensive para¬ 
meters which tends to zero during the process (cf. § 15). 

The proviso ‘at a measurable rate’ implies that we can consider an 
equilibrium only with respect to specified processes and defined 
experimental conditions. 

Example 1. A certain volume V contains H 2 , 0 2 , and H 2 0 (vapour), 
the distribution of both matter and temperature being inhomo¬ 
geneous. At room temperature and in the absence of a catalyst, the 
processes of heat conduction and diffusion occur at a measurable rate 
while the chemical reaction occurs at an immeasurably slow rate. 
After both temperature and concentration have become uniform, 
therefore, the system is in thermodynamic equilibrium for any mass 
ratio of the three substances. In the presence of a catalyst or at a 
sufficiently high temperature the reaction between oxygen and hydro¬ 
gen occurs at a measurable rate. The system is now, therefore, 
in equilibrium only when chemical equilibrium has been established. 
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Example 2. It is known that the distribution of nucleons in atomic 
nuclei does not constitute a thermodynamic equilibrium. This can, 
however, be completely ignored since thermonuclear processes do not 
occur at a measurable rate under conditions usually considered in 
thermodynamics. 

The concept ‘absolute equilibrium’ or ‘equilibrium with respect to 
all imaginable processes’ has, therefore, no physical significance. 

A particular difficulty is encountered in the case of certain solids, 
e.g. alloys and glasses. Changes of state under the usual experimental 
conditions occur immeasurably slowly but the properties of the 
system depend on its previous history. A more thorough investiga¬ 
tion into the applicability of thermodynamics then becomes neces¬ 
sary. We shall not discuss such problems here. 

The description of equilibrium and non-equilibrium states involving 
several phases is made possible by the considerations developed in § 15. 
However, we are still faced with the problem of how to describe the 
attainment of thermodynamic equilibrium in a liquid one-component 
system. If such a system is not in thermodynamic equilibrium (apart 
from any effects due to external fields), it generally contains local 
inhomogeneities and is, therefore, not a phase according to the general 
definition of §2. The conclusions of § 15 must then be applied to the 
limits of infinitesimally small volume elements regarded as being 
homogeneous. The quantities of state of § 15 then become field 
quantities and this takes us into the methods of the thermodynamics 
of irreversible processes. These methods are not used explicitly in 
ordinary thermodynamics and we shall, therefore, assume all 
phases to be macroscopic. Certain possibilities of departure from 
thermodynamic equilibrium still remain and these are described by 
means of ‘internal parameters’ independent of position within the 
phase. 

The most important example of an internal parameter is the 
progress variable £ introduced in § 14. The properties of internal 
parameters important in the present context are: 

(a) Internal parameters are not variables of state in the sense of 
the definition of § 2. 

(b) Any internal parameter may be expressed as a combination of 
the variables appearing in the fundamental equation (15.7) 
together with certain secondary conditions. 

Statement (a) arises directly from a property of the progress 
variable described in §14: at equilibrium the intensive parameter 
conjugate to £ according to eq. (15.4), i.e. the affinity A , vanishes. 
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Statement (b) arises directly from eqs. (14.2) and (14.3) for the 
progress variable. Most internal parameters may be related directly 
to ‘generalized chemical reactions’, i.e. they may be introduced by 
means of equations formally identical with (14.2) and (14.3). In such 
cases, therefore, internal parameters may again be expressed in terms 
of mole numbers and suitable secondary conditions. It is also possible 
to express an internal parameter by means of other variables occur¬ 
ring in eq. (15.7) together with corresponding secondary conditions. 
An example of this can be seen in § 60. 

According to (a), therefore, internal parameters are independent 
variables only as long as there is no equilibrium. This simply corre¬ 
sponds to the statement in § 2 that the number of measurable quanti¬ 
ties necessary completely to describe a state is smaller at equilibrium 
than in any non-equilibrium state. According to (b) the set of 
variables of the fundamental equation (15.7) may be retained here 
as long as secondary conditions may be included. Since, however, we 
have defined entropy as a function in co-ordinate space, i.e. with the 
assumption of internal equilibrium, we still have to consider whether 
entropy is definable in cases of departure from equilibrium as 
described above. 

Let us illustrate the problem by means of a simple example such 
as a homogeneous dissociation reaction 

A->B + C. (16.1) 

The system contains only the components A, B and C, is adiabatically 
isolated and the volume is chosen as the only work co-ordinate. Let 
us suppose that reaction (16.1) is inhibited by a negative catalyst. 
Entropy will then certainly exist in the form 

S = S(U t V,n^, 7i B , w c ). (lfi*2) 

Now let the inhibitor be removed for a short time so that an 
infinitesimal amount of reaction can take place. The inhibitor is 
then rapidly reintroduced. According to the Second Law the entropy 
will increase during the reaction. After the inhibitor has been replaced 
the system is again in internal equilibrium. The increase in entropy 
is, therefore, according to (15.7) and (16.1), 

TdS = /a A d7i A -/x B dn B —/x c dn c (U = const, V = const). (16.3) 

If we now introduce the progress variable £ and the affinity A, as in 
§ 14, eq. (16.3) becomes 

TcLSf = A d£ (U = const, V = const). 


(16.4) 
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We have thus defined changes in entropy for a homogeneous system 
for conditions other than those of chemical equilibrium. 

These considerations may be extended quite simply to other 
internal parameters. The considerations are based on the fact that 
equilibrium is expressible only with respect to definite processes and, 
furthermore, that the introduction of an inhibitor increases the 
number of variables of state. 

It is, of course, absurd to suppose that, in the foregoing considera¬ 
tions, entropy is ‘created’ by the introduction of the inhibitor. The 
introduction of an inhibitor is simply an intellectual aid which makes 
possible the definition of entropy at non-equilibrium using our 
previous conclusions. The concept is similar to the drawing of a 
tangent to the distance-time curve in the definition of non- 
uniform velocity. The question as to whether suitable inhibitors 
are actually available in any particular case is, therefore, of no 
significance. 

The introduction of internal parameters is not confined to 
considerations of homogeneous phases. It is easy to see that the 
concept of a progress variable is similarly applicable to heterogeneous 
reactions; but one or more internal parameters may also be introduced 
into the discussion of other heterogeneous systems when changes in 
variables of state are limited by secondary conditions. A simple 
example is discussed in § 17. 

We have now also defined entropy for all non-equilibrium states 
which we have to consider. We can thus use the principle of entropy 
increase to formulate conditions for thermodynamic equilibrium. 
This problem will be discussed in the following section. 

§ 17 Gibbs’ equilibrium conditions 

One of the main problems of thermodynamics is the explicit 
formulation of conditions for thermodynamic equilibrium for various 
special cases (e.g. vapour pressure, osmotic and chemical equilibria). 
The older method of solving this problem (used in Europe fairly 
generally until about 1930) was to construct a reversible cyclic 
process for every special case. 

This procedure has yielded important results. It is, however, not 
only complicated but also apt to errors. Nowadays, therefore, the 
method in general use is that due to Gibbs. This starts by formulating 
completely general conditions for equilibrium and deduces all special 
cases from these by purely mathematical considerations. 
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From a purely formal point of view Gibbs’ formulation of the equi¬ 
librium conditions is analogous to the use of extrema in mechanics. 
It can, therefore, like the latter, be considered from an axiomatic 
standpoint. We shall not, however, concern ourselves further with 
this standpoint although it explains why we shall deduce from Gibbs’ 
formulation several points which were introduced as facts of ex¬ 
perience in Chapter I. We shall first deal with the mathematical 
formulation, followed by some explanations and proofs in so far as 
they are not already given in Chapter I. 

Gibbs' equilibrium conditions are: 

For a closed system, whose work co-ordinates are fixed, to be in 
equilibrium it is necessary and sufficient that either 

m V < 0 (17.1) 

or 

(SU) 8 > 0. (17.2) 

Explanations. 

(a) The symbol S denotes a virtual displacement in the sense used 
in analytical mechanics. It thus represents an imaginary change 
of state which is infinitesimally of the first order and obeys the 
following conditions: 

(a) The change of state must be possible, i.e. consonant with the 
general conditions governing the system [cf. (b)]. 

(/?) The change of state is not a function of time. 

(y) The entropy is defined for the changed state as well as for 
the initial state. 

(b) The conditions governing the system are initially given by the 
definition ‘closed system with fixed work co-ordinates’. Further¬ 
more, the subscript U means that the internal energy remains 
constant for the change. This implies that condition (17.1) for 
the entropy is applied to an isolated system. Condition (a a), 
furthermore, excludes in particular 

(a) changes of state prevented by some inhibition such as the 
oxygen-hydrogen reaction at room temperature in the 
absence of a catalyst, 

(jS) changes of state for which the entropy of adiabatically 
isolated part systems decreases. 

If the equilibrium condition is (17.2), however, the system is not 
isolated since the secondary condition demands constant entropy and 
this does not imply adiabatic isolation. In any case, (17.2) would not 
make sense for an isolated system for which variation of internal 
energy is impossible. 



57 


[HI General conditions for equilibrium and stability 

(c) The equality sign in (17.1) means that entropy as a function of 
the variables under consideration possesses a stationary value 
at equilibrium. Since (17.1) contains only the first derivative, it 
does not state whether the stationary value is a maximum or a 
minimum. We shall return to this problem in § 18. 

The inequality sign (which is frequently misunderstood) refers to a 
state of affairs when virtual displacements are possible in only one 
direction. It is, therefore, impossible to decide whether the equili¬ 
brium value of the entropy is a stationary point in the mathematical 
sense. 

Let us illustrate the above by means of an examplef and consider 
the distribution of a substance i between two phases ' and ". A 
particular case would be the distribution of a solute between two 
immiscible solvents (e.g. benzene and water would constitute a good 
approximation). The distribution may be described by the parameter 

(17.3) 

n i 

We must distinguish between two cases: 

(a) The substance i at equilibrium occurs in both phases. The 
equilibrium value £ eq is then positive and finite (e.g. the 
distribution of benzoic acid between water and benzene). The 
function $(f) is, therefore, physically meaningful for both 
f < f eq and £> f eq . Virtual displacements are thus possible on 
both sides of £ eq . Statement (17.1) shows that, for this case, 
£ eq is a stationary point of the function S(£). (Fig. 9.) 



Fig. 9. Illustration of the equilibrium condition 


For a stationary point we have 



t R. Haase, Thermodynamik der Mischphasen, Berlin, 1956. 


(17.4) 
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The first-order variation is, therefore, with all other variables 
constant, 

8 S -(IL 8f -°' 

(j8) Substance i at equilibrium occurs in only one phase, say \ The 
equilibrium value f eq is zero (e.g. approximately for the 
distribution of naphthalene between water and benzene). The 
S(£) curve becomes physically meaningless for £<£ eq and 
virtual displacements are possible only for S£> 0. (Fig. 10.) 



Fig. 10. Illustration of the equilibrium condition 


Equation (17.1) now states that SS is zero or negative for a 
virtual displacement. Figure 10 shows that the derivative at 
the point f eq may be zero or negative. It is therefore possible, 
but not necessary, for £ eq to be a stationary point. 

We have, therefore, 



and thus 

8 S -(D„« <o - 

The quantity used here is an internal parameter, as described 
in § 16, for the complete system. This simple example shows 
clearly how this internal parameter is related to the variables 
of state of §15. We therefore choose as variables the mole 
numbers n\ and n\. Since the system is closed the secondary 
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condition that the sum n\ -f- n\ must remain constant applies to 
all virtual changes. Case (a) thus now becomes 

< i7 ' 81 

together with the secondary condition 

8^ + 8^ = 0. (17.9) 


For case (£) we have, in this notation, 

<»■>«) 

with secondary conditions 

8n;. + S<= 0, Sn;>0, S<<0. (17.11) 

These formulations show explicitly that the general equilibrium 
condition is in the form of an extremum expression with secondary 
conditions. 

We chose as our example the problem of the distribution of a 
substance between phases because of its simplicity. Case (f3) can in 
practice be ignored in this connexion. We shall generally not consider 
it for explicit calculations although it was discussed in detail by 
Gibbs. It is, however, of interest in connexion with chemical reactions 
(§36) and also occurs with certain internal parameters which are 
introduced in statistical thermodynamics, e.g. long-range order in 
binary mixed crystals, f Its discussion is, therefore, justified not only 
on historical grounds. 

Proofs . The equilibrium condition (17.1) follows directly from the 
Second Law, statement (15.9), and the definition of equilibrium in 
§ 16. We can, therefore, here dispense with a repeated proof of the 
necessity and sufficiency of the condition. We must, however, 
remember that, in the case of the equality sign, (17.1) contains only 
a part of the statement (15.9) since (17.1) simply states that the 
entropy must have a stationary value at equilibrium. The possibility 
of such a division (first carried out by Gibbs) is based on the formula¬ 
tion in terms of the extremum principle. It has proved extraordinarily 
fruitful for thermodynamics. 

t Cf. § 49. 
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However, the equilibrium condition (17.2) does not follow directly 
from (15.9). We shall prove, therefore, that it constitutes a formula¬ 
tion equivalent to the condition (17.1). The proof rests on the 
following two facts: 

(a) The system is, by definition, not isolated. When [as in the 
formulation (17.1)] no additional conditions are imposed heat 
may be gained or lost by the system without restriction. 

(j8) According to (a) it is always possible to increase or decrease the 
energy and entropy of the system concurrently by the intro¬ 
duction or abstraction of heat. 

Proof of the equivalence of (17.1) and (17.2). 

(a) Suppose that the condition (17.1) is not valid. There must then 
be a virtual change for which 

8S> 0 , 8£7 = 0. (17.12) 

Starting from this changed state II a state III can be attained 
by a simultaneous decrease of the energy and the entropy. If 
state III is regarded as a change from the initial state I, then 

8S = 0, 8U< 0. (17.13) 

This, however, also contradicts the condition (17.2) (Fig. 11a). 

(b) Suppose that the condition (17.2) is not valid. A change must 
then be possible for which 

817 <0, 8S = 0. (17.14) 

Starting from this changed state II, a state III will be accessible 
by a simultaneous increase of the energy and the entropy. If 
state III is regarded as a change from the initial state I, then 

817 = 0 , 8S> 0. (17.15) 

The condition (17.1) is, therefore, likewise contradicted 
(Fig. lib). The equivalence of (17.1) and (17.2) is, therefore, 
established. 



Case a Case b 

Fig. 11. Proof of the equivalence of (17.1) and (17.2) 
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The fact that consequences of the Second Law can also be 
represented on the basis of internal energy if entropy is chosen as an 
independent variable of state was discovered by Gibbs. It shows the 
division into the First and Second Law to be fundamentally arbitrary 
and is to be understood merely on historical grounds (cf. the discus¬ 
sion of the First Law in § 8). The use of internal energy as a function 
of state and of entropy as an independent variable of state further¬ 
more leads to a simplification of the formal representation; this will 
become apparent in Chapter III. 


§ 18 The stability conditions 

We have already mentioned several times that the equilibrium 
conditions (17.1) and (17.2) (for the case of the equality sign) merely 
contain the statement that, at equilibrium, under the given condi¬ 
tions, the entropy or, as the case may be, the internal energy has a 
stationary value. This situation is entirely analogous to the state of 
affairs in mechanics where the definition of equilibrium leaves open 
the question whether the equilibrium is stable, unstable, neutral, or 
metastable. 

This limitation derives formally from the fact that (17.1) and (17.2) 
contain only first-order differentials, i.e. that the Taylor series 
expansions (17.5) and (17.8) end with the linear term. Higher-order 
differentials must, therefore, be considered if all the consequences of 
the Second Law are to be used for the formulation of equilibrium 
conditions. We find that no differentials of order greater than two are 
significant in thermodynamics; this will become apparent later, in 
Chapter IV. We shall ignore this for the time being and shall use the 
symbol A to denote virtual displacements defined by including 
higher-order differentials. 

As in mechanics we then distinguish between the following cases: 

(a) Stable equilibrium. For all virtual displacements, we have 

(M)u<0 (18.1) 

or 

(At/)s>0. (18.2) 

At stable equilibrium under given conditions, therefore, the entropy 
is a maximum (highest possible value) or the internal energy a 
minimum (lowest possible value). This statement is derived from the 
Second Law. 
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(b) Unstable equilibrium. There are virtual displacements for 
which 

(A^) t/ >0 (18.3) 

or 

(AU) s <0. (18.4) 

In this case the stationary value of the entropy is a minimum, and 
that of the internal energy a maximum. 

Unstable equilibria are not physically realizable. This statement 
which has occasionally been challenged on the basis of phenomeno¬ 
logical arguments can be proved within the framework of statistical 
thermodynamics. 

(c) Neutral equilibrium. There are virtual displacements for which 

(A£)c7 = 0 (18.5) 

or 

(A U) s = 0. (18.6) 

This case is possible in principle but will not be discussed until 
Chapter VI. 

(d) Metastable equilibrium. We understand by this the case where 
an equilibrium is stable with respect to infinitesimally near neigh¬ 
bouring states but is unstable with respect to states with finite 
differences. A well-known example is a supercooled liquid. Within 
the framework of thermodynamics this case has no innate signifi¬ 
cance. The basic state of affairs can best be represented by means of 
the concept of inhibition. 



CHAPTER III 


Thermodynamic potentials and 
Massieu—Planck functions 

§ 19 Interlude: Legendre transformations. Homogeneous functions 
and Euler’s theorem 

We shall need some further mathematical aids to build the formal 
framework of thermodynamics. We shall develop these aids in the 
present section. 

(a) Legendre transformations . Consider the following problem: Let 
there be a function 

y = y(x v ...,x n ). (19.1) 

We now look for a transformation such that 
(a) one or more of the differentials 

p “ i < i9 - 2 > 

are introduced as independent variables; 

(ft) it is a one-one transformation. 

Requirement (/3) means that, starting with the transformed 
function, the original function (19.1) must be capable of unique 
reconstruction. In other words, it is essential that the transformation 
conserves the mathematical content (or the corresponding physical 
information) of (19.1). 

Let us illustrate the problem and its solution by using the example 
of the single variable. Our original function is now 

V = y(*Y ( 19 . 3 ) 

This equation represents a curve in the x , y-plane. The gradient for 
each #-value is given by 

p = % = y'{x). (19.4) 
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It might be thought best to solve the problem by eliminating x from 
eqs. (19.3) and (19.4); y is indeed obtained as a function of p, viz. 

V = V(P )• (19.5) 

If, however, we attempt to reconstruct the original function (19.3) 
from (19.5), we find that no unique solution is obtainable and that 
condition (/?) is thus not satisfied. 

The formal reason for this is simply that (19.5) is a first-order 
differential equation whose solution represents a family of curves in 
the x,y- plane. The change from (19.3) to (19.5) therefore involves the 
loss of part of the mathematical content of (19.3). The solution of the 
problem which satisfies the two conditions (a) and (£) is based on 
the fact that a curve in the x, y-plane may be regarded either as the 
geometrical locus of the points (x,y) which obey equation (19.3), or 
as the envelope of the family of tangents to (19.3) (Fig. 12). 



Fig. 12. A curve as the envelope of its family of tangents 


An equation which defines the family of tangents is thus 
mathematically equivalent to eq. (19.3). If, therefore, we denote 
by p the gradient of the tangent and by i p its intercept on the 
ordinate, the equation 

0 = *(JP), (19-6) 

which assigns a value of 0 to each value of p, constitutes the formal 
solution of the problem. Since (19.6) represents the family of tangents 
to the curve (19.3), p is defined by eq. (19.4) and (a) is satisfied. 
Furthermore, the representations (19.3) and (19.6) bear a unique and 
reversible relation each to the other and thus (£) is also satisfied. We 
still have to calculate explicitly the function (19.6) from (19.3). For 
this purpose we consider a tangent to the curve (19.3) at the point 
(x,y). This tangent has a gradient p and an intercept ip on the 
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ordinate. By definition we then have 



II 

H 1 

(19.7) 

or 

1 

S* 

11 

(19.8) 


If the quantities x and y are now eliminated from eqs. (19.3), (19.4), 
and (19.8), the required relation between ip and p is obtained. It is 
easy to see that the process can be reversed to recover (19.3) from 
(19.6). By differentiating (19.8) and introducing (19.4) we get 


or 


dip = —pdx — xdp + dy = —xdp (19.9) 


d0 

dp' 


(19.10) 


If the variables </r and p are eliminated from eqs. (19.6), (19.8), and 
(19.10), then (19.3) is recovered. The elimination of the variables is 
possible only if p is a function of x. If (19.4) is expanded into a 
Taylor series according to 




(19.11) 


the sufficient condition 



(19.12) 


or 


dx 2 * ’ dp 2 * 


(19.13) 


is obtained. These conditions are adequate for most applications. The 
few special cases in which they are not satisfied require separate 
discussion. 

Let us now represent the above procedure once more, this time 
schematically: 

y = <l> = 4>(p), 

dp ’ 

y = xp + ip. 


dy 
dx’ 
ifi = -px + y, 


P = dTx’ 


— X = - 


(19.14) 


Elimination of x and y gives ip = 0(^0- 
Elimination of p and ip gives y = y(x). 
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The transformation y(x) ^ ip(p) defined by the above equations is 
called a Legendre transformation; ifs(p) is called the Legendre 
transform of y(x). The Legendre transformation is a special case of a 
contact transformation. It occurs in classical mechanics on changing 
from a Lagrangian to a Hamiltonian formulation. The property 
which is important for our purposes is as follows: 

The Legendre transformation does not result in assigning to each 
point in the x,y -plane a corresponding point in the ^f,p-plane. It 
does, however, assign reversibly and uniquely a point on the curve 
tfj(p) to each point on the curve y(x). 

These considerations can be generalized for the function (19.1) 
with n independent variables by substituting (n+ l)-dimensional 
space for the plane. This causes no difficulty at all. We shall, there¬ 
fore, not carry out the process in detail but simply quote the neces¬ 
sary formulae. We shall also consider the important possibility that 
only a sub-group (x v ...,x k ) of the complete group (x lt ...,x w ) needs 
to be transformed. In geometric terms this means that the trans¬ 
formation is performed into a (&+1)-dimensional sub-space of the 
(n+ l)-dimensional space. The sub-space must obviously contain the 
y-co-ordinate. The variables x k+v ... ,x n are to be regarded as para¬ 
meters for the &-fold Legendre transformation. We then have the 
following scheme analogous to (19.14): 


y = y(* i. •••»**. • ••,*„), 4> = >l>(Pv-,Pk> x k+v 


dy 


dy = 


4>k = y~ hPtXi, 

i =1 


dlls . , 

dib 

<>»*>• 


d^ = -2*.dPi + 2 Pidx,, 

i=1 3=k+1 


(19.15) 


k 

y = *l>+ 'LXiPi- 

i=l 


Elimination of y and x v ...,x k gives 


<l> = <P(p 1 ,...,Pk,x k+1 ,...,x n ). 

Elimination of $ and p 1 ,...,p k gives y = y(x v ...,x k , ...,x n ). 
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For this general case the sufficient condition for the existence of 
the transformation is 


d(Pi,—,Pu) 

d(x 1 ,...,x lc ) 


d*y 


dXi dxi 


7^0 (i,j^k), 


(19.16) 


i.e. the Jacobi determinant for the p { and x t must differ from zero. 

(b) Homogeneous functions and Euler's theorem. 

Definition. If a function 

t = <K*v->x n ) (19.17) 

obeys the equation 

</>(<xx ly ...,ocx n ) = ot<f>(x ly ...,x n ) (19.18) 


where l is a positive integer, it is said to be a homogeneous function 
of the Ith degree. 

Euler's theorem. For homogeneous functions of the Zth degree it is 
true that 


n d<k 

tyfal* • • • 9 %n) = S x i' 

i =1 <> x i 


(19.19) 


Proof. If the eq. (19.18) in the definition is differentiated with 
respect to a, we have 


™ doc d(ocx i ) 
i=i ^(oixf) doc 


M- 1 j(X v ... y X n ). 


(19.20) 


This relationship must be true for all values of a. If we put a equal to 
unity, eq. (19.19) follows directly. 

As far as thermodynamics is concerned, homogeneous functions of 
the first degree (1=1) are the only ones required. 


§ 20 The fundamental equation. Extensive and intensive 

parameters. Equations of state. The Gibbs-Duhem equation 

We shall now discuss Gibbs' fundamental equation (19.7) in 
somewhat greater detail. For simplicity's sake we shall confine our¬ 
selves to a consideration of volume as the only work co-ordinate. We 
shall discontinue using the phase index which is of no significance 
for our present purpose. We therefore write the fundamental equation 
in the form 

dS = ±dU+?dV-2%dn { ( 20 . 1 ) 


or, by integration, 


S = S(U y V,n 1 ,... t n m ). 


( 20 . 2 ) 
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In §§17 and 18 we have already shown that, for the equilibrium 
and stability conditions, an equivalent representation is possible by 
considering the internal energy. Let us, therefore, change the 
fundamental equation into the corresponding form. 

Since, by definition (§10), 


\dU) V,n h ...,n r 


>0 


(20.3) 


the entropy constitutes an unique, continuous, and differentiable 
function of the internal energy if all other quantities of state are 
constant. Equation (20.2), therefore, can be solved uniquely for U 
and we obtain 

U = U(S,V,n v ...,n m ) (20.4) 

or, in differential form, 

m 

d U = Td£-PdF+ 5>id n t . (20.5) 

i=i 


This equation, too, is called Gibbs’ fundamental equation. Equation 
(20.1) is called the entropy representation ; eq. (20.5) is the energy 
representation . In thermodynamics the energy representation is 
nowadays used almost exclusively; the entropy representation is of 
significance mainly for the thermodynamics of irreversible processes 
and for statistical mechanics. We shall, therefore, from now on 
mention the entropy representation only in connexion with a few 
general considerations. The variables of state which occur in the 
fundamental equation fall into two classes according to their 
properties. The variables of the first class have the property that, 
when two part systems ' and " are combined into an (unprimed) 
total system, the relationship 

X'i + X^X, ( 20 . 6 ) 

applies. These variables of state are called extensive parameters. 
Volume and mole numbers obviously belong to this class. 

Variables of the second class are defined by means of contact 
equilibria in such a way that, at equilibrium, 

P\ = PI. (20.7) 

This was discussed in greater detail in §15. Such variables, e.g. 
temperature, pressure, and chemical potential, are called intensive 
parameters. If we now consider the Laws [cf. eqs. (8.8) and (10.26)], 
it follows that internal energy and entropy are extensive parameters. 
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We are now in a position to formulate the next important properties 
of the fundamental equation. We shall first give a summary of these 
properties, followed by some explanations. 

Properties of the fundamental equation. 

(a) The fundamental equation is, in both the entropy and the 
energy representation, a function which depends only on 
extensive parameters. 

(b) The fundamental equation is, in both the entropy and the 
energy representation, a homogeneous function of the first 
degree in all independent variables. 

(c) The fundamental equation is, in both the entropy and the 
energy representation, a characteristic function , i.e. one which 
contains every statement that thermodynamics can make 
about the system. 

(d) The definition of intensive parameters is, in the entropy 
representation, 


rti 

•** 

ii 

pi <^> 
JH 20 

(20.8) 

and in the energy representation 


p 8U 

1 dx/ 

(20.9) 


(e) Any intensive parameter can be represented as a function of 
the same independent variables which occur in the correspond¬ 
ing form of the fundamental equation. Such equations which 
have the general form 

P i = P i (X 1) ... i X r ) (20.10) 

are called equations of state. The functions (20.10) are homo¬ 
geneous and of the zeroth degree. 

(f) The equations of state are not independent of each other since 
there is an additional relationship between these intensive 
parameters. This relationship in the differential form is called 
the Gibbs-Duhem equation. It is, in the entropy representation, 

pd ( f ) + Fd (?)-, i l ”- d (?)- 0 <2<u,) 

and in the energy representation 

m 

S dT — F dP + SM/ij = 0. 

i=l 


( 20 . 12 ) 
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Explanations and proofs. 

Re (a): This statement follows from eqs. (20.1) and (20.5) together 
with the Laws and the definition of extensive parameters. 

Re (b): If we assume that the part systems ' and n in eq. (20.6) are 
equal, the statement follows from (a) and the definition (19.18). 

Re (c): This statement summarizes the following properties: 

(a) If the fundamental equation is known for all homogeneous 
regions of a system, the thermodynamic equilibrium of the 
total system can be calculated explicitly by substitution into 
(17.1) or (17.2). 

(p) Every statement concerning the stability of the equilibrium is 
deducible from (18.1) to (18.6). 

(y) The partial first derivatives of the fundamental equation give 
the intensive parameters. In the energy representation we have 


in particular that 



(20.13) 



(20.14) 


\d n i/s,y,n j 


(20.15) 


(8) The partial second derivatives yield other measurable 
quantities. On the basis of the general relationship 


dH _ 8 2 f 
dx dy dy dx 


(20.16) 


for a complete differential df, equations which interconnect 
these measurable quantities are also obtained. We shall give 
only one example for the energy representation since we shall 
discuss the second derivatives in detail in §§ 24 and 25. Accord¬ 
ing to (20.5) and (20.13) we have 


d 2 XJ _ d (dU\ _ /3T\ 

dvds~ dv\ds)~\dv) St1 ; 


(20.17) 


This quantity represents the temperature increase per unit 
volume for a quasi-static adiabatic expansion. From (20.5) and 
(20.14) we have that 


d 2 u /ap\ 

3SdV~dS \dV) ~ \dS)v t n 


(20.18) 
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The quantity on the right may also be written in the form 
T(dPjdQ) v . It therefore denotes the increase in pressure when 
one unit of heat is introduced at constant volume. From (20.16) 
we get 



(20.19) 


Relationships of this type are known as Maxwell relations. It is 
important to remember that the properties of characteristic 
functions do not belong to the entropy or internal energy as 
such; these properties depend entirely on the set of variables 
chosen for the fundamental equation. This can be shown easily 
by means of a counter-example. The internal energy may be 
represented as a function of the variables T , F, n (for a one- 
component system). We then have 


dU = 




( 20 . 20 ) 


This equation is perfectly correct and, according to the First 
Law, d£7 is a complete differential in this representation as 
well. The function 

U = U(T, V,n) (20.21) 

is, however, not a characteristic function. It can neither be used 
to calculate thermodynamic equilibrium nor can the intensive 
parameters P and be obtained from it by differentiation. The 
reason is that the entropy is not uniquely defined in eq. (20.21). 
Comparison with eq. (20.13) shows that (20.21), when con¬ 
sidered from the point of view of the fundamental equation, 
represents a partial differential equation of the first order whose 
solution includes arbitrary functions. Equation (20.21) can, 
therefore, be obtained from the fundamental equation (20.4) 
but the reverse process is not possible. In other words, the 
representations (20.4) and (20.21) are not equivalent and (20.21) 
contains less information than (20.4). The representation 
(20.20) is, in principle, already known from § 8. We shall see 
that (20.20) is of considerable importance and that it leads 
directly to the definition of the molar heat capacity at constant 
volume, C v . For u — Ujn, we have that 



(20.21a) 
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Re (d): Extensive parameters are the same whether the representa¬ 
tion is in the entropy or energy form. Entropy and energy simply 
exchange roles. The explicit definition of intensive parameters is, 
however, different in the two representations as can be seen by 
comparing (20.1) and (20.5). The great advantage of the energy 
representation is that it uses the directly measurable intensive para¬ 
meters (T, -P,^ t ) while the intensive parameters (l/TyP/T, -fiJT) 
of the entropy representation are not directly measurable. 

Re (e): The equations of state (for a one-component system) are, 
in the entropy representation, expressed explicitly as 


i = i(£7, V,n), 

(20.22) 

£ 

II 

a* !£i 

(20.23) 

| = V,n), 

(20.24) 

and in the energy representation as 


T = T(S, V,n), 

(20.25) 

P = P(S, V,n), 

(20.26) 

P = m(<5, V,n). 

(20.27) 

An older terminology which is, however, still used quite frequently 
refers to the equation 

P = P(T , V,n) (20.28) 

as the thermal equation of state, while the equation 


U = U(T, V,n) 

(20.29) 


is called the caloric equation of state. Comparison with (20.22) and 
(20.23) shows that (20.28) and (20.29) are part of the entropy 
representation and simply represent a transformation of the clearer 
expressions (20.22) and (20.23). The thermal equation of state is 
identical with eq. (7.7) introduced in §7 as the equation for the 
isotherms. In eq. (20.28) the empirical temperature has simply been 
replaced by the absolute temperature. 

That the equations of state are homogeneous functions of the 
zeroth degree follows from (b) together with the definitions (19.18) 
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and (20.8) or 

(20.9). According to these we have that 



d( a s) ds 

S(ocX t ) dX i i 

(20.30) 

or 

d(aU) dU 
dixXj-dXi- <■ 

(20.31) 

Therefore, 

P i (aX 1 ,...,aX r ) = P(X v ...,X T ). 

(20.32) 


The system is thermodynamically not completely defined by a 
single equation of state. Knowledge of all the equations of state is, on 
the other hand, equivalent to knowledge of the fundamental equation. 
The property (b) shows, however, that (for a one-component system) 
a knowledge of two equations of state is enough to define the thermo¬ 
dynamic system completely. If, in eq. (20.32) (with r = 3), we put 
a = X^ 1 , we obtain three equations of state of the form 

= *)• (20 ‘ 33) 


The variables X 1 /X 3 and XJX Z can be eliminated from these three 
equations. We then get an equation involving the three intensive 
parameters JFJ. If, therefore, we know two equations of state, we can 
calculate the third intensive parameter from them. 

The variables which appear in (20.33) are, in the entropy 
representation, the molar quantities 

U V 

u = ~, v = - (20.34) 

n n 

or the densities 


U n 

V’ 9 - V 


(20.35) 


In the energy representation we have the molar quantities 


s 




(20.36) 


P = 


n 

V' 


or the densities 


S_ 

V y 


(20.37) 
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Molar quantities and densities are independent of the size of the 
system, i.e. they do not possess the properties of extensive para¬ 
meters defined by eq. (20.6). They are, therefore, often called inten¬ 
sive variables of state in the literature. This terminology is misleading 
and should be avoided. Molar quantities and densities do not possess 
the fundamental property of intensive parameters as given by 
eq. (20.7). This is obvious from the simple example of the molar 
density for e.g. a liquid-vapour equilibrium. 

These ideas may be looked at in a slightly different way. According 
to (b) and (19.18) we have for the fundamental equation (20.4) (for 
one-component systems) 

ocU = U(clS,(xV, an). (20.38) 

If we again let a = l/n and use the definitions (20.36), we have that 

u = u(s,v t 1) (20.39) 

or, in differential form, 

i du _ du _ 

du = -r- d«s 4- -z- dv. (20.40) 

ds dv 


According to (20.31), however, we have that 

du_au_ 

ds~ dS ~ ’ dv ~ dV " 


(20.41) 


Equation (20.40) thus becomes 

du = Tds-Pdv. (20.42) 

Equations (20.39) and (20.42) are referred to as the fundamental 
equation per mole. If the equations of state for T and P are given, 
the explicit fundamental equation per mole is obtained by substitu¬ 
tion into (20.42) and integration. Corresponding considerations apply 
to the entropy representation. 

Re (f): The additional relationship between the intensive para¬ 
meters which can be deduced from (b) may be expressed explicitly 
in differential form. From (b) together with Euler’s theorem and 
eqs. (20.13)-(20.15) we find that the fundamental equation (20.4) 
may be written as 


U = TS-PV+'in ini . 

1=1 


This gives on differentiation 


(20.43) 


dU = TdS + SdT-PdF- FdP+ (20.44) 

1=1 1=1 
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Comparison of (20.44) with (20.5) gives 

m 

SdT-VcLP+ = 0. (20.45) 

This extremely important relationship is called the Gibbs-Duhem 
equation. 

The Gibbs-Duhem equation in the entropy representation is 

I 7d(I) + V d (J)- ( |» 1 d(a),o. (20.46, 

The Gibbs-Duhem equation may be used in place of the method 
described under re (e) to obtain the fundamental equation from two 
equations of state. The various methods may easily be carried out 
explicitly by using, for example, the case of an ideal gas. 

§21 Thermodynamic potentials 

We have shown that the fundamental equation in either the 
entropy or the energy representation contains the maximum possible 
amount of information about a system. The explicit development of 
this information within the formal framework discussed in §20, 
however, often encounters extraordinarily great difficulties. The 
basic reason for these difficulties lies in the fact that only extensive 
parameters occur as independent variables in the fundamental 
equation. Extensive parameters are, however, usually measurable or 
controllable only with difficulty, or not at all. To give only two 
examples: there is no instrument which measures entropy directly 
nor is there any device to keep the entropy constant; it is practically 
impossible to keep the volume of a condensed phase constant. On 
the other hand, as has been previously mentioned, the intensive 
parameters in the energy representation are directly measurable and 
experimentally easily controlled. This is the natural consequence of 
the definition of intensive parameters by means of contact equilibria. 
We are, therefore, now faced with the problem of extending the 
formal apparatus of thermodynamics. The problem may be formu¬ 
lated as follows: 

The fundamental equation is to be transformed by the introduction 
of one or more intensive parameters as independent variables while 
the complete information contained in the fundamental equation is 
preserved. 

The latter requirement merely states that the transformed function 
must retain the properties of a characteristic function. We are now 
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obviously faced with the same question from which we formally 
started in §19. The problem is, therefore, solved by a Legendre 
transformation of the fundamental equation. 

In order to make the formal development as clear as possible we 
shall now make considerable use of the previously used ‘generalized 
quantities of state’ X { and P The advantage of this notation derives 
from the fact that the only relevant factor for many thermodynamic 
relationships is the difference between extensive and intensive para¬ 
meters. Many similar relationships can, therefore, be summarized by 
means of a single equation in this way. We must, however, bear in 
mind that energy and entropy possess, apart from the general 
properties of extensive parameters, additional individual properties 
derived from the Laws of thermodynamics. Whenever convenient we 
shall, therefore, introduce energy in the entropy representation and 
entropy in the energy representation by means of explicit notation. 

Analogously, chemical potential occupies a special position among 
intensive parameters as can be seen from the way in which chemical 
potential was introduced (§15). The definition of neither T nor P 
contains an arbitrary constant. An examination of (21.40), however, 
shows immediately that chemical potential is defined apart from a 
term a + bT where a and b are arbitrary constants. 

The Legendre transformation may be applied to both the entropy 
and the energy representation leading to two series of characteristic 
functions. We shall limit the discussion in this section to the energy 
representation which has by far the greater significance in 
thermodynamics. 

The fundamental equation in terms of generalized quantities of 
state is 

U = U(X it ...,X r ) (rSsm + 2). (21.1) 

The intensive parameters are given by 

Pi = {w) Xi (2L2) 

The quantities X { and as related by eq. (21.2) are called conjugate 
parameters. The fundamental equation in differential form now 
becomes 


dU = S^dX,. (21.3) 

i=i 

The Legendre transforms of the fundamental equation in the energy 
representation are called thermodynamic potentials . The general 
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definition of thermodynamic potentials is, therefore, 


'¥ h -U-'ZP t Xi. 

i= 1 


(21.4) 

The sufficient condition for the existence of these transformations is 

(21.5) 


| jj | — ^ q 


Differentiation of (21.4) and introduction of (21.3) gives 

d'F* = - S Xi d P* + 2 Pj dXj. (21.6) 

i= 1 i=fc+i 

For &<r all thermodynamic potentials are, by definition, charac¬ 
teristic functions. Furthermore, they are homogeneous first-order 
functions of the extensive parameters. Equation (20.43) in terms of 
generalized quantities of state is 


U^ZPiX,. 


Substitution into (21.4) gives 


= 2 P,X, 

j=k +1 


(21.7) 


( 21 . 8 ) 


which, with Euler’s theorem, proves the proposition. The partial 
derivatives of a thermodynamic potential with respect to the inten¬ 
sive parameters P i give (with a negative sign) the conjugate extensive 
parameters X { . We have, therefore, that 


8P< 


= -X { . 


(21.9) 


Partial derivatives with respect to extensive parameters give, as 
in the fundamental equation, the conjugate intensive parameter P i . 
We have, therefore, that 

( 21 . 10 ) 


= P 
dX j J 


If k = r, we have a special case, for which eqs. (21.4) and (21.7) give 

T r = iP i X i -XP i X i = 0 (21.11) 

i=i t=i 

and, therefore, according to (21.6) 


dT* r = XX i dP i = 0. 


( 21 . 12 ) 
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This is simply the Gibbs-Duhem equation in terms of generalized 
quantities of state. The initially surprising fact that the complete 
(r-fold) Legendre transform of the fundamental equation, i.e. the 
thermodynamic potential, is identically equal to zero is mathe¬ 
matically based, as shown by the derivation, on the fundamental 
equation being a homogeneous function of the first degree. Physically 
it is explained by the need to have at least one extensive parameter 
for the definition of the system. 

Let us now consider those special cases of eq. (21.4) that are 
important in thermodynamics. We shall use the explicit notation for 
quantities of state.| The thermodynamic potential 

U = U(S,V,n v ...,n m ) (21.13) 

is merely the fundamental equation in the energy representation 

which has already been discussed in detail in § 20. We shall use the 
function again in the course of certain general considerations. It is, 
however, inconvenient for the treatment of particular problems for 
the reasons given at the beginning of this section. 

The thermodynamic potential 

H = H(S,P i n 11 ...,n m ) (21.14) 

is called the enthalpy or heat content. 

Equation (21.4) in this connexion becomes 

H - U + PV (21.15) 

and eq. (21.6) becomes 


dH = TdS+ Vd P + 2>id7i*. 

i=i 

The partial derivatives are, therefore, 

G£L- r - 


(21.16) 

(21.17) 


Let us now discuss briefly the physical significance of enthalpy. Any 
concrete physical interpretation inherently seizes on only one aspect 
and can, therefore, never represent the total nature of a thermo¬ 
dynamic potential. Any such interpretation must, therefore, never 
be identified with the function itself. 


t The symbols for entropy and the important thermodynamic potentials are 
fixed by international convention. 
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Let us now recall two results which were discussed in detail in 
Chapter I. If the reversible work done by a system is denoted by 
IT* = — W, we have 

~(dU) 8tH = dW*. (21.18) 

The work done by a closed system at constant entropy, i.e. under 
quasi-static adiabatic conditions, is equal to the decrease in internal 
energy. Also, 

(AU) Vtn = TdS = &Q. (21.19) 

The heat introduced into a closed system at constant volume is equal 
to the increase in internal energy. 

In order to arrive at an analogous result for the enthalpy, we 
imagine the system to be coupled to a reservoir which maintains the 
pressure in the system constant. These conditions allow work due to 
volume changes to be done, but this work cannot appear as useful 
work since it is done only in order to keep the pressure constant. If, 
therefore, a result analogous to (21.18) is wanted at least one further 
work co-ordinate must be introduced. We shall now introduce the 
extra work co-ordinate; for the sake of simplicity, however, we shall 
not introduce the extra co-ordinate generally and shall suppose the 
system and reservoir to be adiabatically isolated. The reservoir will 
be denoted by the subscript R. The reversible work done by the 
system and reservoir is then, according to (21.18), 

dW* = -d(U + U n ). (21.20) 

Since the system and the reservoir are in equilibrium with respect to 
pressure and, furthermore, P = const, we have 

-d U R = PdV R = -PdV = -d(PV). (21.21) 

We now get from (21.15), (21.20), and (21.21) 

-(dH) SfPtn = dW*. (21.22) 

Thus, the reversible work done by a closed system at constant 
entropy and constant pressure is equal to the decrease in its enthalpy. 
Analogously to (21.19) we have 

(d H) P ' U = d Q, (21.23) 

i.e. the heat introduced into a closed system at constant pressure is 
equal to the increase in enthalpy. Since the heats of various processes 
(mixing, chemical reactions) are usually measured at constant pres¬ 
sure, (21.23) gives directly the significance of enthalpy for the 
theoretical interpretation of such measurements. 
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An important application of enthalpy is found in the theory of the 
Joule-Thomson effect since this effect occurs at constant enthalpy. 
Theoretical consideration of the Joule-Thomson effect will have to 
be deferred to § 24 since certain formal aids must be developed first. 

The use of enthalpy as a thermodynamic potential is difficult since 
enthalpy contains entropy as an independent variable. Enthalpy can 
be represented as a function of state by expressing it as a function of 
any complete set of variables of state; enthalpy is then, however, no 
longer a thermodynamic potential. The representation 

H = H(T,P,n v ...,n m ) (21.24) 


which is analogous to (20.20) and (20.21) and where 


d H = 




m 

d P+2 

i=i 



(21.25) 


is of particular importance. The reason for the special significance of 
this representation will be explained in § 24. It is sufficient to note 
here that (21.25) directly yields the definition of the molar heat at 
constant pressure, C p . Putting h = Hjn (for one-component systems) 
we have, because of (21.23), that 

Cp = Wp, n : (21-26) 


The derivative (dHldn i ) T p nj is, however, not a chemical potential. 
The thermodynamic potential 

F = F(T,V,n v ... i n m ) (21.27) 

is called the Helmholtz free energy. Equation (21.4) now becomes 


F = U-TS 

and eq. (21.6) becomes 

(21.28) 

&F = -SdT-PdF+ SMn,. 

i=1 

(21.29) 

The partial derivatives are, therefore, 


GjL~* (SL~ p - 

(21.30) 

Under certain conditions the Helmholtz free energy can acquire a real 
interpretation. Let us consider a system in thermal equilibrium with 
a reservoir (thermostat) which keeps the temperature constant. Let 
the system and the reservoir together be adiabatically isolated. The 
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diathermal wall between system and reservoir is assumed to be rigid 
so that the reservoir cannot do work. The reversible work done by 
the system is, therefore, according to (21.18), 

d W* = -d (U + U R ), (21.31) 

Since the reservoir does no work, the decrease in its internal energy 
is determined solely by the transfer of heat to the system necessary 
to keep the temperature constant. Since T = const we have 

-d U K = -dQ n = dQ = TdS = d (TS). (21.32) 

From (21.28), (21.31), and (21.32) we get 

-(dF) Ttn = dW*. (21.33) 

The isothermal reversible work done by a closed system is equal to 
the decrease in Helmholtz free energy. This is the basis of the mis¬ 
leading terms ‘work function* and ‘maximum work* (for — F) and the 
symbol A which is still frequently used in the American literature.f 

The Helmholtz free energy is a useful thermodynamic potential 
when the volume can be kept constant without undue difficulty, i.e. 
particularly for gaseous phases. In this connexion, it is of interest to 
note that the second one of eq. (21.30) represents the previously 
mentioned thermal equation of state (20.28). In the earlier literature, 
the Helmholtz free energy is frequently used in problems involving 
condensed phases since these problems were primarily concerned with 
temperature dependence; the volume changed very little with change 
in pressure within the usually accessible pressure ranges and the 
difference between constant volume and constant pressure was 
neglected. The present-day significance of the Helmholtz free energy 
is due to the fact that this thermodynamic potential can be most 
conveniently calculated explicitly by the methods of statistical 
thermodynamics. 

The thermodynamic potential 

G = G(T,P,n v ...,n m ) (21.34) 

is called the Gibbs free energy. Equation (21.4) now appears as 

G = U-TS + PV = H-TS = F + PV (21.35) 

and eq. (21.6) as 

m 

d G = -SdT + V dP+ S/^dfv (21.36) 

i =1 

t A is now the internationally recommended symbol for the Helmholtz free 
energy. ( Translator .) 

4 
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The corresponding partial derivatives are, therefore, 



A real interpretation can be given in a way analogous to that used in 
the previous discussion. We consider a system coupled with two 
reservoirs R and R'. One is a constant-temperature reservoir 
(thermostat), the other a constant-pressure reservoir (manostat). 
We shall have to introduce an additional work co-ordinate as we did 
in the case of enthalpy. The reversible work done by the system is 
then 

d W* = -d (U + U R + U n ,). (21.38) 

d U R is given by eq. (21.32), d U R > by eq. (21.21). Using (21.35) we 
therefore get 

-(dG) T 'P >n = dW*. (21.39) 

The isothermal-isobaric reversible work done by a system is equal to 
the decrease in Gibbs free energy. 

The Gibbs free energy is the most useful of all the thermodynamic 
potentials. This special importance is due to the fact that mole 
numbers are here the only extensive parameters and are easily 
measurable and controllable. Furthermore, the Gibbs free energy can 
thus be computed completely from the mole numbers and the 
similarly easily measurable chemical potentials, since eq. (21.8) now 
becomes 


m 

G=X N n i . (21.40) 

i =1 

This equation also shows that, for one-component systems, the 
chemical potential is identical with the molar Gibbs free energy. This 
coincidence, however, must not be allowed to obscure the fact that 
chemical potential has a much more general significance. 

The thermodynamic potential 

Q = Q(T,F,^,...,^J (21.41) 

has occasionally been called the grand potential . However, neither the 
name nor the symbol is universally accepted. Equation (21.4) here 
appears as 

m 

n = U-TS- 

i-1 


(21.42) 
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m 

d Q = — S dT — PdV — S^d^. 

2 = 1 

The partial derivatives are 



(21.43) 


-w tf . (21.44) 


Equations (21.28), (21.35), (21.40), and (21.42) give 

Q = -PF. (21.45) 


The quantity PV is, therefore, often used instead of the grand 
potential. 

The grand potential is hardly ever used within the framework of 
thermodynamics, but has outstanding significance for statistical 
thermodynamics since it is readily amenable to explicit calculations 
in connexion with the grand canonical ensemble. The name grand 
potential is explained by this connexion. 


§22 Massieu-Planck functions 

We shall now briefly look at the characteristic functions derived 
from the entropy representation of the fundamental equation. The 
fundamental equation in terms of generalized quantities of state is 


S = S(X l9 ... 9 X r ) (r>m + 2). (22.1) 

The intensive parameters are now 



The differential form of the fundamental equation is, therefore, 


dS = fpjd.X*. (22.3) 

2=1 

The Legendre transforms of the entropy representation of the 
fundamental equation are called Massieu-Planck functions. The 
general definition of Massieu-Planck functions is, therefore, given by 

« \~s-ipfx, 

2=1 


(22.4) 



84 Massieu-Planck functions [§ 22] 

and the sufficient condition for the existence of these transforms is 

.«._*(*?. p sn ^ 0 r51 

l *« l = Wi .**) * ( ’ 

Equation (22.4) with (22.3) gives 


d® k = -XX i aPt+ S Pf dXj. 


The general formal properties of Massieu-Planck functions are 
completely analogous to those of thermodynamic potentials. The 
reader is, therefore, referred to the discussion in §21. We shall here 
deal only with explicit formulae for two special cases which are of 
interest in thermodynamics. 

The Massieu-Planck function 


^1 — • • • j 


obviously corresponds directly to the Helmholtz free energy. 
Guggenheim proposes the name Massieu function for it. Equation 
(22.4) here becomes 




and eq. (22.6) 


d*i = -Ui^+^dV-^dn,. 


The partial derivatives are, therefore, 


G (1 m\r,n ~ U ’ {dv)u T .n ' T’ (dt$vT.V. n, 5 ' (22 ' 10) 


Similarly, the Massieu-Planck function 


^2 — Jji’ n v 


( 22 . 11 ) 


corresponds to the Gibbs free energy. Guggenheim calls this the 
Planck function. 

Equation (22.4) now becomes 

D 2 = S-^U-^V 


( 22 . 12 ) 
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and eq. (22.6) 


d<D 2 = -U d 

(?)- Fd (?)- 

m it. 

•S 

i= 1 1 

(22.13) 

The partial derivatives are, therefore, 



/ d0 2 \ _ jj j 

f 0®, \ 

^cTi 

e 

1 

& 

1 

_ 

wm) P/T , n u ’ \ 

K d(PIT)) VT , n 

\^i/HT t PIT,n } T 




(22.14) 


These two functions are of interest on historical grounds since they 
were the first characteristic functions introduced into thermo¬ 
dynamics (Massieu, 1865) and also because Planck frequently used 
the function 0 2 in his investigations. Their present practical signifi¬ 
cance relates to two peculiarities: firstly, the calorific quantities U 
and H appear explicitly as variables in this representation (we shall 
discuss this in detail in § 24) and, secondly, and 0 2 are connected 
very simply with the corresponding thermodynamic potentials 
(which is not generally true for Massieu-Planck functions). Com¬ 
parison of (22.8) with (21.28) and of (22.12) with (21.35) shows that 

= 4>2 = -|- (22.15) 

It is, therefore, simple to change from thermodynamic potentials to 
Massieu-Planck functions without introducing the latter explicitly. 
The advantages of both representations are thus readily available. We 
shall discuss this further in § 24. 

As has been mentioned earlier, the Massieu-Planck functions have 
a very general significance in connexion with the thermodynamics of 
irreversible processes and with statistical thermodynamics. Discus¬ 
sion of this is outside the scope of this book. 

§ 23 Transformation of the equilibrium and stability conditions 

As we have seen already, physical information is completely 
conserved in the Legendre transformation. It must, therefore, be 
possible to formulate the general equilibrium and stability conditions 
by means of the Legendre transform of the fundamental equation as 
well as by means of the fundamental equation itself, i.e. either by 
thermodynamic potentials or by Massieu-Planck functions. We shall 
now perform this transformation for the thermodynamic potentials 
but we shall give only the result for the Massieu-Planck functions 
since the proof is obtained by a completely analogous method. 
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(a) Equilibrium conditions. In the formulation (17.2) the secondary 
conditions belonging to the extremum principle are expressed by 
means of extensive parameters of the whole system; these extensive 
parameters are part of the energy representation. It is therefore to be 
expected that one or more secondary conditions will, in the formula¬ 
tion of the equilibrium condition by means of the Legendre trans¬ 
form of the internal energy, be expressed by means of intensive 
parameters of the whole system. This expectation (which will be 
proved to be correct) shows immediately the nature of the problem 
which we meet here: for a heterogeneous system each extensive 
parameter is equal to the sum of the extensive parameters of the 
individual phases; according to §15, however, intensive parameters 
have so far been defined only for each phase, not for the whole system. 
The definition of extensive parameters for the whole system is based 
on the fundamental property (20.6). Analogously, the definition of 
intensive parameters is based on the fundamental property (20.7) 
and thus implicitly contains the assumption that the intensive para¬ 
meter has the same value for all co-existing phases. Any formulation 
of the equilibrium condition with the aid of the thermodynamic 
potential T*. must, therefore, assume that each one of the k intensive 
parameters which are independent variables for x E k has the same 
value for all phases of the system, e.g. the use of the Helmholtz free 
energy assumes that all phases are at the same temperature, i.e. in 
thermal equilibrium. Any formulation of the equilibrium condition 
by means of the Legendre transform of the fundamental equation 
thus already assumes certain assertions concerning the equilibrium. 
We shall be returning later to this problem. 

The derivation of the transformed equilibrium condition consists 
of two steps. The condition (17.2) is first put into an equivalent form 
which no longer explicitly contains the secondary conditions but 
includes them in the extremum formulation. In the second step the 
equilibrium conditions for the thermodynamic potentials are derived 
from this formulation by means of the Legendre transformation 
(21.4). We shall, for the present, assume that no additional relation¬ 
ships exist between the parameters X j (j>k). 

Theorem 1 . For a system, in which the intensive parameters 
P v ...,P k are fixed and constant throughout the system, to be at 
equilibrium it is necessary and sufficient that 

&U — 2 P i ^ 0 (Xj = const for j > k). 


(23.1) 
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Proof. For the case of the equality sign, (23.1) is a direct 
consequence of the fundamental equation. The general proof is 
obtained by showing the equivalence of (17.2) and (23.1) for the 
assumptions made. For this we can use the fact, derived from the 
fundamental equation, that changes of state for which 

SU — 2 Pi 8X { = 0 (Xj = const for j > k) (23.2) 

i=i 

can always be brought about. For the sake of simplicity we shall 
confine ourselves to the case k = 1 and X x = S. Equation (23.2) 
shows that changes of state for which 

SU — TSS = 0 (V,n = const) (23.3) 

can always be made to occur (by introduction or abstraction of heat). 
We shall use this fact to show that the condition 

SU-TSS^O (23.4) 

is equivalent to (17.2) for systems of uniform temperature. We 
distinguish between the following cases: 

(«) SS = 0. 

Equation (23.4) transforms directly into (17.2). 

(j8) SU = 0. 

Equation (23.4) transforms into (17.1) whose equivalence to 

(17.2) was proved in § 17. 

(y)SU>0, SS>0. 

According to (23.4) we now have SU ^ TSS. We can, therefore, 
always abstract heat and attain a state which may be regarded 
as a variation of the initial state with SU ^ 0 , SS = 0 . Condition 

(17.2) is thus satisfied. 

(S) SU < 0, SS< 0. 

Equation (23.4) tells us that now |8£7|^|T8#|. We can, 
therefore, always introduce heat and attain a state which may 
be regarded as a variation of the initial state with SU = 0, 
8£<0. Equation (17.1) is thus satisfied and, therefore, also 

(17.2) . 

(e) SU > 0, 8S< 0. 

Heat may be abstracted and a state reached for which, if it is 
regarded as a variation of the initial state, we have SU = 0, 
SS < 0. Condition (17.1) is satisfied and, therefore, also (17.2). 

(£) SU <0, SS> 0. 

In this case (23.4) cannot be satisfied. A state can always be 
reached by abstraction of heat for which SU < 0, SS = 0 when 
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this state is regarded as a variation of the initial state. In this 
case, therefore, (17.2) is likewise not satisfied. 

In an analogous way it can be shown that the possibility of a 
variation which contradicts (23.4) necessarily implies the possibility 
of a variation which contradicts (17.2). The equivalence of (17.2) and 
(23.4) is thus completely proved. The proof for the general case of 
the condition (23.1) is obtained in an analogous manner. 

Although the condition (17.2) is formally obtained by means of a 
specialization [cases (a) and (/?)] from (23.1) or (23.4), it does not 
constitute a special case but (as shown by the proof) an equivalent 
formulation. 

Theorem 2. For a system whose intensive parameters P li ...,P k are 
fixed and constant throughout the system to be in equilibrium it is 
necessary and sufficient that 

x r ^ 0* (23.5) 

Proof. Since Jf &+1 , ...,X r are constant, the condition (23.1) can here 
be written as 

- £ mXi) PitXi > 0 (i < k,j > k). (23.6) 

i=l 

From eq. (21.4), however, we have that 

bU - S P t bX t = ST* + S X t 8Pi (23.7) 

i=i i=i 

and, furthermore, for P v ..., P k = const 

(bU) Pi Xj — 2 P(bXf)p it x f — (ST * k ) Pi x * (23.8) 

i=i 

Substitution of (23.8) into (23.6) gives the required statement. 

The most important special cases of (23.5) are: The equilibrium 
condition for constant entropy, volume, and mole number is 

(W) StPtn >0. (23.9) 

The equilibrium condition for constant temperature, volume, and 
mole number is 

(^)r,F,n^0. (23.10) 

The equilibrium condition for constant temperature, pressure, and 
mole number is 




(23.11) 
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Condition (23.5) is less general than conditions (17.1), (17.2), and 
(23.1) since (23.5) does not yield any information about internal 
equilibria which are described by the internal parameters P v ..., P k . 
The condition for thermal equilibrium within a system, for example, 
cannot be obtained from (23.10). The physical explanation for this is 
that the formulation of (23.5) assumes internal equilibrium with 
respect to the parameters P lf Comparison of (23.7) with (23.8) 

shows formally that some of the variations possible for (23.7) have 
been excluded in the derivation of (23.5). In an analogous manner we 
obtain for the Massieu-Planck functions: 

Theorem 3. For a system in which the intensive parameters 
Pf,...,P£ are fixed and constant throughout the system to be in 
equilibrium, it is necessary and sufficient that 

^ (23.12) 

We have assumed so far that no additional conditions connect the 
parameters Xj (j>k). The most important case for which this 
assumption is not true is a chemical reaction where the stoichiometric 
relationships of the reaction equation apply to variations in mole 
numbers. Formally analogous relationships may also occur between 
other variables of state. An example is given in § 60. Two methods 
are available for the treatment of all such cases as has been shown 
in §§16 and 17. The first method is the introduction of a suitable 
internal parameter. The extensive parameters which are connected 
by additional relationships then no longer appear in the secondary 
conditions and we have an extremum formulation in which variations 
of the internal parameters are limited only by the remaining secondary 
conditions (e.g. for a chemical reaction, constant temperature and 
pressure, and constant mole numbers of those components which do 
not take part in the reaction). In the second method the number of 
variables is not reduced (i.e. the mole numbers of all the species 
concerned in the reaction are retained in the fundamental equation). 
The new secondary conditions arising from the additional relation¬ 
ships are, however, introduced into the extremum formulation. The 
above derivations remain unchanged by the generalization. Since, 
however, a general formulation is inconvenient here, chemical 
reactions are discussed in §§33 and 36 and an example for other 
variables is given in § 60. 

(b) Stability conditions . Conditions (23.5) and (23.12) for the case 
(the most important in practice) of the equality sign only state that 
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at equilibrium the thermodynamic potential T**., or the Massieu- 
Planck function for the appropriate secondary conditions, assumes 
a stationary value. Information about the nature of the stationary 
value requires consideration of second-order variations. As has been 
mentioned earlier, only variations of order up to 2 are of importance 
in thermodynamics. A detailed analysis of the problem will be given 
in Chapter VI. The following statement is sufficient for our present 
purpose (a similar method was adopted in §18). For a stable equi¬ 
librium the stationary value for thermodynamic potentials is a 
minimum while that for Massieu-Planck functions is a maximum. 

Formally, this becomes 

(AT* k)p,x > (23.13) 

(AO*) PV t< 0. (23.14) 


§ 24 Gibbs-Helmholtz equations and Maxwell’s relations 

We have so far regarded thermodynamic potentials as Legendre 
transforms of internal energy. It is, of course, possible to obtain a 
thermodynamic potential x F a .(A;>Z) from another thermodynamic 
potential x ¥ l by means of a Legendre transformation. We then have 
that 


£ PtX, ( k>l ). (24.1) 

i=Z+1 

But, according to (21.9), we have that 

pip* 

a*?—* (24 - 2) 

and so we get 

k dW, 

Tt = T,+ EP^*. (24.3) 

i=l +1 

The only case useful in practice is k-l = 1, where 

Y * = Y,+P *§- (24 - 4) 

In the form given x F k depends explicitly not on P k but on X k . From 
T*„ however, we obtain the equation of state 


d'F 

Pk — = Pfi;(Pl> X k ,..., X r ) 


dX L 

which can be used to eliminate Xu. 


(24.5) 
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All quantities appearing in (24.4) are now functions of P k and we 
have a linear first-order differential equation which allows the 
calculation of T^PJ from given Y^PJ. Equation (24.4) for the free 
energy was derived first by Gibbs and later independently by 
Helmholtz. It is, therefore, known as the Gibhs-Helmholtz equation . 

The following special cases are the most important in thermo¬ 
dynamics : 

,*) "-MiL- <246) 

This equation makes it possible to calculate the enthalpy when the 
internal energy is known as a function of pressure. 

(b) F-V + tQ^. (24.7) 

This equation permits the calculation of the Helmholtz free energy 
when the internal energy is known as a function of temperature. 

(c, O.H + tQ^. (24.8) 

This equation permits the calculation of the Gibbs free energy 
when the enthalpy is known as a function of temperature. 

(d| a.r+pQ^. ,24.8a) 

This equation may be used to calculate the Gibbs free energy from 
the Helmholtz free energy when the latter is known as a function of 
pressure. 

These equations illustrate the remark made previously that the 
representation of U and H in sets of variables in which they are not 
thermodynamic potentials may be important (cf. §§20 and 21). We 
shall confine further discussion mainly to case (c) which is by far the 
most important. 

The special importance of (24.8) is due to the following properties: 

(a) The equation is applicable to the most frequent experimental 
condition P = const. 

(jS) According to eq. (21.26) the function H(T) can be found by 
integration of the molar heat capacity at constant pressure. 
This is easily determined by experiment. 

(y) According to (23.11) the function G which can be calculated 
from (24.8) completely determines all material equilibria at 
T = const, P = const, including chemical equilibria. 
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The formal solution of eq. (24.8) is obtained directly by writing 


this equation in the form 





mom } 
mm\ 

= H. 

P,n 

(24.9) 

This gives 





g - t \ 

M?) 

(24.10) 


for which the constant of integration remains to be found. It should 
be easy to see that this formulation is basically a change to Massieu- 
Planck functions. The secondary conditions of the partial differentia¬ 
tion and the function H are, however, derived from the formulation 
of thermodynamic potentials. An analogous treatment of eq. (24.7), 
however, takes us completely into the formulation of Massieu-Planck 
functions and simply gives the first of the equations (22.10). 

We end this section by a brief discussion of a problem which 
appears in connexion with statistical thermodynamics. An explicit 
statistical calculation of the Gibbs free energy is possible in principle; 
in practice, however, such calculations generally meet unsurmount- 
able difficulties. What is usually done, therefore, is to calculate the 
Helmholtz free energy statistically and then to calculate the Gibbs 
free energy from it purely by thermodynamic methods. This can be 
done by using eq. (24.8a). In order to calculate the integral 


s - p M?) 


(24.10a) 


which is analogous to (24.10), it is necessary to eliminate V from the 
expression for the Helmholtz free energy; this is done by using the 
thermal equation of state. 

The integration can be avoided by using a system of equations 
which parallels the Gibbs-Helmholtz equations. We shall confine our 
discussion to the case k-l = 1. We then have from (24.1) and (24.5) 
that 


whose most important special case is 


G = F-V 



(24.10b) 


(24.10c) 
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If F has been calculated statistically the derivative on the right-hand 
side can be stated directly and the only remaining operation is the 
elimination of the volume. 

We have stated previously (cf. § 20) that the fact that characteristic 
functions are necessarily functions of state (i.e. complete differentials 
of quantities of state) allows us to derive relationships between their 
second derivatives. We shall now do this quite generally for the 
thermodynamic potentials. Equation (21.6) leads directly to 


8 ix ¥ k 8X { dPj 

d P t dX } ~ 8X } ~ dP- 

(24.11) 

d ix v k sx { dx^ 

8P t 8P m 8P m ~ 8Pi 

(24.12) 

8*Y k 8Pj 8P n ^ , . j. 

dx,ax.~sx,~ax, <*■”*<*■.}.•>*)■ 

(24.13) 

These equations are called Maxwell's relations. The most important 
special cases are (for one-component systems): 

(a) Internal energy [only type (24.13) occurs]. 

18T\ (8P\ 

W) s .n~ lasj r , n ’ 

(24.14) 

/8T\ /8jA 

\8n)s,v \dS) v.n 

(24.15) 

\8n)s,v \3F/s >n 

(24.16) 

(b) Enthalpy [only types (24.11) and (24.13) occur]. 


i8V\ (8T\ 

W)p,n ~ \8P)s,n 

(24.17) 

/3F\ _ /^A 

\8n )sj> \8P/s,n 

(24.18) 



(24.19) 
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(c) Helmholtz free energy [only types (24.11) and (24.13) occur]. 


/as \ (dP\ 

\dVj T , n " \dTj v>n ' 

_/8S\ (dp\ 

\ dnj t,v \dT)v,n 


(d) Gibbs free energy [only types (24.11) and (24.12) occur] 



(24.23) 


(24.24) 

(24.25) 


§ 25 Conversion of partial derivatives. Method of Jacobi 
determinants. The Joule-Thomson effect 

The thermodynamic treatment of special problems often involves 
partial derivatives which are not directly measurable. The conversion 
of such derivatives to experimentally easily accessible quantities 
therefore plays an extraordinarily important part in thermodynamic 
applications. We shall, therefore, now discuss several methods which 
are useful in this way while confining our discussion to one-component 
systems. 

The generalization for multi-component systems involves no 
formal difficulties but uses concepts which will not be introduced 
until §28. Since the mole number is trivial as a variable in one- 
component systems, as has been shown in §20, we shall keep it 
constant throughout. All functions of state therefore involve only 
two independent variables. 

We shall start by looking a little more closely at the problem. If a 
function of state 

z = z(x,y) ( 25 . 1 ) 
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is given, we have that 


dz = 



and thus, if w is a further variable of state, we get 
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(25.2) 


(25.3) 


By combining equations of the type (25.3) it is possible to express 
any partial derivative by at most three other arbitrarily chosen 
partial derivatives. For 10 variables of state there are 720 partial 
derivatives and the number of relationships of type (25.3) is of the 
order of 10 10 . These figures emphasize the need for rational methods 
in calculations of this kind. 

The first basic simplification is obtained by expressing all the 
partial derivatives in terms of the same standard set of three 
independent partial derivatives. Following a proposal by Bridgeman 
we choose as our standard set the three experimentally easily acces¬ 
sible quantities: 


molar heat capacity at constant pressure : 



coefficient of thermal expansion : 

-i ( d -I\ 

a V \dTfp 


isothermal compressibility : 


1 (-) ■ 
V l dPj T 


(25.4) 


(25.5) 


(25.6) 


This reduced set is sufficient for most practical purposes. If other 
relationships are required they can easily be deduced from the 
standard set (25.4) to (25.6). 

(a) Bridgeman's method (method of stepwise elimination). Bridge- 
man’s method uses the following relationships which are familiar 
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from the theory of partial differentiation: 




(dx\ _ (dy\ 

\ a.. 1 1 1 

(25.7) 

\tiyjz \y x J z 


ldx\ _ l(dxjdw)\ 

W* \(dyldu>)z) ’ 

(25.8) 

/dx\ /(dzjdy) x \ 

\8ylz \(dzldx) v J ‘ 

(25.9) 


Bridgeman now divides the 720 partial differentials into ten classes 
depending on the constant parameter z. Equation (25.8) tells us that, 
for each class, a knowledge of the nine quantities (dxldw) z is sufficient 
for the construction of all the partial derivatives of the class. Our 
task has then been reduced to the determination of 90 equations. The 
use of Maxwell’s relations (§ 24) further reduces this number by half 
so that 45 basic equations remain. These have been tabulated by 
Bridgeman. 

We shall now show briefly how this method may be used to 
achieve the reduction without the use of Bridgeman’s table. The 
individual steps are given in the form of a recipe| and each step is 
illustrated by means of a simple example. A complete calculation is 
not attempted. 

(a) If the derivative under consideration contains thermodynamic 
potentials eq. (25.7) or (25.9) is used to bring them into the 
numerator. They are then eliminated by using equation (21.6). 

Example : 


[using (25.7)] 


ami 

- MSM$J 


[using (20.5)], (25.10) 


etc. 


The resulting expression no longer contains any thermodynamic 
potentials. The derivatives which occur are reduced one by one 
according to the following rules: 

(p) If a derivative contains the chemical potential this is brought 
into the numerator and eliminated by means of the Gibbs- 
Duhem eq. (20.45). 

t H. B. Callen, Thermodynamics , New York, 1960. 
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Example : 



(25.11) 


(y) If a derivative contains the entropy, this is brought into the 
numerator and either eliminated by using Maxwell’s relations 
or reduced to a standard derivative by means of (25.8), 
(for w — T). 

Example 1 : 



Example 2 : 


(ds/dP) T 

(dSjdT)p 


[using (25.9)] 


(SVJdT)p 
(n/T) C P 


[using (24.24)]. 


(25.12) 


'88 \ (dSldT)p 

dv) p ~ (8VldT) P 


( :nlT)Cp 

(8VI8T) P 


[using (25.8)]. 


(25.13) 


The entropy cannot here be eliminated by using Maxwell’s 
relations [cf. eq. (24.17)]. 

(8) The volume is brought into the numerator. 

Example : 



(dV/dP) T 

(dVldT)p 


- [using (25.9)]. 
a 


(25.14) 


The molar heat capacity at constant volume is eliminated by 
means of the equation (whose derivation will be given later) 


Cp-Cy 



(25.15) 


The original derivative has thus been reduced to derivatives of the 
standard set. 

(b) The method using Jacobi determinants. A more general and more 
elegant method than that of Bridgeman is the method using Jacobi 
determinants, developed by Shaw. We shall now summarize, without 
proof, those properties of Jacobi determinants (confined to two 
independent variables) which are necessary for our present purpose. 
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The Jacobi determinant in x and y for the independent variables 
u and v is defined as 

= (fa\ /%\ (Sy\ 

\du) v \dv] u \dvju \du) v ' 

This definition gives 

J (u,v) = - J (v,u) = 1, 

J(z,a;) = 0, J(k,x) = 0 (k = const) 

J(x,y) = J(y, -x) = J (~y,x) = - J (y,x). t 
We also have that 

8(x, y) d(z,w) = 

^(z, w) d(u,v) d(u,v)' 


(25.16) 


(25.17) 


(25.18) 



Equation (25.16) therefore gives for y — v 


d(x,y) = /dx\ 
d(u,y) [duff 


(25.19) 


Any partial derivatives can, therefore, be written as a Jacobi 
determinant. 

The method is based on the following consideration. According to 
(25.19), eq. (25.2) may be written as 


dz = 


d(z,y) , 8(z,%) 

d(x,y) %,*) 


d y. 


(25.20) 


If we now introduce the new independent variables r and s and the 
abbreviation J (z,y) = d(z,y)ld(r,s ), and use eq. (25.18), eq. (25.20) 
becomes 


dz = 


J(Z ’ y) Ax I J(Z,3;) 

J (y,x) 


d y. 


(25.21) 


Multiplication by J(x,y) and introduction of (25.17) now gives 


J(z,y)dx+ J(x,z)di/ + J(y,x)dz = 0. (25.22) 


This relationship represents the basic equation of the method. We 
shall not discuss the general formulation (which may be expressed in 
the form of tables), but shall confine our discussion to a fairly simple 
special case illustrated by means of examples. 
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If, in (25.22), we put d y = 0, we have that 

3(z,y) + J(y,x) = 0 

or, explicitly by using (25.17), 

/dz\ = d(y^z)/d(r,s) 

\dx)y d(y,x)ld(r,s)' 

This equation represents a transformation from the independent 
variables x,y to the variables r,s. The representation of partial 
derivatives by the standard derivatives (25.4)-(25.6) always implies 
a transformation into the independent variables of the Gibbs free 
energy, i.e. into T and P. In eq. (25.24) we always have, therefore, 
that r = T, s = P. 

Example 1 . This is the example (25.10) treated by the method of 
Jacobi determinants. We have that 


(25.23) 

(25.24) 


/ap\ _ diGj’ydcrj*) ___ i dG l d _ T )p 

\du ) 0 “ d(G, U)id(f,P) “ (dGjdYj P (dU^ 

(25.25) 

and, therefore, 



S 

S(dUidP) T + V[duidf)p 


(25.26) 


The expression on the right-hand side can easily be reduced to 
standard derivatives by using (25.3), (25.7)-(25.9), and Maxwell’s 
relation (24.20). 

Example 2. The molar heat capacity at constant volume is to be 
expressed in terms of standard derivatives. We have that 


r -r(—\ = r 

v \8Tjv 8(v,T)fd(f,P j 

or, using (25.19) and (25.6), 

r T d(s,v) 

v vk8(T,PY 

Expansion of the determinant gives 



(25.27) 


(25.28) 


(25.20) 
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where we have again used Maxwell’s relation (24.24). We have, 
therefore, that 

C P -Cy = T V —. (25.30) 

K 

This formula is of great importance and is often used in thermo¬ 
dynamic applications. 

(c) The Joule-Thomson effect . We are now able to develop the 
theory of the Joule-Thomson effect. The effect has been mentioned 
previously in the discussion of enthalpy (§21). The effect is based 
on the experimental arrangement shown in Fig. 13. A cylindrical 


Pi > P n 



i n 

Fio. 13. Diagrams of the Joule-Thomson experiment 


tube is closed at both ends by movable pistons and divided into 
spaces I and II by a porous plug. The plug must have properties such 
that it will prevent spontaneous pressure equalization between I 
and II by convection or diffusion but will allow movement of gas 
when movement of the pistons results in a higher pressure in space 
I (Pj) than in space II (P n ). Suitable materials for such a plug are, 
for example, cotton-wool or glass-wool. The whole apparatus must 
be adiabatically insulated. Let us assume that I contains 1 mole 
of gas while the piston which closes II is touching the plug, and 
consider the transfer of the gas from I to II while the pressures P x 
and Pn remain constant. Since the process is an adiabatic one we 
have, according to the First Law [equation (8.1)], that 


or, with (21.15), 


u n — u i + Pi v i — Pn v u 


hi = h u . 


(25.31) 

(25.32) 


The enthalpy therefore remains constant during the process which is 
accordingly called an isenthalpic expansion. The gas is thus at equi¬ 
librium in I and in II but undergoes non-equilibrium changes within 
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the plug. As has been shown at the end of § 15, this fact has no 
significance when the discussion is confined to initial and final states 
described by means of thermodynamic variables of state. 

In the experiment described above, we find that generally *1 * 211 
and that T Y may be greater or less than T u - This is the Joule-Thomson 
effect. The aim of our theory is now to calculate this temperature 
change from a given change in pressure. 

If this change in pressure is assumed to be infinitesimal we get, 
from (25.32), 

ir -Q„ dp (25 - 33) 

which is our basic equation for the Joule-Thomson effect. We now 
use (25.24) to transform the partial derivative from the variables 
P, H into the standard variables P, P. We thus have 


( djsjdPh. 

\dHjdT) 


(25.34) 


Using (21.16) this becomes (since the number of moles remains 
constant) 


d T = - 


T(dsjdP)r+V 


d P. 


(25.35) 


T(ds!dT) P 

This, together with Maxwell’s relation (24.24) and the definitions 
(25.4) and (25.5), finally gives 


dT = ^-(Ta-l)dP. (25.36)f 

Lp 

This equation shows immediately that dT — 0 for an ideal gas (since 
a = l/P). The Joule-Thomson effect therefore depends on deviations 
from ideality. Measurements of the Joule-Thomson effect can, there¬ 
fore, be used to calculate absolute temperatures from empirical 
temperatures measured by means of the real gas thermometer (§7). 
A more detailed examination (which we shall not undertake here) 
shows that d T is positive at high temperatures and negative at low 
temperatures. The inversion temperature is determined by the 
equation 

Toe = 1 (25.37) 

whose solution for T requires a knowledge of the thermal equation of 
state of the gas. 


t Equation (25.36) describes the so-called differential Joule-Thomson effect. 
The quantity 8 = ( dT/dP)g is called the Joule-Thomson coefficient. 
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The Joule-Thomson effect at low temperatures is one of the most 
important aspects of low-temperature technology. A technical 
exploitation of the effect requires first of all that the experiment 
described above should be transformed into a continuous process and 
secondly that, if necessary, the gas to be used is precooled to a 
temperature lower than the inversion temperature of the Joule- 
Thomson effect, f The Joule-Thomson effect may then be used down 
to the liquefaction temperature of the gas. 

§ 26 Mean molar and partial molar quantities 

As already mentioned in §21 the Gibbs free energy is the most 
important characteristic function as far as applications of thermo¬ 
dynamics are concerned. We shall now develop several concepts and 
relationships which are useful in the application of the Gibbs function 
to multi-component systems. 

We shall develop the present discussion from § 20(e). The definition 
of density may be directly extended to include multi-component 
systems but is little used in equilibrium thermodynamics. The con¬ 
cept of molar quantities cannot, however, be directly generalized 
since it would obviously be futile to relate the function of state to 
1 mole of one component. 

We must, therefore, introduce a new concept in the following way. 
According to eq. (21.40) and Euler’s theorem we have 



olG = G(T , P, ol itj,..., an m ). 

(26.1) 

We now let a = 1 

/ m 

1 2 and write 

1 i= 1 



G* = G*(T,P,x 1 ,...,x m _ 1 ). 

(26.2) 

The quantities 

n i 

X i= m 

2 n i 
i= 1 



(26.3) 


are called mole fractions and we have 


m 

2^=1 (26.4) 

i=1 

so that only (m— 1) mole fractions are independent variables. The 
function G* defined by eq. (26.2) is called the mean molar Gibbs free 
energy. 

t Precooling is not necessary for most gases since their inversion tempera¬ 
ture T[ is far above room temperature (e.g. T { for N 2 = 621 K). H 2 (T { = 195 K) 
and He (Tj = 23*6 K) which are particularly important in low-temperature 
physics do, however, need to be precooled. 
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Equations (21.37) and (24.8) show that, within the representational 
framework based on the Gibbs free energy, the extensive quantities 
of state S, V , and H also appear as functions of T> P, and the mole 
numbers n { . It seems reasonable, therefore, to generalize the above 
concept. Let Z be an extensive function of state of the independent 
variables T, P, 7^, ..., n m . We then have 



m 

2>i 


i=l 


(26.5) 


which is the general definition of a mean molar quantity of state. The 
quantities 


= 


dz\ 

finj T t p,ni 


(26.6) 


first introduced by Lewis, are called partial molar quantities of 
component i. They are important in the thermodynamics of multi- 
component systems.! Comparison of (21.37) with the definition 
(26.6) shows that the chemical potential may be formally regarded 
as the partial molar Gibbs free energy. This inherently correct state¬ 
ment has often been regarded as the definition of chemical potential 
and has thus obscured its far more general significance based on the 
fundamental equation and its Legendre transforms. 

From (21.37) and the derivatives (26.2) (26.3), and (26.5) we find 


\zt) p , x * ’ \dP 
We thus get from (26.2) 

tn —' 

dG* = —S*&T+ V*dP+ 2 


') = V*. 

(26.7) 

' T,x 


Y^) d*, 

L \vZ i /T,PM 

(26.8) 


The derivatives of G* with respect to the mole fractions are, there¬ 
fore, not chemical potentials. We therefore have to ask the following 
questions: 

(a) What is the significance of the derivatives (SZ*/dx i ) TfPtX ? 

(b) What is the relationship between mean molar and partial 
molar quantities? 

t For one-component systems both mean molar and partial molar quantities 
reduce to molar quantities which we have previously denoted by lower-case 
letters [eqs. (20.34) and (20.36)]. From now on we shall, when convenient, also 
use the symbol Z* for molar quantities. 



104 Mean molar and partial molar quantities [§ 26] 

The two questions are closely related and we shall now examine 
them briefly. 

By definition we have 


dZ = 




m 

d P+2 

i=i 


dz\ 

dnj T,P,n, 


d n { . 


(26.9) 


According to the definition of extensive parameters, Z is homo¬ 
geneous of the first degree in the mole numbers. Euler’s theorem 
together with the definition (26.6) therefore gives 


m 

Z=%z i n i . (26.10) 

1=1 

By differentiation of (26.10) and comparison with (26.9) we get 

This relationship is formally identical with (20.43) and is called the 
generalized Oibbs-Duhem equation. The generalization is based on the 
fact that the Gibbs-Duhem equation merely derives from the fact 
that the fundamental equation is a homogeneous function of the first 
degree. 

By using (26.3) and (26.5), eq. (26.11) may be written 

< 29,2) 

Isothermal-isobaric changes of state (d T = 0, dP = 0) constitute a 
particularly important special case of this equation, for which we 
have 


2^d = 0 (d T = 0,d P = 0). 

i=i 


We also have, for d T = dP = 0, that 


da:.-, 


and thus 


(26.13) 


(26.14) 


<k< = V(|j) 

j=i 

m m fm-1 /$z.\ 1 m -1 m {fa \ 1 

S Uf d xA = S Ixig da:, = 0 

i= 1 *'=X L 3=1 \ &X j! T,p.x„ J ,=1 L<=1 \VZj/ T,p.xt\ 


(26.15) 
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According to eq. (26.4), however, the (m— 1) dxj are independent of 
each other. Equation (26.15) can, therefore, only be satisfied if 


, 1 “(£;),„.=°- 


(26.16) 


This form of the Gibbs-Duhem equation is often used in the investiga¬ 
tion of isothermal-isobaric problems. 

If we write eq. (26.10) for mean molar quantities we get 


Z* = £****. 

i=i 


According to eq. (26.4) we have 

dx m 


= - 1 . 


(26.17) 


(26.18) 


Partial differentiation of (26.17) with respect to Xj therefore gives 


dZ* ™ dz { 

JxJ = i?!* 4 8xj + Zj ~ z ” 


or, because of (26.16), 

sz* 


= Zj-Zm (j = 1,...,™-1). 


(26.19) 


(26.20) 


This equation answers the above question (a) about the meaning of 
the derivatives (dZ*/&rJ TPi;Cj . It also partially answers question (b). 
We shall, however, derive one further relationship which expresses 
partial molar quantities by the derivatives (dZ^jdx^T PfXj . 

We first solve (26.20) for Zj and substitute this value into 
eq. (26.17). We then get 


m- 1 dZ* m ~ l 

Z * = + h x i z m + x m z ,r, 

1=1 OXi 1=1 


which, with (26.4), gives 


m -i dZ * 
1=1 


(26.21) 


(26.22) 


Question (b) has thus also been completely answered. The most 
important special case of eq. (26.22) is m = 2 (binary systems), where 

dZ* 


Zl ~ Z * X2 8 x 2 ’ 
Xl dx , • 


(26.23) 


(26.24) 
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These equations make it possible to calculate partial molar quantities 
from mean molar quantities and this is important in a number of 
applications since mean molar quantities (e.g. volume, enthalpy) may 
be experimentally more easily accessible than partial molar ones. The 
usual method is called the tangent method (Fig. 14). 



Fig. 14. Illustration of the tangent method 


The tangent to a curve at a point x, y where the gradient is dyjdx 
is given by the equation 

(26.25) 

The intercept on the ordinate for this is obtained by putting £ = 0. 
Comparison with (26.23) and (26.24) shows that the intercept on the 
ordinate in this construction gives the partial molar quantities for 
the point P. 

We now summarize certain special relationships involving the 
Gibbs free energy. These relationships are of importance for many 
applications. According to (26.6) we have the following definitions of 
partial molar quantities: 

(SO\ = (dS\ (dH\ (dV\ 

[foli/T.P.n, ^ \0W</2\P,n i T,P,n } ** \0W*/T,Z\nj 

(26.26) 

By means of (21.36) we then have 



(26.27) 
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and, according to (21.35) and (26.26), we have 

p i = h i -Ts i . (26.28) 

From (26.27) and (26.28) we finally arrive at the analogue of the 
Gibbs-Helmholtz equation 

<2e - 29 > 


One of the components in a multi-component system may be 
present in excess. If this component is a liquid in the pure state it is 
often called the solvent. It is usual to denote quantities relating to the 
solvent by the subscript 1. The quantity 

Vi = Mi-Mio (26.30) 

where p 10 is the chemical potential of the pure solvent at the same 
temperature and pressure is called the free energy of dilution. The 
heat of dilution A h x and the entropy of dilution A s x are defined in a 
similar way. Equations (26.27)-(26.29) lead directly to the commonly 
used relationships 

Ap x = Ah 1 -TAs v (26.31) 



3( A thlT ) 
3(1 IT) 


— A h v 


(26.32) 


Afi x — A h x + T 



(26.33) 


The great significance of the free energy of dilution for the 
thermodynamics of solutions is based on the easy experimental 
accessibility of this quantity by various methods. A s x and A h x are 
thus also easily obtained. In particular, the whole thermodynamics 
of the system is completely defined for binary solutions if Ap x is 
known as a function of the mole fraction x 2 over the whole concentra¬ 
tion range. Thus we have from the isothermal-isobaric form of the 
Gibbs-Duhem equation (26.16) that 




= 0 


(T = const, P = const), 


and, therefore, that 

Ap 2 = f — 2 d(A/Xj), 

/X2 X 2 


(26.34) 


(26.35) 
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or, after partial integration, 



x x A/i,! 

1 — x x * 


(26.36) 


The mean molar Gibbs free energy with respect to the pure 
components (also called the free energy of mixing) is then, accord¬ 
ing to (26.17), given by 

A G* = x 1 A/l^ + x 2 A fi 2 . (26.37) 



CHAPTER IV 


Heterogeneous equilibria without 
chemical reactions 

§ 27 General equilibrium conditions for heterogeneous systems 

Let us consider a closed system with fixed work co-ordinates and 
consisting of m components and a phases. The phases are denoted by 
small Greek letters, a being used as the general index. External fields, 
boundary effects, electrolyte solutions, and chemical reactions are 
excluded. If the system contains solid phases we shall assume that a 
uniform hydrostatic pressure is acting on them from all directions, 
and that there are no uni-axial normal or tangential stresses (cf. §§ 53 
and 54). The volume is, therefore, the only work co-ordinate. The 
phases are assumed to be in internal equilibrium and completely open 
to each other so that entropy, volume, and all mole numbers can be 
varied for each phase. Following the discussion in § 17 we shall assume 
that equilibrium conditions and secondary conditions will be given in 
the form of equations. 

The application of the fundamental equation (20.5) to each phase 
accordingly gives 

$U«x) = zn*)$s<«>-PM8V'« ) + 2/4 a) Stt| a) , 

1 

. . (27.1) 

m 
i =1 

According to the general equilibrium condition (17.2) we have 

2SC7< a > = 0 (27.2) 

a=l 
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together with the secondary conditions 


2 8S (a) = 0, 

(27.3) 

a=l 


2SF< a) = 0, 

(27.4) 

a=l 


2 8nl a) = 0 (i = 1,..., m). 

a=l 

(27.5) 


Such an extremum formulation with secondary conditions may be 
treated by means of Lagrange’s method of indeterminate multipliers. 
We multiply the secondary condition (27.3) by an indeterminate but 
constant factor X v (27.4) by A 2 , and (27.5) by X 3i . We now subtract the 
resulting equations from (27.2). Using (27.1) we then get 

2 (T<*> - Aj) 8S™ + 2 (P (a) ~ A 2 ) 8 F<*> +22 (/4 a) - A«) 8n| a) = 0. 

a a i=l a 

(27.5a) 

We now assume the multiplicands fixed such that in each of the sums 
over a one bracket vanishes. The remaining variations are then freely 
adjustable and eq. (27.5a) can be satisfied only if all the remaining 
brackets also vanish. We have, therefore, for each a and each i 


TM=\ V P i0L) = A 2 , /4 a) = A 3 *. (27.5b) 

It follows, therefore, that 

Ji(oc) = rp(fi) _ _ qua), (27.6) 

p«x) = p<yS) = = p(<r ) > (27.7) 

/4 a) = W = - = A* (i = 1, (27.8) 


Under the given conditions, therefore, all the phases of a hetero¬ 
geneous system at equilibrium must have the same temperature and 
pressure and the chemical potential of any component must be the 
same in all the phases. Equation (27.6) contains the condition for 
thermal equilibrium, eq. (27.7) that for mechanical equilibrium, and 
eq. (27.8) that for material equilibrium. 

Equations (27.6)-(27.8) completely determine the state of the 
system since the fundamental equation together with (15.8) shows 
that the state is defined by the (m + 2) a independent variables 
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S iQ °, F (a) , nW. Considered as equations of state as in § 20(e), 
eqs. (27.6)-(27.8) give (m + 2) (cr— 1) equations. The secondary condi¬ 
tions (27.3)-(27.5) give a further (m + 2) equations so that we have as 
many equations as we have unknowns. We have, in fact, already 
introduced conditions (27.6)-(27.8) as facts of experience during the 
development of the laws of thermodynamics in Chapter I. The 
derivation of these conditions from Gibbs’ general equilibrium 
condition shows the axiomatic aspect of the latter, as has already 
been mentioned in § 17. 

The equilibrium conditions (27.8) may also be formulated by means 
of mean molar Gibbs free energies. If, for simplicity, we confine our 
discussion to two phases a and B. we get by introducing (26.20) and 
(26.22) into (27.8) 



(i = 1, ...,ra— 1), 


m-x dG*\W 

G '-£, *T*) ■ 


(27.9) 

(27.10) 


§ 28 Membrane equilibria. Osmotic pressure 

The usefulness of the extremum principles formulated in §17 
becomes apparent only in applications to more complicated problems. 
We shall give an example of great importance in the theory of liquid 
mixtures. Let us again consider a closed system with fixed work 
co-ordinates and consisting of m components and a phases. We shall 
make the same assumptions we made in § 27 with the exception that 
all phases are here separated by rigid semipermeable membranes 
permeable only to s components (s < m). The volume of each phase is 
thus fixed. Furthermore, the variability of (m — s) mole numbers 
vanishes for all the phases. The secondary conditions for the extremum 
formulation (27.2) are now, therefore, 

£S£< a > = 0, (28.1) 

a=l 

8V«*> = 0, 8VW = 0, ..., 8V (<r) = 0, (28.2) 

£Snj a) = 0 (< = 1, ...,*), (28.3) 

a=l 

= 0, 8nV> = 0, ..., Sn}*> = 0 (j = s+ 1,..., 


m). (28.4) 
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These, together with (27.1) and (27.2) give the equilibrium conditions 
T«*) = TW = ... = T (<r) , (28.5) 

^ = ... = ^ (i = 1, ...,*). (28.6) 

The introduction of rigid semipermeable membranes thus means that 
co-existing phases can be under different pressures and that equality 
of chemical potential applies only to those components which can 
pass through the membranes. 

The simplest and most important example of the application of 
these considerations concerns osmotic equilibrium (Fig. 15). 

Solvent solution 


t= P* 


i n 

Fig. 15. Osmotic equilibrium 



We here have a = 2, one phase being pure solvent (component 1) 
and the second being a solution which we shall simply assume to be 
binary. The membrane is, therefore, permeable only to the solvent. 
The equilibrium conditions (28.5) and (28.6) now become 

T = T” = T , (28.7) 

M ;(T,P') = /x"(T,P",a: 1 ). (28.8) 

Since the two phases are not in equilibrium when no membrane is 
present, i.e. (T, P, 1 (P, P, a^), eq. (28.8) can only be satisfied if 

P'VP'. (28.9) 


The equilibrium conditions do not, however, give any information 
whether we have P' <P" or P' > P". This question can be answered 
by using the stability conditions and we have here a good example 
for their usefulness in thermodynamics. As will be shown later 
(Chapter VI) the stability conditions lead to the inequality 



Further, according to (26.27) we have for the pure solvent 


(28.10) 



v[>0. 


(28.11) 
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Since, according to (28.10), /4>^i for P' ~ P", the condition (28.8) 
can, because of (28.11), only be satisfied if P" > P'. The excess pressure 

n = P*-P' (28.12) 

under which the solution is in osmotic equilibrium is called the 
osmotic pressure . 

There is a simple connexion between the osmotic pressure and the 
free energy of dilution defined by eq. (26.30). From eq. (28.11) we get 
(if P' is identified with normal pressure P 0 ) 

CP o+n 

n, # 2 ) = ^(^o, # 2 ) + I v i dP • (28.13) 

JPo 

With (26.30) and (28.8) we get, therefore, that 

fPo+n 

A/*i = - I v ± d P, (28.14) 

J Po 

or 

n = (28.15) 

V 1 

where v 1 is the mean partial molar volume between the pressures 
P 0 and P 0 +II. The osmotic pressure is, therefore, essentially a 
measure of the free energy of dilution. 

Osmotic measurements are really meaningful only for very dilute 
solutions. For solutions of solutes of low molecular weight, II at low 
molar concentration is of the order of 1-10 atm while for solutions of 
macromolecules it is 10 -4 -10 -3 atm. Measurements on solutes of low 
molecular weight are possible only in exceptional cases because of the 
difficulty of finding a semipermeable membrane for them. Since liquids 
have a very small compressibility the variation of the partial molar 
volume with pressure can, in practice, usually be neglected. 

§ 29 The phase rule 

Let us consider m components and o phases forming a system at 
thermodynamic equilibrium. The conditions for equilibrium are given 
by eqs. (27.6)—(27.8). We now investigate what changes in the quanti¬ 
ties of state are possible while the original heterogeneous equilibrium 
is maintained. In particular, the number of coexisting phases is to 
remain constant. The problem becomes more comprehensible if we 
first determine how many variables of state can be varied indepen¬ 
dently, as required above, for given values of m and a. 


5 
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We shall choose temperature, pressure, and chemical potentials as 
independent variables. The equilibrium conditions tell us that, for the 
changes we are considering, we have for each phase 

dT (a) = dT, dP (a) = dP, d/ij a) = dp { (29.1) 

(for all a, all i). 

As has been shown in § 20, the validity of the fundamental equation 
implies the validity of the Gibbs-Duhem equation for each phase. It 
is convenient here to write the Gibbs-Duhem equation in the form 
(26.12) and with (29.1) we get the set of equations 

m 

S**MdT- F*< a) dP + 5>| a) d^ = 0, 

i=i 

. (29.2) 

m 

8*MdT- V* i<r) dP + Zx^dpi = 0. 

i=i 

We thus have (ra + 2) independent variables whose variations are 
limited by the a equations (29.2). The number / of freely adjustable 
variables is, therefore, y = w + 2 _ a . (29.3) 

This equation constitutes Gibbs' phase rule ; / is called the number of 
thermodynamic degrees of freedom. 

According to the value of / we distinguish between invariant, 
univariant, bivariant, and multivariant equilibria. 

From (29.3) we have the general conclusion that the number of 
thermodynamic degrees of freedom decreases by 1 when the number 
of co-existing phases increases by 1. 

The derivation shows that the phase rule in the form of eq. (29.3) 
is bound by the assumptions made in §27. We summarize these 
assumptions once more here since improper application of eq. (29.3) 
leads to apparent contradiction between theory and experiment. 
Thus, eq. (29.3) is based on the following assumptions: 

(a) Boundary effects may be neglected. 

(b) No chemical reactions occur. 

(c) Volume is the only work co-ordinate. 

(d) The boundaries between the phases are thermally conducting, 
deformable, and permeable to all components; in other words, 
entropy, volume, and mole numbers for each phase are freely 
variable within the limits set by the secondary conditions 
(27.3)—(27.5). 
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§30 Phase reactions 

We have shown in § 27 that the state of a heterogeneous system 
is completely defined by the equilibrium conditions (27.6)-(27.8) 
together with the secondary conditions (27.3)-(27.5). The question 
now arises whether, and under what conditions, changes of state are 
possible in which only eqs. (27.5)-(27.8) are fixed while entropies and 
volumes of phases as well as those of the total system may change. 
Chemical potentials may be represented as functions of T> P , and 
according to eqs. (26.2), (26.20), and (26.22); our question therefore 
concerns the possibility of and the conditions governing changes of 
state for which temperature, pressure, and mole fractions of the 
phases remain constant, i.e. changes in which the mass of certain 
phases increases at the expense of other phases while the total mass 
of each component remains constant. A change of state of this kind is 
called a phase reaction. It is always reversible since the heterogeneous 
equilibrium is maintained at all times. 



Fig. 16. Simple boiling point diagram of a binary liquid mixture 


The possibility of phase reactions can be seen, for example, in the 
vaporization equilibrium of one-component systems. At constant T 
and P liquid may be freely changed to vapour and vice versa by the 
introduction or withdrawal of heat; the process is accompanied by a 
volume change. Phase reactions are, however, not always possible as 
can be seen from Fig. 16. The diagram represents a liquid-vapour 
equilibrium in a binary system at constant pressure, i.e. a boiling 
point diagram. Component 1 always has a higher concentration in the 
liquid than in the co-existing vapour. When vapour condenses, there¬ 
fore, the concentration of 1 in the gas phase decreases and the equi¬ 
librium temperature changes as can be seen quite clearly in the 
diagram. A phase reaction is, therefore, impossible. 
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In order to derive the conditions for a phase reaction in a general 
form, let us consider a closed system at equilibrium consisting of m 
components and a phases. Temperature, pressure, and the mole 
fractions in the phases are assumed to be fixed. Let the initial total 
number of moles of the individual phases be 


n«*> = ZnfK (30.1) 

i 

Now let there be a phase reaction resulting in a state with unchanged 
T , P, x J a) but with the mole numbers for the phases given by 


n ( “> + v (a) = 2 < a) + 2 *4 a) - (30.2) 

i i 


v (a) is thus the change in mole number for the phase a for the phase 
reaction. Since the mole fractions for the phase must remain constant, 
we have 


nj“> _ nW + v^ 
n n (0L) + v (0L) ' 


(30.3) 


The solution of this equation is 

v (<x) _ ^«) v («). (30.3a) 


By definition the total amount of each component of the system 
remains constant; we therefore get, from (30.3), the set of equations 


2*i a) v (a) = o, 

a=l 


(30.4) 


= 0. 

a=l J 

A phase reaction is, therefore, possible if and only if there is a solution 
of the homogeneous linear set of equations (30.4) for v (a) which does 
not vanish. 

We distinguish formally between the following cases: 

(a) m< or: There are fewer equations than unknowns and a solution 
other than zero thus always exists. 
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(b) m = o : The number of equations and unknowns is the same. A 
solution different from zero exists if and only if we have 

|x<«>1 = 0 (30.5) 

for the coefficient determinant. 

(c) m> o : The number of equations is greater than the number of 
unknowns. The system is, therefore, overdefined and there is a 
solution different from zero only if all the equations are mutually 
consistent. This is so when all determinants of degree a formed 
by the coefficient matrix vanish. Since the number of such 
determinants is (1 + m — a) we have (1 + m — o) conditional 
equations for the set (30.4) to be soluble. 

These purely mathematical considerations lead to the following 
physical conclusions: 

(a') m<o : According to (29.3) we have an invariant or univariant 
equilibrium. In either case, unlimited phase reactions are 
possible. 

(b') m — <t: According to (29.3) we have a bivariant equilibrium. A 
phase reaction can occur only in the case of those particular 
compositions of the phases for which eq. (30.5) is satisfied, i.e. 
the determinant formed from the mole fractions vanishes. 

(c') m> a: According to (29.3) we have a multivariant equilibrium. 
Phase reactions are possible only for compositions for which 
the (1 -f- m — cr) determinants of degree a formed from the mole 
fractions vanish. 

The conditional equations mentioned in (b) and (c) are sometimes 
called indifference conditions in thermodynamics. We shall consider 
two simple examples: 

(a") Two-phase equilibrium of an m-component system: The (m — 1) 
indifference conditions are 

1 1 =0 (i,j = 1,2, i # j). (30.6) 

#j a) xW 

These conditions can be satisfied only if 

x[«'=x[fi\ ..., z£>=xj£>. (30.7) 

A phase reaction can, therefore, occur if and only if the two 
phases have the same composition. Such systems are called 
azeotropic mixtures. 
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(b") Three-phase equilibrium in a ternary system. We have a 
bivariant equilibrium which, according to (b') has the single 
indifference condition 


x J a) x { / ] x[v ] 
x^ a) x^ } x^ } 

xy» 


= 0 . 


(30.8) 


The geometric interpretation of this equation is that the 
compositions of the phases lie on a straight line when repre¬ 
sented by Mobius’ triangular co-ordinates (Fig. 17). 


2 



Fig. 17. Representation of the indifference condition for a three-phase 
equilibrium in a ternary system 


A special case of this arises when two of the co-existing 
phases have the same composition since eq. (30.7) is then 
satisfied (coincidence of two points in the geometrical 
representation). 

(c ") The examples lead directly to the following general theorem: 
For a phase reaction in bi variant and multivariant equilibria, 
the same composition of two co-existing phases is always a 
sufficient condition; for only two co-existing phases, it is also 
a necessary condition. 

The definition of a non-variant equilibrium shows that a phase 
reaction can only occur at an appropriate point in the phase diagram. 
Since phase reactions in univariant equilibria are not subject to any 
limitations, they can occur anywhere along a P(T) -curve. Such a 
curve is called an indifferent curve . 

For bivariant and multivariant equilibria the [m + 2 — a) degrees of 
freedom are limited by (1 +m— a) indifference conditions. One degree 
of freedom therefore remains for phase reactions and the correspond¬ 
ing P(P)-curve is an indifferent curve as for univariant equilibria. In 
particular the curve on which lie the azeotropic mixtures of two-phase 
equilibria is an indifferent curve called the azeotropic curve. 
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§ 31 Invariant and univariant equilibria 

Where (ra + 2) phases co-exist at equilibrium, (29.3) requires that 
/ = 0. Such an equilibrium is, therefore, possible only for a particular 
set of values of T , P, and and is represented by a point in the 
(m+1)-dimensional phase diagram. Such equilibria are called 
invariant equilibria. 

Invariant equilibria in one-component systems are called triple 
points. Well-known examples are the triple points ice-water-water 
vapour, ice I-ice II-water, and the three triple points of sulphur: 
monoclinic-liquid-vapour, rhombic-monoclinic-liquid, rhombic- 
monoclinic-vapour. 



Fig. 18. Two-phase equilibria in a one-component system (schematic) 

Invariant equilibria in binary systems involve the co-existence of 
four phases. Such equilibria are, therefore, called quadruple points. 
Well-known examples are systems of the type salt-salt hydrate- 
aqueous solution-water vapour in which gas phase, liquid, and two 
solid phases are in equilibrium. 

The unlimited possibility of phase reactions in invariant equilibria 
(cf. §30) is readily seen in the above examples. 

A heterogeneous equilibrium involving (m+ 1) co-existing phases 
has, according to (29.3), one degree of freedom and is thus called a 
univariant equilibrium. Let us examine the simplest example, i.e. 
two-phase equilibria in a one-component system, as represented in 
Fig. 18. 

Since two phases co-exist along each curve, the curves are called 
co-existence curves whose differential equations we shall now derive. 

According to (27.8) or (29.1) we have for movement along a 
co-existence curve 

d/z (a) = d pW. (31.1) 

Since chemical potential and mean molar Gibbs free energy are 
equivalent for a one-component system we may write (31.1) as 

d £*<“) = d G*W. (31.2) 
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This, with (26.8), (27.6), and (27.7), gives 

— S* (ot) dT+ F* (ot) dP = -,$W> dT+ F* ( >*>dP, 
or 

d P _ £*<«>-£*</?> 

= F* (a) — 

However, (27.8) with (21.35) gives 

H *(«) _ TS* {<X) = H *<A> — TS*^, 
which, on introduction into (31.4), gives 
d P 

dp = ~T(y*ioL)_ y*(p)} * 


(31.3) 

(31.4) 

(31.5) 

(31.6) 


This relationship is called the Clausius-Clapeyron equation and is the 
differential equation of the co-existence curve for two-phase equilibria 
in one-component systems. 

The enthalpy difference which appears in the numerator on the 
right-hand side is, according to eq. (21.23), the heat absorbed per 
mole during the phase reaction. It is convenient to denote the phase 
with the greater molar enthalpy by a and to write 


L = 


(31.7) 


The quantity L is called the molar heat of phase change , in particular 
the molar heat of vaporization , molar heat of fusion , etc. If we also 
write 

AF* = V* {ot) — (31.8) 


the Clausius-Clapeyron equation appears in the simple form 


dP _ L 
dT ~~ TAF*’ 


(31.9) 


Since L > 0 by definition, the gradient of the P(T )-curve has the same 
sign as the volume difference AF*. 

Let us now consider the general case of a uni variant equilibrium. 
According to (29.3), we have o = ra-f 1 and the P(T)-curve is an 
indifferent curve according to § 30. In order to derive the differential 
equation of this curve, we start with the set of equations (29.2) which 
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are now written 

HP m Ail. 

K dr h* dr" ’ 


HP m Hu. 

T7*(m+1) __ V r (m+1) -t-l — 

v dr d T~* 


(31.10) 


where all derivatives are taken along the equilibrium curve. Equations 
(31.10) are a set of inhomogeneous linear equations for the (ra+1) 
unknowns dPjdT, dfiJdT, ...,d/z m /dT. The solution for dP/dT is 




II 

^ Its 


(31.11) 

where 


S *«X) *(*> 

T ( at) 



H 

$*(ro+l) ^(m+1) 

^(m+1) 

x m 

, (31.12) 



7*(c0 x (a) 

t (ol) 

X m 



II 

y*(m+ 1 ) ^(m+l) 

.. x m 

(31.13) 


A Laplace expansion of the two determinants with respect to the 
elements of the first column gives 

D 8 = 2DMS*<«\ (31.14) 

a 

D v = 2Z)< a) F* (a) (31.15) 

at 

if the co-factors (the same in both cases) are denoted by D (ot) .f 

t The sign conventions for D {a) which we shall use from now on are: 

D {a) positive for odd a, negative for even a; 

£)im+i) positive for even m, negative for odd m; 

D {<x) jD {m+1 ) negative when a and m are both even or both odd, 
otherwise positive. 
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We now write the general set of equations (30.4) in the form 

S*i a V a) = -x[ m+1) v (m+1) , I 
«-1 


(31.16) 


2 X {(x) v (a) = — X^ +1) v (7n+1) 
a=l 


/ 


for our particular problem. If v (m+1) is known, eqs. (31.16) constitute 
a set of inhomogeneous linear equations for the m unknowns v (ot) . If 
we use the above determinants D (0L) (i.e. the corresponding co-factors 
of the elements $* (a) and F* (a) of D s and D v ) the solution of (31.16) is 


*,<«) = 


_ v (77l+l) 


D«*> 

£)(m+1) * 


If we now form the expression 


2Z) (a >S*<«) 

Js& __ a 

T)y- s^ (a> V*M 


a. 


(31.17)t 


(31.18) 


and divide both numerator and denominator on the right-hand side 
by — D (m+1) we get, with (31.17), 


2> (a) S* (a) 

Us _ _a_ 

D v F* (a) * 


a 


(31.19) 


By the definition of v (a) the numerator on the right-hand side 
represents the entropy change A S while the denominator represents 
AF for our phase reaction. Thus, eq. (31.11) becomes 


dP = A£ 
dT” AF* 


(31.20) 


The enthalpy change for the phase reaction is 

L = AH = 5> (oc) H* (a) . (31.21) 

Since d T = 0, dP = 0, dn i = 0 for the phase reaction, we have 

A6r = AH-TAS = L-TAS = 0 (31.22) 


t The number of commutations which transforms the original determinant 
of the numerator into D {a) is odd when a and m are both even or both odd, 
otherwise it is even. 
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so that we finally get 


dP _ L 
dT ~ TAV' 


(31.23) 


This relationship was first derived by Gibbs and constitutes the 
generalized Clausius-Clapeyron equation for any univariant equi¬ 
librium. For m = 1, o = 2 eqs. (31.20) and (31.23) reduce to (31.4) 
and (31.9), the ordinary Clausius-Clapeyron equation. 



Fig. 19. Phase diagram of the system Sn-Bi (schematic) E = eutectic point 

Equation (31.23) has a particularly clear meaning for vaporization 
equilibria of multi-component systems. If a system consists of m 
components, and m liquid phases are in equilibrium with the vapour, 
then eq. (31.23) represents the variation of the total vapour pressure 
with temperature or, alternatively, the variation of the boiling point 
with pressure. 

So-called eutectic mixtures are an important special case of 
univariant equilibria in which two solid phases are in equilibrium 
with a liquid phase. 

Figure 19 is an isobaric representation of such an equilibrium.! 
The variation of the eutectic temperature with pressure is given by 
eq. (31.23). 

t Phase II does not really consist of pure Bi but contains about 
0* 1-0-2 atoms % of Sn near the eutectic point. The region of existence of this 
phase has been omitted from the diagram because of the scale on which the 
diagram is drawn. 

The gas phase can generally be ignored in the discussion of isobaric phase 
diagrams of alloys since the pressure can be kept constant by means of an 
inert gas (e.g. argon) while the vapour pressure of the metals is usually negli¬ 
gible. The inclusion of the gas phase would, therefore, not change the number 
of thermodynamic degrees of freedom. 
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§32 Bivariant and multivariant equilibria 

According to § 30 the main new factors for the case of bivariant and 
multivariant equilibria are the indifference conditions. Our particular 
problem is, therefore, the derivation of the differential equation for 
the indifferent P(T)-curve on which phase reactions can take place. 

We start again with the set of equations (29.2) which we now 
conveniently write (for m ^ a) as 

<r —1 m 

F*«*> dP- 2 *\ a) d/*< = <S* (a) dT + £ x'f d^, 

t=l i=a 

(32.1) 

<r —1 m 

7*(<r )d p_ 2^>d ^ = S*™dT + S^'d/tii- 

i=l i=ar 

We shall consider (32.1) as a set of inhomogeneous linear equations 
for the a unknowns dP, dfi v ..., dfi a _ v We shall again use the defini¬ 
tions (31.12) and (31.13) and merely substitute a and <r—1 for the 
indices m + 1 and m. We further define 

zj a) z[ a) ... 

= ; ; . (32.2) 

xp x[^ ... x { j\ 

These determinants are identical with the determinants of degree a 
mentioned in § 30(c) and formed from the coefficient matrix of (30.4). 
By using 

-4n + Pn -<4 12 A 12 B n A 12 

~ + (32.3) 

A 21 + P 2 i 22 I I ^21 A 22 | I -^21 ^22 I 

we solve (32.1) for dP and find 

m 

Dy dP = Dg dT + s A d/i<. (32.4) 

i=cr 

According to § 30(c) a phase reaction is possible only if the vanish. 
We know from eq. (31.19) that D v and D s cannot be infinite for 
physical reasons nor are they generally zero. We therefore have the 
necessary and sufficient condition for a phase reaction for the case 
a 

dP\ 


= 0 (i,j = a,a+l,...,m^iVj), 


(32.5) 
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or 


( —) =0 (i,j = a, (32.6) 

The equilibrium pressure in the isothermal case, or the equilibrium 
temperature in the isobaric case, constitutes, according to (29.3), a 
function of (m +1 — cr) independent variables. We can choose the 
(ra + 1 — cr) chemical potentials as these variables and get, with (32.5) 
and (32.6), the theorem: If a phase reaction can occur in bivariant 
and multivariant equilibria, the equilibrium temperature at constant 
pressure has a stationary value as has the equilibrium pressure at 
constant temperature. 

This theorem was found to hold for special cases by Gibbs and 
by Konowalow and is therefore known as the generalized Gibbs- 
Konowalow rule. It was first proved with complete generality by 
Saurel. 

The differential equation of the indifferent curve is, according to 
(32.4), 


d P_Ds 

d T D v 


(32.7) 


The right-hand side can, therefore, be calculated explicitly in the 
same way as in § 31. One simply introduces the first (cr — 1) equations 
of the set (30.4) instead of eq. (31.16). We thus find again that 


and 


d P A 8 
dT~ AV 

(32.8) 

d P L 

dT ~ TAV' 

(32.9) 


This is the generalized Clausius-Clapeyron equation for the indifferent 
curve of bi variant and multi variant equilibria. 

The simplest examples of the general rules developed here are 
found in the vaporization equilibria of binary mixtures of liquids. 
Figure 20 shows schematically the isobaric (boiling-point) diagram 
for the system benzene-ethanol. The mole fraction of ethanol 
has been chosen as the independent variable. The stationary point 
at which a phase reaction can occur (cf. the generalized Gibbs- 
Konowalow rule) and at which the two co-existing phases have the 
same composition [cf, §30(c")] is called an azeotropic point (cf. §30). 
Equation (32.9) is the differential equation for the azeotropic curve. 
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The diagram constitutes a direct verification for the following rules 
(called Konowalow's rules) for boiling-point equilibria of binary liquid 
mixtures: 

I. At constant pressure, the boiling point as a function of 
composition has a stationary value when and only when liquid 
and vapour have the same composition. 

II. At constant pressure, the boiling point is raised by addition 
of that component whose concentration in the vapour is less 
than that in the liquid. 

III. The compositions of liquid and co-existing vapour change in 
the same direction when the boiling point changes at constant 
pressure. 

These rules can also be proved analytically. Rule I is merely a special 
case of the generalized Gibbs-Konowalow rule. Analogous rules apply 
for the isothermal representation. 



Fig. 20. Boiling point diagram of the system benzene-ethanol (schematic) 

CjjHeO 



Fig. 21. Three-phase equilibrium in the ternary system ethanol-bcnzene- 
water (schematic) * = vapour phase 
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The ternary three-phase equilibrium ethanol-benzene-water is 
important for the manufacture of pure ethanol. The equilibrium is 
shown schematically in Fig. 21. The compositions of the three 
co-existing phases lie on a straight line as required according to § 30. 
The vapour pressure has a maximum at constant temperature. This 
maximum represents the highest vapour pressure of the whole 
vapour pressure surface of the system. 



CHAPTER V 


Chemical equilibria 

§ 33 General equilibrium conditions 

In Chapter IV we excluded chemical reactions from our considerations. 
Chemical equilibrium is a special case of internal equilibrium since it 
can be attained in a homogeneous system. In §27 we assumed every 
phase to be in internal equilibrium; we may, therefore, allow chemical 
reactions within the phases as long as we ensure that chemical equi¬ 
librium is complete and that only mole numbers of independent 
components as defined in §2 are introduced into the equilibrium 
conditions. Our earlier results will then remain unchanged but we 
can obviously obtain no information about the conditions for chemical 
equilibrium. Reactions between the phases (heterogeneous reactions) 
are permissible if equilibrium is maintained, only independent com¬ 
ponents are used, and either 

(a) the equation for the reaction is irrelevant to the problem, or 

(b) a phase reaction is identical with a chemical reaction. 

So-called dystectic points are an example of (a). They are maxima 

on the isobaric melting-point curve. At these points the binary melt 
has the same composition as a solid chemical compound which is not 
miscible with the pure components. Figure 22 shows that two eutectic 
points E x and E 2 occur in the phase diagram. The question whether a 
chemical reaction occurs when the compound AB changes from the 



two eutectic points Ej and E 2 
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solid to the liquid phase is irrelevant as is a reaction between the 
three solid phases (which usually cannot occur, anyway, because of 
inhibition). A dystectic point is found, for example, in the system 
Sn-Mg where the solid intermetallic compound is SnMg 2 . 

An example of (b) is found in the decomposition of calcium 
carbonate according to the equation 

CaC0 3 ^C0 2 + Ca0 (33.1) 

which involves two independent components and three phases. It is, 
therefore, a univariant equilibrium according to (29.3). From a purely 
physical point of view, C0 2 and CaO are the independent components 
while CaC0 3 appears as a mixed phase co-existing with the other two 
phases. From §30(a') we have that unlimited phase reactions are 
possible here, and eq. (33.1) merely represents the phase reaction in a 
chemical way since the total amount of the components is conserved. 
The equilibrium pressure of C0 2 (‘decomposition pressure’) is, there¬ 
fore, given by the generalized Clausius-Clapeyron equation (31.23). 

The reaction 

2Ni0^2Ni + 0 2 (33.2) 

can be treated in a similar manner. 

If, however, nickel is present in the form of a Ni-Pt alloy, we have 
three independent components and three phases and, therefore, a 
bivariant equilibrium. The chemical reaction can thus not be identified 
with a phase reaction (which is possible only for special compositions 
according to §§ 30 and 32). The methods of Chapter IV are, therefore, 
not applicable to this problem. 

In order to derive completely general conditions for the chemical 
equilibrium we have to introduce the mole numbers of all substances 
occurring in the relevant chemical reaction equation into the funda¬ 
mental equation as independent variables. Not all the m mole 
numbers of a phase are, therefore, independent of each other in the 
sense of §2. For simplicity’s sake we shall assume that only the one 
reaction 

aA + bB^yY (33.3) 

occurs. It is irrelevant whether this reaction occurs within one phase, 
between several phases or in both ways. Together with these considera¬ 
tions, we apply the fundamental equations (27.1) and the equilibrium 
condition (27.2) which we summarize in the equation 

' m 

2T (a >SS< a >-2-P (a, SF (a > + E =0. (33.4) 

a a a Li=l 
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We again have the secondary conditions 


2SS<“> = 0, 

a 

(33.5) 

28F'“> = 0. 

a 

(33.6) 

Furthermore, we have without restriction 


2SnJ“> = 0 (t# A,B, Y). 

(33.7) 


a 


Since, however, A, B, and Y are related by the reaction equation 
(33.3) we no longer necessarily have 

2 = 0, 2 = o, 2 Sn^ = 0. (33.8) 

a a a 

Instead of these secondary conditions we now have the equations 


a y a 



a V a 


(33.9) 


These conditions mean that the variations of the mole numbers of 
A, B, Y must either be related by the stoichiometric factors given by 
the reaction equation (33.3) or must each vanish according to (33.8) 
which merely means a change of substance from one phase to another. 
The conditions (33.8) therefore now represent a special case included 
in the more general conditions (33.9). The variations possible accord¬ 
ing to (33.8) therefore also satisfy (33.9). If we consider only the 
variations which satisfy (33.8) we find that we still need the equi¬ 
librium conditions (27.6)-(27.9). The possibility of a chemical reaction, 
however, adds a new condition. If we introduce (27.6)-(27.8) into 
(33.4) and take into account (33.5)-(33.7) we get 

2 2 * + fty 2 * = 0. (33.10) 

a a a 

Elimination of 8n A and 8n B by means of (33.9) gives 

-a/* A 2Sn£> +y/x Y ZSn^ = 0. (33.11) 

a a a 
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Since the variations 8n^ ] are completely arbitrary, i.e. 

(cf. § 17), (33.11) is satisfied only if 

afjL A + bfi B = yp Y . (33.12) 

In an analogous way it can be shown that for any chemical reaction 

aPi. -f*6B + cC +... 2 /YH-zZ +... (33.13) 

in thermodynamic equilibrium, the condition 

afi A + b}A B +Cfi c + ... — yp Y + z/4 Z +... (33.14) 

must be satisfied. Equation (33.14) is the general condition for 
chemical equilibrium for both homogeneous and heterogeneous 
reactions. A convenient compact way of writing reaction (33.13) is 

2><X< = 0, (33.15) 

where the products have the positive sign. The corresponding expres¬ 
sion for the equilibrium condition is 

2^ = 0. (33.16) 

§ 34 Homogeneous reactions. The law of mass action 

This section deals with chemical reactions occurring within a 
phase or in a homogeneous system. 

(a) Homogeneous gas reactions. The partial pressure of component i 
in a gaseous mixture is defined by the equation 

Vi = XiP. (34.1) 

For an ideal mixture of gases we have Dalton's law of partial 
pressures , 

Pi = yRT. (34.2) 

The chemical potential of component i of an ideal gaseous 
mixture is 

= RTln Pi + tf(n ( 34 . 3 ) 

where /xJ(T) is a standard or reference value, i.e. the chemical 
potential for^ = 1. Equation (34.3) gives, with (34.1), 

fx i = RTlnXi + RTlnP + fjPKT). 


(34.4) 
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Let us now assume that the reaction (33.13) occurs in the ideal 
gaseous mixture. Introduction of (34.3) into the equilibrium 
condition (33.14) now gives 


PIPbPc--- 


= K p (T), 


while introduction of (34.4) into (33.14) gives 

Xy X^ . . . 


spa /yb z»<c 

X A**'B X C 


= K x (T,P). 


(34.5) 


(34.6) 


Equations (34.5) and (34.6) are different forms of the law of 
mass action originally derived by Guldberg and Waage from 
kinetic considerations. The two ‘equilibrium constants’ K p and 
K x are connected by the relationship 


K X (T , P) = P a+b+c -v~ z - K p (T). (34.7) 

The law of mass action can also be formulated in a third way by 
introducing the quantities c t = nj V as concentration variables 
by means of eq. (34.2) which gives 


and 


c y c^ ... 

/.cl /» b f.c 

°B c C * * * 


K C (T) 


K c = (RT) a +»+°-*-*■-K p . 


(34.8) 

(34.9) 


The ‘equilibrium constant’ K c thus also depends only on T and 
not on P. 

The ideal gas mixture has not been introduced merely for 
historical reasons: the above equations are usually a sufficient 
approximation for practical purposes when the total pressure 
does not exceed a few atmospheres. 

If deviations from ideality have to be considered, an 
analogous formulation involving fugacities instead of partial 
pressures is available. The fugacities pf are defined by the 
equation 

H i = RT\np*+p*(T) i (34.10) 

where 

i im ^L =lim ^ = 1 

p-*o x i P p-+ o Pi 


(34.11) 
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(Gibbs-Dalton law). We then have 

(34.12) 

P* a PBP c■■■ 

We have to remember that, on the right-hand side, we again 
have a pure temperature function but that fugacities are not 
simply concentration variables but are basically functions of 
all the variables of state. 

Let us summarize the various forms of the mass action law in 
the compact notation of eqs. (33.15) and (33.16): 


and, for real gases, 


n p? = k p (T), ' 
nx? = K x (T,P), 
nc{< = K C (T), , 

Upf' = K*(T). 


(34.13) 


(34.14) 


We shall use this notation exclusively from now on. 

We still have to investigate the equilibrium constants. In 
order to obtain the most general results, we shall show first of 
all that the standard values of the chemical potentials occurring 
in eqs. (34.4) and (34.10) are identical. According to eqs. (26.27) 
and (34.10) we have 



Since 


we can write (34.15) as 


(34.15) 


(34.16) 


(34.17) 


Integration of this equation at constant temperature and 
composition gives 




dP+ lim lnfi- 

P->0 * X i 


(34.18) 


If we now make use of the fact of experience that all real gas 
mixtures behave ideally at vanishingly small pressures, we find 
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from (34.16) that 

lim = 1 (34.19) 

which proves the existence of the integral. Furthermore, the 
fact of experience together with (34.2) gives eq. (34.11), accord¬ 
ing to which the last term of (34.18) vanishes. Equation (34.10) 
can thus, by using (34.18), be written 


Mi = RT In (PxJ + J* -~P)dP+n*(T) 

(34.20) 

which gives the standard value as 


H*(T) = lim [m< — RT In (.Pa;*)]. 

P->0 

(34.21) 

The limiting value of the first term is, according to the above 
fact of experience, given by eq. (34.4). We therefore have 

M?(T) = tf(T). 

(34.22) 


From the derivation of eqs. (34.13) and (34.14) together with 
(34.22) we find 

K p (T) = K*(T) (34.23) 

and 

RT In K p = = — AG 0 , (34.24) 

or 


K p = exp 



(34.25) 


if we use eq. (21.40). AG° is, by definition, the change in Gibbs 
free energy associated with one formular reaction (reaction of 
quantities of matter as written in the reaction equation) when 
all reactants and products are in their standard states. 

We now have to consider the dependence of the equilibrium 
constants on temperature and pressure. Differentiation of 
(34.24) with respect to temperature gives 


dT 1 f R d T 


(34.26) 


which, with eq. (26.29), becomes 


dlnffp = vM 
d T ^ RT 2 ' 


(34.27) 
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If the enthalpy of reaction for the standard state, A// 0 , is defined 
by the equation 

= (34.28) 

i 

(34.27) becomes 


dln^ Atf° 
d T “ RT 2 


(34.29) 


which is known as the van't Hoff equation. It represents directly 
the temperature dependence of the chemical equilibrium for 
ideal gases. Since the partial molar enthalpies here are indepen¬ 
dent of composition, A H° is the true (measured) enthalpy of 
reaction. Conditions are more complicated for real gases and 
will, therefore, not be discussed. 

Analogous relationships may be derived for the other equi¬ 
librium constants. We shall again confine our discussion to ideal 
gases.f 

If we use the abbreviation £ v i = v, the isothermal-isobaric 
volume change for one formular reaction is 

PAF = vRT. (34.30) 

When we use the fact that the internal energy of an ideal gas 
mixture is independent of volume and pressure, we find that 
the enthalpy of reaction is given by 

A# = (&U) TP + P(A V) TP = (MJ) TtV 

+ P(AF) 2VP = At/+ PAF. (34.31) 

According to eq. (21.19), A U is the heat of reaction at constant 
volume. We thus have, with eq. (34.9), 

In K c = In K p -v\nRT. 

From eqs. (34.29)-(34.32) we get 

din Jf At/ 
d T ~ RT 2 ' 


(34.32) 

(34.33) 


This equation is also known as the van’t Hoff equation or as the 
reaction isochore. 

From (34.6) and (34.29) we get 


/a In K x \ A H 

\ dT ) P - RT 2 ' 


(34.34) 


t We shall, therefore, omit the index 0 which might lead to misunderstanding. 
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Equations (34.6) and (34.30) give 


Id In K x \ _ AF 

\ dP ) T rt * 


(34.35) 


This relationship was originally given by Planck and van Laar, 
and shows [just as eq. (34.6) ] that the equilibrium constant K x 
depends on pressure only if v ^ 0. 


(b) Homogeneous solution reactions in the liquid state. Homogeneous 
reactions in the liquid phase may be treated by much the same 
methods as homogeneous gas reactions, i.e. the treatment leads 
to the law of mass action and the same equations for the depen¬ 
dence of the equilibrium constants on temperature and pressure. 
We can, therefore, keep our discussion much shorter. The main 
differences from gas reactions are found in the choice of con¬ 
centration variables and standard states. From a theoretical 
point of view the most convenient concentration variable is the 
mole fraction.f The chemical potential of component i is, there¬ 
fore, given by 

H i = RT\n(f i x i ) + rt(T,P) (34.36) 

where the quantity f i (T,P i x v ...,x m _ 1 ) is called the activity 
coefficient. 

There are two common definitions of the standard state: 

(a) (i = 1, ...,m), (34.37) 

where fi i0 is the chemical potential of pure component i. 

08) rt(T,P) = n 10 (T,P), 

lj§(T,P) = lim (^-RTlnXi) (i = 2, ...,m). 

Xl-*1 

Component 1 is called the solvent (cf. § 26). Definition (a) has 
the advantage of complete symmetry with respect to the 
components. 

Definition (£) is closely connected with the gas theory and 
must be used when a formulation of the mass action law 
analogous to that in the gas theory is required. The choice of 

t Experimental thermodynamics often uses the following other concentra¬ 
tion variables: moles of solute per kg of solvent (molality); moles of solute per 
litre of solution (molarity). Molarity has the disadvantage that its numerical 
value changes with temperature. 


(34.38) 
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standard state implies a corresponding standardization of the 
activity coefficients. We thus have 
for (a) 


lim fi = 1, 


(34.39) 


Xi~>l 


and for (ft) 

lim /x = 1, lim = 1 (i = 2,..., m). (34.40) 

Xi —>■! xi->l 


If we introduce the activities 


a i = fi x i (34.41) 

together with eq. (34.37) into (33.16) we get 

n ay = K(T,P) (34.42) 

where 

BTlnK = = - A G\ (34.43) 


Standardization (ft) gives for an ideal dilute solutionf 

n x* = K(T,P). (34.44) 

The dependence of the equilibrium constant on temperature 
and pressure is now given by 


and, with (26.27), by 


where 


(dlnK\ 

\ dP )t 


AF° = 


Atfo 

RT * 

(34.45) 

AF° 

' RT 

(34.46) 

V°i- 

(34.47) 


The definition of standard states for chemical potentials 
discussed in this section is of general significance for the 
thermodynamics of liquid mixtures. It can easily be shown to 
be the basis for the definition of the free energy of dilution (§26). 

The same formal treatment is usually applied to solid mixed 
phases for which, however, the definition (a) is always used. For 
pure solids we have, therefore, that a i = 1 ,/* = 1. 

t This is a solution to which the equations derived from (34.36) together 
with (34.38) and (34.40) for x 1 -> 1 apply. Formally, these are limiting laws 
whose applicability to real systems depends on the nature of the system and 
the accuracy of measurement. 
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§ 35 Heterogeneous reactions 

The general equilibrium condition (33.16) is, as already mentioned, 
valid for homogeneous as well as heterogeneous equilibria. The 
considerations of §34 can, however, not generally be applied to 
heterogeneous equilibria. We shall confine our discussion to a few 
observations which clarify the nature of our present problems. 

Let us again consider the reaction (33.15) but suppose that now the 
reactants and products appear not only in the gas phase but also in 
one or more condensed phases. A chemical reaction in the gas phase 
may be treated in the same way as in § 34(a). The assumption of 
ideality, therefore, leads again to eqs. (34.13). Under the given 
conditions, however, we have to consider for each component not 
only the chemical equilibrium but also the vaporization equilibrium. 
While the quotients on the left-hand side of the mass action law are 
functions of T or of T and P, we now have the situation where each 
single partial pressure p i is a function of T and P fixed by the 
vaporization equilibrium. The advantage of the law of mass action 
for homogeneous reactions is twofold: on the one hand, the value of 
the equilibrium constants is a measure of the progress of the reaction 
under given initial conditions; on the other, changes in the initial 
concentration of individual components can be used to influence the 
course of the reaction. A well-known example of the latter is the pre¬ 
vention of the dissociation of HI according to 


2HI-H 2 + I 2 (35.1) 

by the addition of I 2 . Many further examples may be found in the 
methods used in chemical analysis. The two advantages mentioned 
disappear when the partial pressures appearing in the quotient of the 
mass action law are equilibrium vapour pressures. The formalism of 
the mass action law then becomes useless and we must go back to the 
general equilibrium condition (33.16). 

Somewhat different considerations apply when states where certain 
participants in the reaction occur only in the gas phase are under 
discussion. Let us choose as our example the Boudouard equilibrium. 


C(,„ lid , + C0 2(ga8) ^2C0 (ga8) . (35.2) 

Since /x c in practice depends only on the temperature we can construct 
a mass action law expression (assuming ideal gas behaviour) in the 
form 


ffco 

Pco a 


= K P (T). 


(35.3) 
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The equation for the equilibrium constant is, however, no longer 
(34.24) but [for eq. (35.2) ] 


RT In K p = fx c + ^coa ^f^co • (35.4) 

Analogous considerations apply when the carbon is dissolved in solid 
or liquid iron. From the standardization (a) and eq. (34.36) we get 


Pho 


= V), 


(35.5) 


Pco, x cfc 

where K p is again defined by eq. (35.4). From eqs. (35.3) and (35.5) 


we find 


x f = (ffco/ffCQa)(al loy) 
(PcoIPcO*) (graphite) 


(35.6) 


The oxidation of nickel mentioned in § 33 can be treated in a similar 
way. For the oxidation of pure nickel we have 


p 0t = K p (T) (35.7) 

with 

RT In K p = 2/x NiQ — /xq, — 2/x Ni . (35.8) 

If the nickel is in the form of a Ni-Pt alloy, eq. (34.36) with the 
standardization (a) gives 


?n* = K » {T) ' (359) 

x mJm 

where K p is again given by eq. (35.7). From (35.6) and (35.8) we get 
* 2 Ni/Si = (35.10) 

i : '02(nickel) 

Equations (35.6) and (35.10) show how activity coefficients of 
condensed mixed phases may be determined from measurements of 
heterogeneous equilibria. 

When heterogeneous equilibria can be investigated over a con¬ 
siderable range of states, two cases may occur: 

(a) A component initially present only in the gas phase reaches a 
partial pressure which leads to condensation under the appro¬ 
priate conditions. 

(b) A component initially present only in the condensed phase 
reaches a partial pressure less than the equilibrium vapour 
pressure so that it disappears from the condensed phase. 

In neither case is a representation by means of the mass action law 
possible over the whole range of states and we have to go back to the 
general equilibrium condition (33.16). 
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Our final observation concerns the role of the phase rule in chemical 
reactions. The enumeration procedure is, in principle, the same as in 
§ 29. We have thus again a Gibbs-Duhem equations. The summation 
must now, however, be carried out over all substances (kinds of 
particle), for which we have r additional reaction equations of the 
type (33.15) and possibly b further conditional equations. The number 
of thermodynamic degrees of freedom is, therefore, 

/ = m + 2 — a — r — b. (35.11) 

Comparison with the definition (2.1) of independent components 
shows that eq. (35.11) changes into the usual form (29.3) of the phase 
rule if m is taken to be the number of independent components. 

If a reaction goes to completion so that one component disappears, 
m decreases by one as does r since the appropriate reaction equation 
need no longer be considered. The number of degrees of freedom 
therefore remains unchanged. 

The only way in which m can decrease more rapidly than r is for 
the composition of the system to be exactly stoichiometric; / will 
thus become smaller. 

§ 36 The progress variable. Affinity 

We still have to discuss briefly a treatment of chemical reactions 
which is formally somewhat different from that of § 33. The treatment 
represents the second of the two methods discussed in §§16, 17, 
and 23. We shall exceptionally make use once more of the more 
general form 

(bU) SVn ^ 0 (36.1) 

of the equilibrium condition. 

Let us consider a closed homogeneous system in which the reaction 

S v i X* = 0 (36.2) 

can occur. According to the sign convention of §33 the products 
have the positive sign. The equilibrium is, therefore, 

m 

T8S-P8V + 2 Mi > 0 (36.3) 

i=i 

with the secondary conditions 

&S = 0, SF = 0, 8n t = 0 
for all i which do not appear in (36.2). 


(36.4) 
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Only the variations of the mole numbers of participants in the 
reaction can thus differ from zero. As was shown in § 33, only one of 
these is independent. As was mentioned in § 14 a new independent 
variable can be introduced by means of the equation 

drii = v*d£. (36.5) 

The quantity £ is called the progress variable. The equilibrium con¬ 
dition therefore becomes , v 

(S *</-«) 0. (36.6) 

When all the participants in the reaction are present in the system, 
we have S£^0 and, according to §17, the equality sign therefore 
applies. We therefore have 

= 0 (all reactants and products present) (36.7) 

i 

in agreement with eq. (33.16). If no reaction products are present we 
have S£ > 0 and, therefore, from (36.6) that 

2 > 0 (no products present). (36.8) 

i 

If, however, only reaction products are present we have 8£ < 0 and, 
therefore, 

2 v i p i ^ 0 (only products present). (36.9)f 

i 

The quantity 

A = = -AO (36.10) 

i 

was called the affinity of the reaction by de Donder. When all 
reactants and products are present the equilibrium condition is simply 

-4 = 0. (36.11) 

The above considerations can easily be generalized to include hetero¬ 
geneous systems. We have to remember that £ is an internal para¬ 
meter as defined in § 16 and not a thermodynamic variable of state. 

§ 37 The thermodynamic calculation of chemical reactions 

Concrete thermodynamic statements about chemical reactions 
obviously require an explicit knowledge of the relevant thermo¬ 
dynamic functions. These are available nowadays in the form of 
tables for the majority of homogeneous substances. The methods used 

t A clear interpretation of the conditions (36.7)-(36.9) is obtained from 
(37.3). 
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for the determination of these functions cannot be discussed here. We 
shall, therefore, confine our discussion to a few general remarks. 

Thermodynamics can make two kinds of fundamental statements 
about chemical reactions. 

(a) For a given reaction, eq. (33.16) gives the values of the quanti* 
ties of state corresponding to chemical equilibrium. 

(b) Since, according to § 23, G for T = const, P = const is a 
minimum at equilibrium, we can find, for given values of the 
quantities of state, whether a reaction is basically possible (i.e. 
if we neglect possible inhibitions). 

The information in (b) is of particular importance for the many 
chemical reactions which do not result in equilibrium between all the 
participants in the reaction but go to completion so that at least one 
component disappears completely. The main examples of such 
behaviour are found in reactions between pure condensed phases, e.g. 

2Ag + Hg 2 Cl 2 2AgCl + 2Hg (37.1) 

and in many reactions of organic compounds. However, cases are 
also found among heterogeneous reactions involving the gas phase, i.e. 

TiC + 0 2 -> Ti0 2 + C. (37.2) 

We have quite generally! 

A G = 0, A = 0, chemical equilibrium, ] 

A G <0, A > 0, reaction possible, J (37.3) 

A G >0, A < 0, reaction impossible. ) 

Thermodynamic statements about chemical reactions therefore 
always require a calculation of AG and thus a knowledge of the 
chemical potential of all the participants for the appropriate values 
of the quantities of state. Let us take a brief look at the most 
important special cases: 

(a) Pure condensed phases. The chemical potentials are identical 
with the molar Gibbs free energies. We have, therefore, 

A G = Xv i H*-TXv i S*. (37.4) 

i i 

Hf and Sf can be found from tables. Often, however, the tables 
only give the standard values Hf° and Sf° at 298*15 K and 
P = 1 atm. But, according to (21.16) we have 



t The statements (37.3) constitute a clear explanation of the equilibrium 
conditions (36.7)-(36.9). 
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and, according to (25.4), 

/ 3A S \ _ ACj. 

\dTJp~ T 

where 

A G P = ZviC P , 

i 

We therefore find 

CT CT SjP 

AG = Atf°-TAS 0 + ACpdr-2 7 T. (37.8) 

Jt° i 

The integrals can be found by using either tables or interpola¬ 
tion formulae. Equation (37.8) is, of course, merely a solution of 
the Gibbs-Helmholtz equation (24.8). Equation (37.8) may also 
be written 

ct dT 7 ' CT' 

A G = A H» - TAS° — T ^ AC P d T". (37.9) 

J T° T J T'O 

This form is easily obtained by partial integration of (37.8) or 
by direct derivation from (24.10). 

A direct experimental determination of A G is possible if the 
reaction can be used in the construction of a reversible galvanic 
cell (cf. §72). 

(ft) Homogeneous gas reactions. The same principles as before apply 
to calculations concerned with homogeneous gas reactions but 
we must remember that the tables give values of Hf° and Sf° 
calculated for the ideal state at P = 1 atm. Corrections for 
departure from ideality may usually be neglected in chemical 
equilibrium calculations. We can thus find directly from the 
tables or by using (37.8) that 

A G° = -RT\nK p . (37.10) 

In principle it is always possible to force a homogeneous gas 
reaction to occur by a suitable choice of initial partial pressures 
although in practice limits are set by the available experimental 
conditions. If we wish to find A G for a given initial state we 
must add RT\njp i to the values of ^ obtained from the tables. 

(y) Condensed mixed phases. The calculation of chemical reactions 
involving condensed mixed phases are attended by much 
greater difficulties than the cases discussed previously; even for 
the simplest case, i.e. for reactions in ideal dilute solutions 


(37.6) 

(37.7) 
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(§34b), the standard state depends on the solvent when 
standardization (£) (which leads to the mass action law) is used, 
and systematic tables are not, therefore, available. If we avoid 
this difficulty by choosing standardization (a) we end up with 
the generalized mass action law (34.42). The equilibrium con¬ 
stant can now be calculated using the tables but we also need to 
know the activity coefficients if we want to find A G. A syste¬ 
matic tabulation of activity coefficients is, however, not 
practicable. 

§ 38 Nemst’s heat theorem. The unattainability of the absolute zero. 
Zero point entropies 

Thermodynamic investigations of heterogeneous reactions led 
Nernst (1906) to the formulation of a general law now called the 
Nernst heat theorem. Further examination showed, however, that the 
original formulation of the theorem is not tenable and leads to serious 
problems whose investigation is possible only on the basis of quantum 
statistics and is not complete even today. On the other hand, Nernst’s 
heat theorem is of outstanding importance for many aspects of applied 
thermodynamics. We shall, therefore, emphasize the applications 
while the problems will be only briefly indicated. A detailed discus¬ 
sion of the problems may be found in textbooks of statistical 
thermodynamics. 

(a) Nernst’s heat theorem. Let us consider an isothermal-isobaric 
process taking place between pure condensed phases.f Let the 
process be symbolized by the expression 

a—>0. (38.1) 

This may be a heterogeneous reaction between pure crystalline 
solids, e.g. 

Pb + I 2 —>PbI 2 , (38.2) 

Pb + Hg 2 Cl 2 —► 2Hg + PbCl 2 , (38.3) 

or a transition between alio tropic modifications, such as 

Sn (white) —>Sn (grey), (38.4) 

S (rhombic)—>S (monoclinic), (38.5) 

or a liquefaction process, e.g. 

He (solid )—>Ke (liquid). 

t i.e. we shall exclude a consideration of mixed phases. 


(38.6) 
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We shall, for purposes of brevity, denote (38.1) quite generally 
as a reaction. We shall make the following 

Assumption 1: No process which changes an internal para¬ 
meter within a phase will occur with the reaction (38.1). 

Experience shows that for certain processes in many sub¬ 
stances internal equilibrium is no longer reached at low 
temperatures. An internal state, i.e. a certain value of the 
appropriate internal parameter, which corresponds to internal 
equilibrium at higher temperatures may remain the same at 
lower temperatures, i.e. it is ‘frozen*. The most important 
examples of phases in frozen equilibrium are certain molecular 
crystals at very low temperatures (e.g. CO, NO, N 2 0, H 2 0) and 
inorganic and organic glasses.f Assumption 1 thus excludes 
processes associated with the ‘thawing* of a frozen equilibrium. 

We shall denote the difference between the values of a 
function of state Z in the states (a) and (£) by 

A Z = Z<fi)-Z(oi). (38.7) 

For chemical reactions this notation is more aptly expressed by 
eqs. (36.10), (37.4), and (37.7). 

According to (24.8) we thus have 

AG = A X + T(j^ p . (38.8) 

According to § 37 the solution of this equation may formally 
be written as 

CT fT 

AG = AH 0 -TAS 0 + I AC P dT-Tj T, (38.9) 

or 

AG = AH 0 -TAS,-T JJ AC P AT", (38.10) 

t A phase in frozen equilibrium is not necessarily a metastable phase in the 
sense of § 18. Ordinary polystyrene, for instance, is incapable of crystallizing. 
It can, therefore, never be a supercooled liquid. A kind of freezing does, how¬ 
ever, occur at a reasonably reproducible temperature and turns the poly¬ 
styrene into a ‘glass’. Silicate glasses and glycerol, however, first form a 
supercooled liquid in internal equilibrium which freezes only at lower 
temperatures. In such cases the phase in frozen equilibrium is metastable with 
respect to the crystalline solid. 

6 



146 


NernsVs heat theorem [§ 38] 

where A FI 0 is the enthalpy and A S 0 the entropy of reaction at 
absolute zero. These quantities are defined by the equations 

AH = A.ff 0 +ACpdT, (38.11) 

CT A n 

AS = AS 0 + I =^d T. (38.12) 

Since no measurements are possible at and in the immediate 
neighbourhood of the absolute zero,f the significance of the 
integrals occurring on the right-hand side of eqs. (38.9)-(38.12) 
still has to be found. We shall, for this purpose, make 

Assumption 2: The integrals 

lim [ T C P dT~ [ T C p &T, (38.13) 

lim (38.14) 

T°-*0 J T* 1 JO 1 

exist for all phases participating in the process (38.1). The 
assumption requires the specific heats to vanish for T -» 0J and 
this can be rigorously proved for simple models (e.g. the Debye 
crystal model) by means of quantum statistics. According to all 
our knowledge of condensed phases the assumption may be 
regarded without doubt as generally valid. § The experimental 
evidence is, however, not quite as general. This is apparent from 
the typical example shown in Fig. 23. 

Assumption 2, as given above, is merely a formal definition. 
To be useful it must be supplemented by mathematical rules. 
The main difficulty which we meet is that in many cases the 
specific heat in the region T < 1 K does not decrease mono- 
tonically to zero, a fact which is known both experimentally 
and theoretically. This knowledge, however, gives no pointer 
towards a method of extrapolation as can be seen, for example, 

t The usual lower limit for which measurements are available is between 
about 1 K and 20 K. 

+ A sufficient condition for the integrals to converge is that Cp oc T n for 
T -► 0, where n > 0. It is thus not necessary that n ^ 1. 

§ This is justified even more by the experimental result that &H and A S are 
finite. The integrals must, therefore, converge. 
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from Fig. 23. Since such ‘anomalies’t may still be found at 
temperatures far below those attainable by modern low- 
temperature techniquest an experimentally verifiable rule can 
be formulated only by completely neglecting these anomalies.§ 



Fig. 23. The atomic heat of Tb at very low temperatures 


We therefore make the further 

Assumption 3: The decrease to zero of the specific heat, 
required by assumption 2, may be represented with sufficient 
accuracy by a simple potential law immediately following the 
last experimentally established decrease. 

The usual practice is to use Debye’s T 3 law for non-metallic 
crystals. For metals the electronic energy is taken into con¬ 
sideration and the expression used is 

C P = oiT* + yT. (38.15) 

Experimental data and theoretical estimates at ordinary 
temperatures show that the error introduced by assumption 3 

t Such anomalies are to be expected primarily in paramagnetic and 
ferromagnetic crystalline solids. They may, however, also occur in diamagnetic 
crystals. 

t Certain anomalies deduced from theoretical considerations are expected 
to occur in the region of 10~ 6 K. 

§ This is simply a way of ‘legalizing’ the method used before the development 
of modem low-temperature physics. 
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may, in view of the experimental errors involved, be completely 
neglected in the integral (38.13). The error in the integral 
(38.14) may be considerably greater and amount to more than 
5% in unfavourable cases. 

Let us now return to the integration of the Gibbs-Helmholtz 
equation. Since the quantity A H is directly measurable we can 
calculate AH 0 from calorimetric data by means of eq. (31.11). 
The quantity AS 0 then remains as an unknown constant of 
integration on the right-hand side of (38.9) and (38.10). The 
Nemst heat theorem is a general statement concerning this 
integration constant. 

Nernst’s ideas are related to a principle laid down by Thomsen 
and Berthelot about the middle of the nineteenth century. 
According to this principle the course of a reaction between 
condensed phases is determined by the heat of reaction, i.e. A G 
is supposed to be equal to A H. Equation (38.8) shows imme¬ 
diately that this theorem is not tenable as a general thermo¬ 
dynamic principle. In a number of cases, however, it is valid 
approximately; Richards (1903) showed experimentally that 
the approximation becomes better with decreasing temperature. 
Nemst, therefore, suspected the principle to be a limiting law at 
low temperatures such that not only does A G become equal to 
A H as 0 [this follows from (38.8) ]| but also that the two 

curves have contact of at least the first order. We therefore have 


The Nemst heat theorem : If we accept assumptions 1-3, we 
have for all isothermal-isobaric processes involving pure con¬ 
densed phases that 


dA G .. dAH 


(38.16) 


The behaviour required by (38.16) is shown diagrammatically 
in Fig. 24. 

The quantity on the right-hand side of (38.16) is, according 
to (37.5), the limiting value of A C P as T->0; according to 
assumption 2 the limiting value is zero. With (21.37) we there¬ 
fore get 


The Nemst heat theorem (alternative formulation) : If assump¬ 
tions 1-3 are correct, we have for all isothermal-isobaric 

t It must be formally assumed that A S does not become infinite as T -* 0. 
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processes occurring amongst pure condensed phases that 

AS 0 = 0. (38.17) 

This formulation clearly shows the relation to the integration 
of the Gibbs-Helmholtz equation since A G can be calculated 
from purely calorimetric data if (38.17) is valid. 



Fig. 24. The Nemst heat theorem 


The following comments still need to be made: 

(a) The quantities A H 0 and A S 0 are defined as limiting values 
obtained by extrapolation of experimental data into the 
experimentally inaccessible region. They thus have innate 
physical meaning only in conjunction with the Nernst heat 
theorem, f 

(/?) The physical assertion of the Nernst heat theorem may be 
re-stated in the following way: the quantity A S becomes so 
small at temperatures between 20 K and 1 K that an 
extrapolation to T = 0 done in conformity with assump¬ 
tion 3 yields eq. (38.17) within the limits of experimental 
error. 

t This state of affairs may be made clearer by means of an analogy. The 
osmotic pressure of a binary solution (§ 28) at very high dilution is given by 

RT 

II = c g (van’t Hoff’s law), 

JM 2 

where M 2 = molecular weight of solute, c g — concentration of solute in 
g cm~ 3 . We have that II -*» 0 as c g -* 0. The limiting value, lim H/c gf is, how- 

c g —*0 

ever, finite and defines the molecular weight M z (cf. § 75). This limiting value 
is not directly measurable but is obtained by extrapolation into an experi¬ 
mentally inaccessible region. 
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(y) We excluded mixed phases from the formulation developed 
above. We are, however, always dealing with mixtures of 
isotopes. We cannot discuss this problem here but will 
merely state that all the formulations remain valid as long 
as the isotopic composition of all the participating elements 
remains constant during the process (38.1).f 

Appropriate methods for an experimental investigation of 
the Nemst heat theorem are measurements involving rever¬ 
sible galvanic cells (§72) and observations of phase changes 
in condensed systems. We find that eq. (38.17) is always 
obeyed within the limits of experimental error. We choose 
as our example the values for the transition 

S (rhombic) -» S (monoclinic) 

since we shall need these values again later. We findt 
(R = gas constant) 

AH/R = (4:7-5 ± 5) K, T - 368-6 K, \ 

AS/R = 0-12 ± 0*01, T = 368-6 K, (38.18) 

ASJR = 0-01 ±0-05. J 

(b) The unattainability of the absolute zero. Another rule formulated 
by Nernst in 1912 is closely connected with the heat theorem. 
The rule is the principle of the unattainability of the absolute zero : 

It is impossible to cool a system to the absolute zero by means 
of a finite number of operations of any process. 

This theorem must be regarded as a fact of experience 
independent of the Laws of thermodynamics.§ In order to 

t Hydrogen and other substances consisting of mixtures of ortho- and 
para- states involve further complications. For a discussion of these complica¬ 
tions, the reader is referred to textbooks of statistical thermodynamics. 

I E. D. Eastman and W. C. McGavock, J. Am. Chem. Soc. y 59, 145 (1937). 
Later measurements by E. D. West [ibid. 81, 29 (1959)] give somewhat 
different values for the transition temperature, A H y and AS. Since these 
measurements were not, however, made at low temperatures, we shall not use 
the results for reasons of consistency. 

§ Nemst derived the unattainability principle from the Second Law by 
means of a cyclic process. This derivation was first criticized by Einstein. The 
controversies have continued to the present day; we cannot discuss them here. 
The most apt (though very abstract) representation of the nature of the 
problem is probably found in Landsberg’s axiomatic formulation [Rev. mod. 
Phys.y 28, 363 (1956)], which bases the unattainability principle on the status 
of the boundary points of an open set of points; in general, this status must 
be mathematically clarified. The validity of Nemst’s derivation depends on 
this definition which, however, represents an additional postulate for each case. 
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make clear the empirical basis and the connexion with the 
Nernst heat theorem, we shall again consider a process 

a—(38.19) 

taking place in condensed phases. We shall, however, use a 
somewhat different definition of the process from that in 
subsection (a). It should be obvious that the absolute zero 
could only be reached by means of an adiabatic process. 
According to the Second Law, however, the entropy increases 
during a non-static adiabatic process. Figure 25 shows imme¬ 
diately that a quasi-static adiabatic process would always be 



Fig. 25. Unattainability of the absolute zero 


more favourable than a non-static adiabatic process for the 
purpose of reaching the absolute zero. We shall, therefore, 
assume from now on that the process (38.19) is quasi-static 
adiabatic, i.e. reversible. In particular, we may be dealing with 
the change of a work co-ordinate of a homogeneous condensed 
system, a chemical reaction in a reversible galvanic cell, or a 
phase transition in the condensed state. We shall, however, 
ignore the last of these for the present. If we denote the initial 
temperature by T' and the final temperature by T", the 
entropies of the system in the two states are 


S a = Sfl a + J # T %dT, 

(38.20) 

= S 0/> +j*'%dT, 

(38.21) 
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where C a and C^ are the heat capacities. The equation 

S 0a + j*‘^dT = S ofi + j*' C ^dT (38.22) 

must be true for a quasi-static adiabatic process. For T" = 0, 
we have, therefore, 

Soa-'Soc = j7^ dT - (38-23) 

If S 0/} — > 0 there must always be a temperature T' which 

satisfies (38.23), since C a must be positive,f i.e. starting from a 
temperature T f the absolute zero can be reached by means of 
the process (38.19) Our supposition must, therefore, be false 
and we may conclude that ^ S 0oi . If state ft at a temperature 
T' is chosen as the initial state from which the absolute zero is 
to be attained by means of a quasi-static adiabatic process, we 
must have 

S 0a -s 0/l = j o ^dT. (38.24) 

Similar considerations show that S 0(X ^S 0 jj must be true. The 
unattainability of the absolute zero therefore implies that 

£ 0a = V (38.25) 

Figure 26, which should require no further explanation, gives a 
diagrammatic representation of the above considerations. 



Fig. 26. Entropy os a function of absolute temperature at very low tempera¬ 
tures (schematic), a. The absolute zero is attainable by a quasi-static 
adiabatic process, b. The absolute zero is unattainable. 

t The proof will be given in § 41. 
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Let us now take a brief look at the three most important 
special cases. 


(a) The process (38.19) consists of a change in a work 
co-ordinate y . 

Equation (38.25) can then be written 


lim 

T-> 0 



= 0 , 


(38.26) 


or, because of the Maxwell relation analogous to (24.20), as 



(38.27) 

(38.28) 


If we now put y = V, Y = — P, we get from (25.5), (25.6), 
and (25.9) 



(38.29) 


If we assume the compressibility to remain finite for T-> 0, 
(38.28) becomes 

lim a = 0. (38.30) 

T-> 0 


This condition is fulfilled for solids and for liquid helium 
according to the available experimental data. 

If we put y = M y Y = H, where M is the total magnetiza¬ 
tion and H the magnetic field strength (cf. § 65), we have 


(dH\ _ (dMldT) H 
\dTJ M ~ ( dM\dH ) T ’ 


(38.31) 


If we assume that the numerator on the right-hand side 
remains finite for 0, we get from (38.28) 


(38 - 32) 

This condition is also fulfilled according to the experimental 
data. 

The proof of eqs. (38.30) and (38.32) forms the real 
empirical basis of the unattainability principle. Equation 
(38.32) is, however, by far the most important since it is 
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related to the process of adiabatic demagnetization men¬ 
tioned in § 12, the only known way of generating extremely 
low temperatures (cf. §66). A theoretical analysis of the 
molecular mechanism (which we cannot discuss here) leads 
to the same result, i.e. that the absolute zero cannot be 
reached in this way. 

(ft) The process (38.19) consists of a chemical reaction between 
pure condensed phases. 

Equation (38.25) is now identical with the Nernst heat 
theorem (38.17). The requirement that the process (38.19) 
shall take place in a quasi-static adiabatic manner implies 
assumption 1 since the ‘thawing’ of a frozen equilibrium is 
necessarily an adiabatic irreversible process. 

(y) The process (38.19) is a phase change in a condensed system. 

A reversible transition is possible only along the 
co-existence curve and the above equations are no longer 
directly applicable. A recent careful examination of the 
problem by Haase, however, leads to an analogous result 
with the assumption that the co-existence curve at finite 
pressures extends as far as T = 0. This condition is, for 
example, fulfilled for the solid-liquid equilibrium of helium 
but has not been established for the previously mentioned 
transition S (rhombic)->S (monoclinic). In the latter case, 
the Nernst heat theorem can thus not be derived from the 
unattainability principle although the experimental data 
show it to be valid. 

The unattainability principle thus goes further than the 
Nernst heat theorem in one respect, since it requires the 
existence of a zero point entropy independent of the work 
co-ordinates for all homogeneous substances in the con¬ 
densed state; on the other hand, the principle does not cover 
the whole region of applicability of the Nernst heat theorem 
since the latter can be deduced for phase changes only with 
certain restrictive conditions. The Nernst heat theorem 
leads to the conclusion that the zero point entropy is 
independent of the crystalline modification; this conclusion 
cannot, however, be obtained with general validity from the 
unattainability principle which cannot, therefore, be simply 
regarded as equivalent to the Nernst heat theorem but 
must be treated as an independent theorem of experience. 
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(c) Zero point entropies. One of the most important applications of 
the rules discussed in (a) and (b) is the construction of the tables 
of thermodynamic functions mentioned in § 37(a). A brief 
discussion of this will also serve to amplify our previous con¬ 
siderations in certain respects. 

Let us first of all consider enthalpy. The function H contains, 
according to the First Law, an arbitrary additive constant. 
Only the difference 

AH = H fi -H a (38.33) 

is measurable, where a and ft denote two equilibrium states of 
the system which are connected by means of an arbitrary 
process.*)* If, therefore, we take a to be a standard state to be 
defined later for which the additive constant is fixed, it is also 
fixed by (38.33) for all states which can be reached from a by 
any process. It is therefore sufficient to define the additive 
constant for each element in a standard state. The following 
conventions are now generally accepted and form the basis of 
the tables: 

Standard state for enthalpy : 

T = 298-15 K, P = 1 atm. (38.34) 

Standardization of the enthalpy : For each element in its stable 
form in the standard state (38.34) we have 

H*° = 0. (38.35) 

The standard enthalpies of all chemical compounds thus become 
numerically equal to the enthalpies of formation defined by 
(38.33). These enthalpies are experimentally accessible. Com¬ 
prehensive tabulations of standard enthalpies are available. 
Other untabulated enthalpies must be calculated by the 
methods outlined in § 37(a). The zero point enthalpy H 0 is 
obtained from standard values in an analogous way. For molar 
quantities we have 

tf*° = H* + I ACpdT (P = 1 atm). (38.36) 

We have the same basic situation for the case of entropy. 
According to the Second Law, S contains an arbitrary constant, 
and only the difference 

AS = S fi -S ot 

t We exclude any kind of nuclear reaction both here and later. 


(38.37) 
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is experimentally accessible. The standardization (38.35) is, 
however, not convenient for entropy since the entropy of 
formation is not directly measurablef and difficulties arise 
when the Nemst heat theorem has to be taken into considera¬ 
tion. The following conventions have, therefore, been adopted: 

Standard state for entropy : 

T = 298*15 K, P = 1 atm. (38.38) 

Standardization of the entropy : For each element in its stable 
condensed form as T -> 0 we have 

S* = 0, (T->0). (38.39) 

This standardization is independent of Nernst's heat theorem . 
The standardization means that the zero point entropy for all 
chemical compounds is numerically equal to the entropy of 
formation at the absolute zero. But we have, for any homo¬ 
geneous substance, that 

r 298 15 

£*« = £*+ I -±dT. (38.40) 

The only experimentally accessible quantity in this equation is 
the integral on the right-hand side. The standardization (38.39) 
is therefore not sufficient to determine the standard entropy S*° 
numerically. 

This difficulty is overcome by using the Nernst heat theorem. 
This use explains the extraordinary importance of the theorem 
in thermodynamic applications. Equation (38.17) and the 
unattainability principle together with the standardization 
(38.39) lead the formulation first put forward by Planck: 

The Nernst heat theorem (Planck's formulation) : For all homo¬ 
geneous substances forming stable condensed phases we have 

S* = 0 (38.41) 

irrespective of the values of the work co-ordinates, the crystal¬ 
line modification, and the state of aggregation. The standard 
entropy S*° can be calculated from purely calorimetric data by 
means of (38.40) and (38.41). The calculation of the entropy for 
other conditions has been outlined in § 37(a). The quantity 
is called the conventional zero point entropy. 

t AG = 0 and thus A HjT = A S only at equilibrium. 
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We still have to make some remarks concerning the formula¬ 
tion (38.41). Giauque has shown that it makes possible a much 
more exact experimental verification than earlier formulations. 
We make the assumption that the substance under considera¬ 
tion may be transformed from the crystalline state into the 
dilute gas state.f We then have for the entropy of the gas 

S*(T,P)-S$ = lim (38.42) 

where d Q is the amount of heat introduced including any heats 
of transition. The integration path is a reversible path from 
crystalline solid at T° and P->0 to gas at temperature T and 
pressure P. The passage to the limit T°->0 must be carried out 
in the manner explained under subsection (a), assumption 3. 
The right-hand side of eq. (38.42) can then be determined by 
calorimetric measurements. The quantity S*(T, P) — S* is 
therefore called the calorimetric entropy. % The quantity S*(T , P) 
for a dilute gas can be shown by the methods of statistical 
thermodynamics to be calculable from spectroscopic data if 
certain requirements are met.§ It is therefore called the 
spectroscopic entropy. Equation (38.42) shows that a comparison 
of calorimetric and spectroscopic entropies constitutes a direct 
test of eq. (38.41). 

Equation (38.42) has been used to investigate about thirty 
substances (diatomic and simple polyatomic molecules). In 
most cases eq. (38.41) was found to be obeyed within the limits 
of experimental error.|| Certain substances, however, show 
definite deviations from eq. (38.41). This proves that Planck’s 
formulation of the Nernst heat theorem must not be regarded 
as a universally exact statement. However, the deviations are 
usually associated with frozen equilibria of molecular crystals, 
a fact which has already been mentioned in subsection (a) in 
connexion with assumption 1. We have, in fact, ignored 

t This assumption is not valid for high melting crystals (e.g. C, A1 2 0 3 , TiC) 
which have no measurable vapour pressure nor does it apply to organic 
compounds which decompose on heating (e.g. sucrose). 

t This concept is obviously not confined to the gaseous state. 

§ Details can be found in textbooks of statistical thermodynamics and of 
molecular spectroscopy. We may note, however, that the requirements are not 
met, for instance, in polyatomic molecules with internal rotations (e.g. ethane). 

|| The difference between calorimetric and spectroscopic entropies was 
usually less than 0*5%. 
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assumption 1 in the formulation of (38.41). Two ways of chang¬ 
ing (38.41) into an exact rule have been proposed. One is to 
additionally specify internal equilibrium for the substance as 
T-+ 0, the second to replace the zero on the right-hand side by 
a finite positive quantity i?lno. The defect in the first way is 
that the concept of internal equilibrium makes sense only with 
respect to defined processes.! Comparison of calorimetric and 
spectroscopic entropies shows that, for the second method, 
either o = 1 or o is of the order of magnitude 2. This comparison 
can, however, be done only with a relatively small number of 
substances. Apart from this, we have to rely on supposition. In 
practice, therefore, the only general method is to rely on 
eq. (38.41) and to accept that the normal entropies calculated 
in this way are uncertain to an extent i?ln 2. This method finds 
further justification in the fact that the uncertainties inherent 
in the extrapolation 0 [subsection(a), assumption 3] are of 
the same order of magnitude. This order of magnitude is 
insignificant for most applications. The formulation as a ‘rule’! 
obeyed in practice with sufficient accuracy not only corresponds 
best to the nature of the Nernst heat theorem as obtained from 
the consideration of subsection (a), but also accords with 
modern theories of statistical thermodynamics. The investiga¬ 
tions of Klein and Casimir have shown that previous attempts 
to formulate a ‘Third Law’ on the basis of quantum statistics 
are untenable. We are still far from understanding the Nernst 
heat theorem on a statistical basis and only this could form the 
foundation of an exact formulation. 


t Even with the limitation to defined processes, tho requirement of internal 
equilibrium makes the practical use of eq. (38.41) illusory. This is best illu¬ 
strated by means of the following example: at room temperature TiO crystals 
have a concentration of unoccupied sites of about 15% and this concentration 
is reasonably reproducible. We do not, however, know of any method for 
deciding whether the concentration and spatial distribution of empty sites for 
T 0 corresponds to internal equilibrium. 

+ The most important example of such a ‘rule’, which is not exact but of 
great practical significance, is the ‘principle of corresponding states’. This 
postulates a universal thermal equation of state for real gases when the 
equation is expressed in terms of dimensionless (‘reduced’) quantities of state 
(e.g. T/T c , P/P c , V/V Ci where the subscript c refers to the critical point). 
Statistical thermodynamics shows that this principle cannot be exact. It is, 
however, obeyed with sufficient accuracy for many substances. 
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Stability conditions 


§ 39 Statement of the problem. Gibbs’ criterion 

We have so far, with certain exceptions (e.g. in §37), used the 
Second Law only in the form of the statement that the thermo¬ 
dynamic potentials have a stationary value at equilibrium. As has 
been mentioned briefly in §§18 and 23, the stability conditions are 
contained in the statement that this stationary value is a minimum. 
The object of the present chapter is to perform for the stability 
conditions a task analogous to that performed for the equilibrium 
conditions in Chapters IV and V, i.e. to draw explicit conclusions 
from the general formulation of the stability conditions in §§18 
and 23 together with the fundamental equation. We have thus defined 
the boundaries of our present subject. Formally, we have to investi¬ 
gate variations of higher order for the thermodynamic potentials. 
Within the framework of thermodynamics an explicit treatment 
needs to consider, exactly as we did for the equilibrium conditions, 
only virtual displacements which can be represented by means of 
quantities of state. This limitation allows, for the equilibrium condi¬ 
tions of homogeneous systems, only the treatment of equilibria which 
may be represented by internal parameters. Even though we exclude 
internal equilibria, stability conditions for homogeneous equilibria 
immediately present us with a non-trivial problem. We shall show 
that all stability problems other than those concerning chemical 
equilibria may be referred to one basic problem, i.e. the stability of a 
homogeneous phase. The question of the stability of a chemical equi¬ 
librium is relatively simple and a few later remarks about it will be 
sufficient. For the present we shall exclude chemical reactions.f 

t For simplicity we shall use the expression ‘chemical reaction’ here, and 
later, to include all processes which can be represented by means of internal 
parameters. 
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Let us, therefore, consider a homogeneous system of m components 
in the absence of chemical reactions; let this system be at thermo¬ 
dynamic equilibrium. The limitation discussed above still allows us 
to ask the following question : 

What conditions must be obeyed by the system to prevent it from 
becoming heterogeneous owing to arbitrarily small local disturbances, 
i.e. prevent it from separating into at least two (macroscopic) phases 
which differ from the original phase? 

This question forms the basis of thermodynamic stability theory as 
long as chemical reactions are excluded. We may well ask whether 
this limitation prejudices the general validity of our deductions. This 
is, however, not so since the concept of stability like that of equi¬ 
librium can have a physical meaning only with respect to defined 
processes. The general validity would become questionable only if 
there were virtual displacements which could be represented by 
quantities of state and were not contained in the above formulation 
or, at least, could not be reduced to it. 

The above formulation still leaves two possibilities open: 

(a) The new phases differ from the original phase only by infini¬ 
tesimal changes in the quantities of state (neighbouring phases). 

(b) The new phases differ from the original phase by finite (dis¬ 
continuous) changes in the quantities of state. 

Possibility (b) leads to the concept of metastable equilibrium briefly 
mentioned in § 18. If the phase diagram is known we can, in this way, 
find out which phases are metastable with respect to others. General 
rules, however, cannot be found in this way. We shall, therefore, 
confine our attention to case (a) which refers directly to the principle 
of virtual displacements and forms the real content of thermodynamic 
stability theory. 

As in Chapter II we shall assume that the system under considera¬ 
tion is closed and that the values of the work co-ordinates are fixed. 
We shall denote the original phase by ' and the two phases formed by 
virtual displacements by * and **. According to our assumptions and 
eq. (20.43) we have for the original phase that 

U'-TS' + PV'-^Pin'^ 0 . 

-i=i 


(39.1) 
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We shall assume that we can write for the two new phases 
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U* - TS* + P V* - 2 ^ nf > 0, 

i =1 


U**-TS** + PV**-'ZiM i n**> 0. 


(39.2)t 


We further have the secondary conditions 

S* + S** = S', \ 

y*+y** = y' f l (39.3) 

nf + rif* — n^ (i = 1, ...,m). J 

If the equality sign is operative in (39.2) we get, with (39.1) and (39.3), 

£7*+ £/** = U'. (39.4) 


The formation of the new phases thus does not change the internal 
energy as long as the secondary conditions (39.3) are obeyed. Accord¬ 
ing to eq. (18.6) this means that the equilibrium is neutral with respect 
to the formation of the new phases, i.e. that they can co-exist with 
the original phase. 

If the inequality sign is operative in (39.2), we have 


U* + £/** > U’. 


(39.5) 


Since the secondary conditions (39.3) apply the internal energy now 
increases if the new phases are formed. According to the Second Law 
such a process cannot be spontaneous. According to eq. (18.2) the 
original phase is thus stable with respect to the new phases. If, finally, 
> is replaced by < in (39.2) we get 

Z7*+ £/**< U\ (39.6) 

With the secondary conditions (39.3) the formation of the new phase 
decreases the internal energy. According to (18.4) the original phase 
is, therefore, unstable with respect to the new phases. The original 
homogeneous system can, therefore, not exist as such but would 
immediately become heterogeneous. 

We thus have the theorem: If, in the expression 


m 

U — TS + PV— (39.7) 

i =1 

t The quantities with asterisks are here not mean molar quantities. 
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the intensive parameters T , P, /z € can be given values such that the 
expression is zero for the phase under consideration and positive for 
all other phases (consisting of the same components) then the phase 
under consideration is absolutely stable with respect to separation 
into other phases. If the expression (39.7) is zero for certain other 
phases as well, the phase under consideration is in neutral equilibrium 
with respect to these other phases; they can co-exist with the original 
phase and T, P, are the common values of temperature, pressure, 
and chemical potentials required by the equilibrium conditions. 

This theorem constitutes Gibbs' stability criterion. 

Two points arising from it merit some further discussion. The fact 
that the intensive parameters have the same values as those of the 
original phase may seem arbitrary for statement (39.2). Actually the 
statement follows directly from the supposition that the original phase 
is in thermodynamic equilibrium, since, according to §17, the first- 
order variations for all virtual displacements must then vanish. Since 
it is in principle of no consequence whether a phase is already present 
or is formed by the displacement, the method of §27 is directly 
applicable. We thus find that the necessary and sufficient condition 
for the first-order variations to vanish is the equality of the intensive 
parameters for all phases (real or virtual) (cf. § 40). 

Furthermore, we should note that Gibbs’ stability criterion consti¬ 
tutes a very general and, therefore, necessarily a very abstract 
formulation. [It also includes metastable equilibria since we have not 
explicitly used the limitation to the possibility (a).] Its significance is 
twofold: it is obtained directly from the Second Law by means of 
simple considerations and the derivation of all other general and 
special stability conditions is possible by purely mathematical 
methods. 


§ 40 The stability conditions in the energy representation 

From now on we shall confine our attention to the possibility (a) 
mentioned in § 39. Let us look at an example which should clarify the 
relations between the general formulations. We can ignore the case of 
neutral equilibrium (co-existence of neighbouring phases) since we 
are dealing only with neighbouring phases. Let us, therefore, take a 
homogeneous one-component system at thermodynamic equilibrium 
and investigate the virtual separation into two new phases with 
volumes J F, entropies l(S + 8S), l(S-8S), and the mole numbers 
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\(n + Sn), \{n — 8n). The statements (39.2) now appear in the form 

U* - ±T(S + 8S) + iPV- Mn + 8n) > 0, 
t/** - IT(S -8S) + ±PV- $p(n - 8n) > 0. 

The secondary conditions (39.3) have already been included in (40.1). 
We therefore find that 

TJ * ltrjdU^dU. 1 PU t - Q . % 

u -§ t ' + a M+ s s “ + 


and, correspondingly, 


£/** = - t/- 
2 


+ £s m ”W< 8 “>’ + - 


w. ia*i/ 


(40 - 3) 

If eqs. (40.2) and (40.3) are added together, the first-order terms 
cancel. If the result of the addition is introduced into (40.1) and the 
result subtracted from (39.1), we find that 


if, and only if, 


U* + U**>U' 


d 2 U d 2 U 3 2 U 

W {8S)2 + 2 8S3n 8SSn + ^ (8n)t> °- 


(40.4) 

(40.5) 


The stability condition thus states that the quadratic form on the 
left-hand side of (40.5) must be positive-definite. We know from the 
theory of quadratic forms that this is possible if, and only if, 

d 2 u d 2 u 
es 2 ends 

with all principal minors > 0. (40.6) 

8 2 U d 2 U 
dS dn dn 2 

This is the form of the stability condition most convenient for our 
further discussion. 

Before we go into further detail, we should derive the condition 
(40.6) in a general form and for systems of m components. 
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According to Gibbs’ criterion the inequality 

m 

U*-TS* + PV*-'Zp i nf> 0 (40.7) 

i=l 

must be true for each phase neighbouring to that under consideration. 
If eq. (39.1) is subtracted from (40.7) we find that 

m 

AU > TAS - PA V + S Px An, (40.8) 

1 

for the virtual displacements; the symbol A here represents a varia¬ 
tion of any order, and we have A x-+8x for the independent variables. 
We choose S , V, n i as independent variables. According to the 
fundamental equation we then have 

m 

hU = TSS-P8V+W i Sn i . (40.9) 

i=i 

First-order variations thus cancel in (40.8). We shall assume, for the 
time being, that second-order terms are not zero. Compared with the 
second-order terms, all later terms are then small of higher order and 
can be neglected. We therefore have 

S 2 £7(£, F,n,)>0. (40.10) 

The discussion of the fundamental equation has, however, already 
shown (§20) that the thermodynamics of a homogeneous system 
needs only ra+1 independent variables. The above example shows 
explicitly that one of the independent variables (namely V) is used 
merely to describe the ratio of the amounts of the phases formed in 
the virtual displacement. This independent variable does not, how¬ 
ever, play any part in the stability condition since the ratio of 
quantities has obviously nothing whatsoever to do with the stability 
problem. This problem is met quite simply by keeping V , n m or 
constant in (40.8) and (40.9). We shall choose the last of these 
variables which means (cf. §20) that we write the fundamental 
equation for (mean) molar quantities and that we use m — 1 mole 
fractions instead of m mole numbers as independent variables. Thus 
(40.10) becomes (in the notation of § 26)f 

S 2 t/*(£*, F*,a^)>0. (40.11) 

The stability condition thus tells us that the second-order variation 
(which is, of course, a quadratic form) must be positive-definite. This 

t From here to the end of the section, the asterisk will indicate mean molar 
quantities. 
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is possible if, and only if, 


d 2 u* 

e 2 u * 


3S* 2 

dXm-xdS* 


e 2 u * 
es*dv* 


with all principal minors > 0. (40.12) 

d 2 u* 

8 i U* 


ds*ex m _ 1 - 




This is the general formulation of the stability conditions in the 
energy representation. We can see that the stability conditions 
constitute statements about the signs of the second derivatives of the 
characteristic functions, and that these statements have to be fulfilled 
for every stable phase. Furthermore, (40.12) shows that there are 
m+ 1 independent stability conditions for a homogeneous system of 
m components. 

Let us look explicitly at two special conditions arising from (40.12). 
We have immediately that 



(40.13) 


but, according to the fundamental equation, 


( d 2 U \ _ ( dT \ 
\dS* 2 ) v . tX ~ 


(40.14) 


The expression (40.13) can, by using (25.7), therefore be written 



(40.15) 


However, from the fundamental equation and the definition (20.21a) 
we get 



(40.16) 


Since T is positive by definition we finally get 

C v > 0. (40.17) 


For a stable phase, therefore, the molar heat at constant volume is 
always positive. The expression (40.17) is called the thermal stability 
condition. 
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Since the order of the variables can be chosen arbitrarily in the 
construction of the determinant (40.12), it must also be true that 



(40.18) 


With the fundamental equation and the relationship (25.7), this 
becomes 


The quantity 


(dv*\ 

(40.19) 

1 l dV \ 

* s V\dP) s ^ 

(40.20) 


is called the adiabatic or, more correctly, the isentropic compressibility. 
We have, therefore, that 

k s >0, (40.21) 

i.e. the isentropic compressibility is always positive for a stable phase. 
The expression (40.21) is called the mechanical stability condition. 

The derivation of further explicit statements (of more than merely 
formal interest) is possible, but complicated because of the structure 
of the fundamental equation discussed in § 21. We are thus faced with 
a problem, analogous to that of § 23, of expressing stability conditions 
by means of Legendre transforms of the fundamental equation. 


§41 Transformation of the stability conditions 

We now wish to express the stability conditions with the aid of an 
arbitrary characteristic function. For simplicity we shall confine our 
calculations to the energy representation and only give the result for 
the entropy representation (arrived at in an analogous manner). 

According to the general concepts developed in §39, the virtual 
phase is also in a thermodynamic state, i.e. in internal equilibrium. 
The fundamental equation must, therefore, apply but the intensive 
parameters are no longer those of the original phase [as in (40.7) ] but 
are determined by the fundamental equation of the virtual phase. 
We therefore have the integrated form.f 

771 

U* = T*S*-P* V*+ 2/u? »?. (41.1) 


t From here on, the asterisk again denotes the virtual phase. 
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The condition (40.7) can therefore be written 

m m 

- TS* + P F* - 2 ^ nf + T* S* - P* F* + 2 /x? wf >0. (41.2) 

t=i i=i 

If the ‘asterisked’ phase is in internal equilibrium according to (41.1), 
we may regard it as the original phase and consider its stability with 
respect to a spontaneous formation of the ‘unasterisked’ phase. This 
condition is obtained directly from (41.2) by interchanging the 
asterisked and unasterisked quantities. We have, therefore, 


m m 

-T*S + P* V-Xtfn i + TS-PV+ 2 **<»<>0. (41.3) 

i=i i=i 

Addition of (41.2) and (41.3) gives 

m 

AT AS - APA V + 2 A An { > 0. (41.4) 

i=i 


The expression on the left is, however, simply the second-order varia¬ 
tion 8 2 U. The inequality (41.4) therefore merely constitutes a re¬ 
arrangement of the condition (40.10) in a form convenient for the 
transformation. 

Let us introduce, as we did in §21, the generalized quantities of 
state and P t . We can now write for the stability condition (41.4) 

2 APi AX { > 0. (41.5) 

i=i 

We now want to express this abstract formulation with the aid of 
the second derivatives of the thermodynamic potential 


Y k = '¥ k (P i ,X j ) (i= l,...,Jb;j = i+l,...,r). (41.6) 


For this purpose we have to represent the AX S (s = 1,..., k) and the 
AP t (t = lc+ 1, ...,r) as functions of the P t and Xj. Since, in (41.5) we 
only go as far as the second order, we obtain the set of linear equations 


AX, = 2^ A P i+ £ §JaX, ( 

1=1 j=k +1 vAj 

ap ( =s|5ap,+ £ |Jax,. 

i =1 <'•'* j=k +1 OJLj 


(41.7) 


According to eq. (21.9) we have 


BX. 8 2 Y k 

BP, ~ BPgBP, 


(41.8) 
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and according to (21.10) 


BPi = W k 
dXj dX t dX/ 


(41.9) 


Furthermore, according to Maxwell’s relation (24.11) we have 


dX s 3P t 
dXj” dP t ' 


(41.10) 


If we now introduce (41.7) into (41.5) we get a quadratic form in 
AP* and AX ; whose coefficients are the second derivatives of T*. From 
the eqs. (41.8)—(41.10) we can extract directly the following rules: 

(a) All terms of the form AP^AX^, i.e. terms made up of mixed 
intensive and extensive parameters, cancel out. The original 
expression therefore separates into two quadratic forms, one 
dependent only on intensive, the other only on extensive 
parameters. 

(b) The quadratic form for intensive parameters has the negative 
sign, that for extensive parameters the positive sign. 

We therefore get 

[«• W)L*,-[* (4i.ii) 

This inequality can be fulfilled if, and only if, the first quadratic form 
is positive-definite, the second negative-definite. If we further elimi¬ 
nate variations which merely change the mass of the virtual phase by 
putting X r = const, we get the stability conditions in the form 


[^^,.,^<0, (41.12) 

[8* (41.13) 

valid for all thermodynamic potentials. The equivalent and, in 
practice, more important formulation is 


d 2X ¥ k 

dPidPs 

d 2 Y k 

dXjdXt 


f < 0 for the principal minors of odd order, 

\ > 0 for the principal minors of even order, 

with all principal minors > 0. 


(41.14) 

(41.15) 


The above method of derivation is due to Gibbs while the general 
formulation (41.12), (41.13) as well as the rules (a) and (b) were first 
given by Schottky, Ulich, and Wagner. 

Let us examine the most important special case of the conditions 
(41.14) and (41.15), i.e. the Gibbs free energy, a little more closely. 
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d 2 G* 
8T 2 

d 2 G* 

8P8T 

>0, 

8 2 G* n 

8*G* n 

8 2 G* 

8 2 G* 

8T 2 <0, 

8P 2 < °' 

dTdP 

dP 2 





The conditions (41.14) are here explicitly (for mean molar 
quantities) f 


(41.16) 


It can easily be seen that only two of these conditions are independent, 
e.g. the third inequality follows from the first two. 

The second inequality with (26.7) and (25.4) gives 

C P > 0 , (41.17) 

i.e. the molar heat at constant pressure is always positive for a stable 
phase (thermal stability). 

The third inequality with (25.6) gives 

k > 0, (41.18) 

i.e. the isothermal compressibility is always positive for a stable phase 
(mechanical stability). 

The first inequality with (26.7) and (25.4)-(25.6) and (25.30) gives 
0 * 0 * 8 * 0 * (PG*y KVC V ^. ...... 


8T 2 8P 2 




which, with (41.18), gives 

C v > 0. (41.20) 

This has already been derived in § 20 by the use of internal energy. 

The above inequalities yield some further noteworthy conclusions. 
From (41.17), (41.18), and (41.20) with eq. (25.30) we get 

C P >C V . (41.21) 

The molar heat capacity at constant pressure is always greater than 

the molar heat capacity at constant volume for a stable phase if 

a ^ 0. This condition is not fulfilled for, e.g., water at 4 °C in which 
case a = 0. 

By means of the identities [cf. eq. (25.9) ] 

( d Jl) (4I.S2) 

\ep) s , (dS*idV*) P ’ K ’ 


! 8V* \ 

\dPjT~ 


(, dS*idV*) P ’ 

mdP]y. 

(8Tj8V*)p’ 


(41.22) 

(41.23) 


t From here on the asterisk again indicates mean molar quantities. 
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we obtain from the definitions (25.6) and (40.20) together with (25.8) 


K s (dS*/dT) V 
k ” ( dS*idf) P ‘ 


This, with (24.4) and (40.16) becomes 


K, = Cy 

K G v 


Finally, because of (41.21), we get 

K> K„ 


(41.24) 


(41.25) 


(41.26) 


i.e. the isothermal compressibility is always greater than the 
isentropic compressibility for a stable phase if a ^ 0. 

Let us now turn to a consideration of the stability conditions 
(41.15). We shall alter the general formulation somewhat by keeping 
2 ni constant instead of X r . We shall carry this out explicitly for the 
sake of clarity. Let us first write (41.13) without the limitation 
X r = const in the form 

771 

[A6r] r> p> 

t=i 

For Xi n i~ const this becomes 

771 

[AG*] t ,p> & x i 

i=l 

or, because of (26.4), 

771-1 

[A(t*] t p > 2 (Pi — Pm) & x i- 

i=l 

Since, according to (26.20), we have 
(dG*\ 

the right-hand side of (41.29) represents the first-order variation of 
G* at constant T and P. We thus get 

[8*G*( x v ... 9 x m _ 1 )] TtP >0 (41.31) 

as the relationship equivalent to (41.13), or 

B 2 G* 
dx i dxj 


(41.27) 

(41.28) 

(41.29) 

(41.30) 


with all principal minors > 0 (i f j = 1, 1). (41.32) 
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For binary systems (41.32) reduces to the condition 

m, P >° 

but from eqs. (26.16) and (41.30) we get 

( ^G* \ = _J_ AV| 

\ dx 2 / T,P l—^i / T,P 

The stability condition (41.33) can thus also be written 


( 


dfiA 


> 0 , 
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(41.33) 


(41.34) 


\fixj T ,P 

an expression which we have used previously in § 28. 

For ternary systems the stability conditions (41.32) become 

d 2 G* d 2 G* 


(41.35) 


dx\ 

d 2 G* 
dx 2 dx l 


dx 1 dx 2 

d 2 G* 

dx\ 


> 0 , 


d 2 G* 

~&rf" 


> 0 , 


a 2 g* 

dx\ 


> 0 . 


(41.36) 


Here, too, only two of the conditions are independent since, for 
example, the third inequality is a consequence of the first two. These 
inequalities state that for T = const, P = const, the G *-surface is 
double convex towards the a^-a^-plane. In other words: any vertical 
section through the G *-surface gives a sectional curve which is convex 
when viewed from below. 

Completely analogous results are obtained for the entropy 
representation of the fundamental equation and for the Massieu- 
Planck functions. These results differ from those for thermodynamic 
potentials mainly by a change of sign, i.e. we have for the entropy 


[S*S(X v ...,X r _ 1 )] Xr <0 (41.37) 

and for the Massieu-Planck functions 


[8*<t> k (P v ...,P k )] Xj > 0, (41.38) 

[8^<t> k (X k+l , ....X^Lv^cO. (41.39) 


§42 Stability conditions for heterogeneous systems 

Our discussions of stability conditions have so far been limited to 
homogeneous systems. We now want to show that heterogeneous 
systems are necessarily stable if the stability conditions are fulfilled 
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for the individual phases. For simplicity we shall discuss only a one- 
component system with two phases, a and Virtual displacements 
which merely change the amounts of the phases are eliminated by 
keeping the mole numbers n i<x) and nW of the phases constant. We 
are thus assuming the phases to be separated by a frictionless moveable 
diathermic wall. We shall choose the energy representation and 
investigate the virtual displacement A U with the secondary 
conditions 


= 0 , hn { P ] = 0 , 

(42.1) 

= 0 , 

(42.2) 

&y (a) + nW = 0 , 

(42.3) 


in which we have used the definitions (20.36). Since we have assumed 
equilibrium the first-order variations vanish and we obtain the 
stability condition 


S 2 *7 = \ n <“> 2 


\U 

\n {0 


8 2 u {a) 1 d 2 u ( fi y 


) ( Ss <“>) 2 


+ 2 /—- — ^ <0t> + _ L -\ (Ss (a) 8v (a> ) 

\w<“> fo<«> 0»<“> ds'W &></»>) v ’ 


+ 


1 d 2 U 1 d 2 uW 
n (<x ) dv (0L)2 n { ^ dv^ )2 


j (Sv (a) ) s 


> 0 . 


(42.4) 


The quadratic form must thus be positive-definite. This must be true 
for any values of n {0L) and nW and so we can put n (a) = n { = 1 and 
obtain the explicit equilibrium conditions 


$ 2 24 (a) 2> 2 u^) a 

(42.5) 

8s w2 + dsW 2 > °’ 

8 2 u M t 8 2 uW __ A 

(42.6) 

8v w2 + dvW 2 > °’ 


/d 2 uw d 2 u^\/e 2 u {oi) d 2 uw\ / e 2 u {<x) ( d 2 uw \ A 

\ 8s (a>2 + dsW* ) \ 8v w2 + dv^ 2 ) ~ dvW + 8s </»> dv ^/ °' 

(42.7) 

The stability of the individual phases is obviously a necessary 
condition for the stability of the complete system. According to 
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(40.12), therefore, 

d 2 tt (a > d 2 u { & 

&j <“> 2 > dsW* > ’ 


(42.8) 


a 2 M< a > 8 2 uw 
0»«*> 2 > 0 ’ dvW * > 


d 2 u {0L) d 2 u (a) 


to 

V 

o 


^ds w 8v M j 

02 u l/» 02 u (/» ( 

f 8 2 uW ) 

f>0 

y 

8 s i/))2 Q v (fi) 2 | 

J 


(42.9) 


(42.10) 


must be true. It is easy to see that the inequalities (42.5) and (42.6) 
follow from the inequalities (42.8) and (42.9). 

But we know that 


K + a 2 ) (cj + c 2 ) - (b x + b 2 ) 2 = [1 + (Oi/oa)] (a 2 c 2 - b\) 

+ [1 + (a 2 /a x )] (a ± c 1 - b f) + (a 1 b 2 - a 2 6 x ) 2 /a x a 2 (42.11) 

and, therefore, that the inequality (42.7) follows directly from 
(42.8)-(42.10). We therefore have the 
Theorem : The fulfilment of the stability conditions for the indivi¬ 
dual phases is the necessary and sufficient condition for the stability 
of a heterogeneous equilibrium. 


§43 The Le Chatelier-Braun principle 

A statement often called the principle of least constraint is closely 
connected with the stability conditions. The origins of this principle 
go back to the 18th century (d’Alembert, Gauss). The modern 
formulation is due to Le Chatelier (1884) and Braun (1887). It is 
therefore called the Le Chatelier-Braun principle. 

The simplest formulation (usually called Le Chatelier’s principle) 
is: If an external constraint is applied to a system in equilibrium, the 
equilibrium reacts in such a way as to minimize the external 
constraint. 

It is easy to see that the simpler stability conditions are summarized 
in this principle. If, for instance, heat is introduced into a system, the 
temperature difference between system and heat reservoir is the 
driving force. The driving force is, therefore, minimized if the intro¬ 
duction of heat increases the temperature which requires that C v > 0 
or C P > 0 , in agreement with (40.17) and (41.17). The principle includes 
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the condition (41.18) in a similar way. We shall mention further 
examples when we come to deal with the stability of chemical 
equilibria. 

Le Chatelier’s principle is thus equivalent to the stability conditions 
for simple cases. Its use as a purely qualitative statement is found 
mainly in chemistry. It can, however, lead to wrong conclusions just 
because of this imprecise formulation. For example, the statement 



Fig. 27. The Le Chatelier-Braun principle 


‘exothermic solution causes a reduction in solubility with increasing 
temperature’ may be wrong. The temperature dependence of the 
solubility is determined not only by the stability condition (41.35) 
but also by the differential heat of solution at the saturation pointf 
and not by the integral heat of solution; the two heats of solution 
may have opposite signs. More complicated stability conditions such 
as the first inequality of (41.36) are quite unobtainable from Le 
Chatelier’s principle which, therefore, has no significance for thermo¬ 
dynamics and has been mentioned only because of its frequent use. 

Much more important is the actual Le Chatelier-Braun principle. 
We shall explain its content by means of a simple example before 
formulating the actual principle. Let a cylinder filled with gas be in 
pressure equilibrium with a reservoir I via a moveable piston. In a 
first experiment, let the temperature of the cylinder be controlled by 
means of a diathermic wall and a heat reservoir II. A pressure change 
dP then simply causes a volume change d ± V. In a second experiment, 
let the cylinder be adiabatically isolated. The same pressure change 
now causes a volume change d 2 V ^ d x V since a temperature change 
d 2 T is also induced. The Le Chatelier-Braun principle states that 

d 2 F<d 1 F. (43.1) 

f No name appears to be given to this heat of solution in the English 
language. In German, the term ‘letzte Losungswarme * (= final heat of solution) 
is used. ( Translator .) 
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The correctness of the statement for the above example is easily 
verified by reference to the isothermals and adiabatics for a gas. 

The usual qualitative formulation of the Le Chatelier-Braun 
principle states that the above result may be generalized for any pairs 
of variables of state. A quantitative analysis by Ehrenfest has shown 
that the principle does not hold to such a general extent. It must be 
supplemented by the requirement that one of the two parameters 
must be extensive and the other intensive. We shall now give 
Ehrenfest’s proof which yields the correct version of the principle. 

Let Pj be the intensive parameter regulated by reservoir I, X 5 the 
directly regulated conjugate extensive parameter, and P t the inten¬ 
sive parameter kept constant by reservoir II in experiment 1; in 
experiment 2 dX^ = 0 and, therefore, a change in P i is induced by the 
change in Pj. 

The Le Chatelier-Braun principle now states that 

I d 2 Xj | < | d ,Xj |. (43.2) 

Proof: We have 

dp < - < 43 


dp ‘-(w)^ x ‘*( !L d ** <434) 

and, furthermore, for the second experiment 

d -MSl> x ' + (iL, d - p ‘=°' <43 - 51 

Elimination of d/J- and d 2 P t gives 

[($,(SMIUS)>M(a,(!)>*■ 

(43.6) 

or, using Maxwell’s relation (24.11), 

[(JfUiLJ^ < 43, » 

According to the stability conditions (41.14) and (41.15), and 
eq. (21.9) we have 

(w) n >0 ' (1L, >0 <43 - 8) 

and the inequality (43.2) follows directly. 
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The Le Chatelier-Braun principle clearly states that the induced 
parameter change d 2 P* ‘relieves’ the directly affected parameter Xj. 
Although the principle in the above form is strictly valid it has not 
gained great significance in thermodynamics. It has, however, proved 
fruitful for the theory of irreversible processes. 


§ 44 The stability of chemical equilibria 


We still have to discuss briefly the stability of chemical equilibria 
and we shall simplify the discussion by assuming throughout that 
T = const, P = const. The stability conditions may now be formu¬ 
lated by means of the Gibbs free energy. If we confine our discussion 
to a reaction (33.15) we have, according to § 36, the progress variable 
f as the only independent variable. 

The inequality (41.27) thus becomes 


[A6?]r,p > (z ViPij A£. (44.1) 

According to (36.6), the right-hand side represents the first-order 
variation. The stability condition therefore becomes 



(44.2) 


We shall make sonie deductions from this and, at the same time, 
illustrate Le Chatelier’s principle. Let us consider the shifting of a 
chemical equilibrium (whose position is specified by the value £ e ) 
with temperature at constant pressure and with pressure at constant 
temperature. We shall start with the equation 


dG = - # dT + F dP + 

where we have, at equilibrium, that 
(dG\ 

w)T. P = ^ i = 0 - 




(44.3) 

(44.4) 


From (44.3) we get for the total differential of (dG/d£) T P that 

(44.5) 

The left-hand side vanishes at equilibrium and we obtain, for dP = 0, 


\dT) P (a*Gidp) T y 


( 44 . 6 ) 
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According to (24.8) we have, however that 

\ d£/T,P \^Ut,P \ d£/T,P 


(44.7) 


The left-hand side is zero at equilibrium and the quantity (3H/d^) T P 
represents, according to (21.23), the heat of reaction at constant 
pressure or enthalpy of reaction. Thus (44.6) becomes 


He\ mm TtP 
dTj P T(d 2 Gid?) T y 


(44.8) 


Since the stability condition requires the numerator to be positive, 
eq.(44.8) states: 

An increase in temperature at constant pressure shifts the chemical 
equilibrium in the direction in which the heat of reaction is positive 
(i.e. the reaction is endothermic). 

This statement agrees with Le Chatelier’s principle. 

In an analogous way we get 


He\ = (Wf)r.p 
dP) T (PGIdP) T y 


(44.9) 


An increase in pressure at constant temperature shifts the chemical 
equilibrium in the direction in which the volume change for the 
reaction is negative (at T = const, P = const). This statement also 
agrees with Le Chatelier’s principle. 

We want to emphasize that the above statements are completely 
general; they can be obtained from the van’t Hoff equation or the 
Planck-van Laar equation respectively only for the special case of 
ideal gases. This is based on the fact that the stability condition 
(44.2) is automatically fulfilled for chemical equilibrium in an ideal 
gaseous mixture. 



CHAPTER VII 


Critical phases 
Transitions of higher order 

§ 45 Definition and properties of critical phases 

Experimental experience shows that variation of the quantities of 
state often causes two co-existing phases to vary in such a way that 
they ultimately become identical. The phase for which this occurs is 
called a critical phase. We shall see that critical phases of one- 
component systems have no thermodynamic degrees of freedom. 
They are therefore represented by points in phase space called critical 
points. If, as is often the case, the dependence of the critical phase on 
the quantities of state is irrelevant, we also speak of critical points for 
multi-component systems. Let us start by giving a list of the most 
important cases. 

(a) One-component systems. A vapour-liquid equilibrium always has 
a critical point. It is impossible to liquefy a gas above a certain 
temperature T c , the critical temperature. As Andrews showed in 1869 
for C0 2 , there is a continuous change from the gaseous to the liquid 
state. This can easily be seen from the isotherms of the P-v-diagram 
for a real gas shown in Fig. 28. 

The curve on which the co-existing liquid and gaseous phases lie is 
called a co-existence curve or binodal curve. The broken lines joining two 
co-existing phases are called connodals. These names are also used for 
other heterogeneous equilibria. 

The equilibrium vapour-crystalline solid ends at the triple point 
(Fig. 18). This equilibrium does not exist for 3 He and 4 He for which 
the crystalline solid is in equilibrium only with the liquid. No triple 
point therefore exists for 3 He and 4 He. 

In spite of much effort, no critical point has ever been found 
experimentally for solid-liquid equilibria. Certain theoretical con¬ 
siderations indicate that no such critical point can exist. A satisfac¬ 
tory explanation has, however, not yet been found. 
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(b) Binary systems . The equilibrium vapour-liquid shows a critical 
point which is of interest because of the strange phenomena of retro¬ 
grade condensation and vaporization. We shall return briefly to these 
at the end of §47. 



Fig. 28 . Isotherms of a real gas (schematic) 





Fig. 29. Critical solution points in binary liquid mixtures, a. Upper critical 
point. 9. Lower critical point, c. Closed miscibility gap with two critical 
points 


More important are the critical points found when a homogeneous 
solution separates into two liquid phases. The representation for the 
case corresponding to Fig. 28 would be given by the isotherms of the 
diagram of the chemical potential of one component (say p A ) against 
the mole fraction or x 2 ), for P = const. It is often sufficient, how¬ 
ever, to employ the ^-z-diagrams already used several times in 
Chapter IV. The latter representation is used in Fig. 29 to show 
diagrams of the observed types. Case I called the upper critical solu¬ 
tion point or upper consolute point is the one found most often; it is 
observed for many mixtures of organic liquids. Examples of the lower 
consolute point shown in Case II are the systems water-diethylamine 
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and water-triethylamine. The closed miscibility gap shown in Case III 
has been found in the system water-nicotine. Both an upper (T 7 ^) 
and a lower (T cl ) consolute point are present. 

In contrast with one-component systems, binary systems show 
critical points in the solid state as well. These critical points are con- 
solute points as for liquids. They are actually fairly rare since the 
co-existing phases usually have different crystal structures and there¬ 
fore cannot become identical for geometrical reasons. There are, how¬ 
ever, some binary alloys which have a consolute point in the solid 
state, e.g. Al-Zn, Au-Ni, Au-Pt. The phase diagram of the system 
Al-Zn is given as an example in Fig. 30. 



Fig. 30. Phase diagram of the system Al-Zn (schematic) 

(c) Ternary systems. The main interest here lies in critical points 
arising from unmixing in the liquid phase. We cannot discuss this 
subject in detail but two observations of general significance are 
worth mentioning. 

We have seen that, for one-component systems, the critical 
temperature is the highest temperature at which the system can 
become heterogeneous. For binary systems the critical phase has one 
degree of freedom. If, however, we fix the pressure as is usual in 
experimental arrangements, the critical temperature is again the 
highest temperature (or the lowest in the case of a lower consolute 
point) at which the homogeneous solution (or the homogeneous mixed 
crystals) can become heterogeneous. The situation is quite different in 
systems of three or more components. We shall show that the critical 
phase of a ternary system has two degrees of freedom. If we again fix 
the pressure, a representation is obtained by plotting isothermal 
G *-surfaces above the a^-Zg-plane in a three-dimensional diagram. 
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Such a diagram is shown schematically in Fig. 31. We can see that 
each G *-surface is associated with a binodal curve with a critical 
point; the concept of critical temperature therefore no longer has any 
meaning. We are, however, left with one degree of freedom after fixing 
the pressure and if we use this degree of freedom for fixing the ratio 



Fig. 31. Isothermal-isobaric O *-surfaces for ternary systems. 
CP = critical phase 


A 



Fig. 32. Unmixing in ternary systems with xjx 2 = const. P' = Phase with 
the highest unmixing temperature. P* = phase co-existing with phase P'. 
Critical points indicated by dots 


x il x 2 we can again define a critical point. The relevant ‘critical 
temperature’ is, however, no longer the highest temperature at which 
the system can become heterogeneous. This can be seen most clearly 
by using Mobius* triangular co-ordinates (Fig. 32) which we also met 
previously in Chapter IV. The diagram shows binodal curves at 
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various temperatures. The critical points are indicated by dots. All 
solutions containing the components in the fixed ratio xjx 2 lie on the 
straight line FC. This line can pass through only one critical point 
which is thus completely defined. The highest temperature at which 
the system can become heterogeneous does not, however, correspond 
to this binodal curve but corresponds to the binodal curve to which 
the straight line FC is the tangent. The corresponding phase is repre¬ 
sented by the point of contact P'. We can see that this is not generally 
a critical point, but is in equilibrium with a phase P\ The above ideas 
are due to Tompa and are of considerable importance for the theory 
of the solubility of macromolecules. 

Our second consideration concerns a case often met in practice, i.e. 
the use of a mixture of two organic liquids as a solvent. In the older 
literature such systems have been treated in various ways as binary 
systems in which the properties of the solvent were obtained by 
somehow taking the mean of the properties of the components. This 
method is particularly inappropriate if (as is usually the case) the 
solvent has different compositions in the co-existing phases. In 
particular, it is not permissible to determine the consolute point by 
the simple methods of calculation used for binary systems. The much 
more complicated equations for ternary systems must be used. These 
equations will be derived below. This consideration, too, is of signifi¬ 
cance mainly for solutions of macromolecules. 

Let us now apply the rules of thermodynamics to what we have just 
discussed and start by proving a theorem due to Gibbs. 

Theorem . In a system of m components, a critical phase which does 
not co-exist with other phases has m — 1 thermodynamic degrees of 
freedom. 

Proof . Let us consider a ternary system with two co-existing phases. 
According to the phase rule [eq. (29.3) ] this system has three degrees 
of freedom, two of which we fix by keeping the temperature and 
pressure constant. The behaviour of the system will then be repre¬ 
sented by the appropriate G *-surface of Fig. 31. Since we are left 
with one degree of freedom we can vary, for example, the chemical 
potential without making either of the two phases disappear. 
Figure 31 shows that corresponding to these variations there is a 
continuous series of co-existing phases ending in a critical point. If 
we now give to the quantities T and P other values which differ only 
infinitesimally from the original ones, we obtain in a similar manner 
a series of pairs of phases which again ends in a critical point. The 
position of this critical point will also differ only infinitesimally from 
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that of the original one.f This argument can be continued to show 
that the critical phase has two degrees of freedom in this case. 

Let us again consider two co-existing phases but now for the 
general case of a system of m components. The phase rule tells us that 
this heterogeneous system has m degrees of freedom. We shall choose 
as independent variables m quantities from the set of intensive para¬ 
meters T f P,fjL v and fix m— 1 of these by giving them values 

corresponding to one critical point among all the critical phases which 
we may consider. We can vary the remaining intensive parameter 
(pressure, temperature, or one of the chemical potentials) without 
causing either of the two phases to disappear. In this way we again 
obtain a continuous series of co-existing phases ending in a critical 
point. If we now change the values of the initially fixed m — 1 inten¬ 
sive parameters by infinitesimal amounts we again obtain a series of 
co-existing phases by varying the free parameter. Now each pair of 
co-existing phases in the first series must correspond to an infinitesi¬ 
mally differing pair in the second series and vice versa. The second 
series must, therefore, end in a critical point whose position differs 
only infinitesimally from that of the first series. The argument can 
again be continued in the same manner. If, therefore, the values of 
the m — 1 intensive parameters given by the position of a critical 
phase are freely varied, each set of varied values again corresponds to 
one and only one critical phase. A critical phase in a system of m 
components thus has m — 1 thermodynamic degrees of freedom and 
the theorem is proved. 

The previously stated results follow from the theorem: for one- 
component systems the critical phase is a singular point in phase 
space; critical phases of binary systems have one degree of freedom 
which is generally used to fix the pressure in binary systems.} 

In ternary systems we already have two degrees of freedom and, 
therefore, a much more complicated state of affairs. As stated 
previously, the above statements are valid in the form given only if 
no other phase co-exists with the critical phase. Since, according to the 
phase rule, every new phase reduces the number of degrees of freedom 
by one, we conclude that no other phase can co-exist with the critical 
phase of a one-component system, while only one other phase can 
co-exist with the critical phase of a binary system. Generally, a critical 

t Since Fig. 31 is an isobaric diagram, only the variation of T can be shown. 

t The dependence of the consolute temperature on pressure is, in any case, 
very small for condensed systems. It can be completely ignored under the 
usual experimental conditions. 
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phase can co-exist with at most m — 1 other phases. Comparison with 
eq. (29.3) shows that a critical phase must be counted threefold in the 
sense of the phase rule. 


§46 Gibbs’ equations for critical phases 


We shall not discuss here any cases of the co-existence of the critical 
phase with other phases. According to the phase rule an ordinary 
phase has m+ \ degrees of freedom while, according to the above 
theorem a critical phase has m— 1 degrees of freedom. A direct 
consequence is, therefore, that a critical phase is defined by two 
equations. 

These equations for one-component systems can be easily obtained 
by a consideration of Fig. 28. According to the equilibrium conditions 
(27.6) and (27.7), co-existing phases must always lie on the same 
isotherm and the connodals must run parallel to the abscissa. The 
critical point is defined by the coincidence of the co-existing phases 
and must, therefore, be a point of inflexion of the isotherms with a 
horizontal tangent. We thus have immediately that 



An analogous representation to Fig. 28 for the critical solution 
point of a binary system is, as already mentioned, given by the 
isotherms of a p-x -diagram. An analogous consideration of this 
diagram gives for the critical solution point of a binary system that 



(46.2) 


The conditions for systems with more than two components are 
much less obvious and it is necessary, as shown by Gibbs, to formulate 
the theory in a much stricter and more general way. The basis of this 
formulation is the stability theory developed in Chapter IV. The 
equations for the critical phase can then be deduced in various ways 
leading to different forms of the equations. We shall, in this section, 
use the method developed by Gibbs. A more recent method will be 
given in §§49-51. 

It is, however, convenient to give here a few preliminary remarks 
which should contribute to the understanding of the more recent 
method. Let us first consider a one-component system (Fig. 28) and 
note that on each connodal joining two co-existing phases there are 
necessarily states for which the homogeneous system is absolutely 
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unstable. This statement is made clearer by assuming that the iso¬ 
therms are analytic functions over the whole region of state. The 
isotherms must then necessarily have the form known from van der 
Waals’ equation of state (Fig. 33). The states lying on each isotherm 
between the minimum and the maximum are necessarily unstable. 
The curve connecting these minima and maxima therefore bounds the 
unstable region and is called a spinodal curve. The region between the 
spinodal and binodal curves corresponds to metastable states (super¬ 
heated liquid, supersaturated vapour). This representation is 
frequently used in thermodynamics as a useful device. It is, however, 



Fig. 33. Isotherms with ‘van dor Waals loop’ for a real gas (schematic) 

introduced here only as an illustration and not used formally in the 
derivation since the basic hypothesis can be shown to be untenable 
and thus purely fictitious, f 

We now picture the two co-existing phases as near as we like to the 
critical point. Since there must still be absolutely unstable states 
between the two co-existing phases, it follows that the critical point 
must lie on the boundary between the stable and the absolutely 
unstable region. In the representation introduced above this means 
that the binodal and spinodal curves touch at the critical point. 

The boundary between the stable and the unstable region is now 
given by the requirement that at least one of the second derivatives 

t It can mathematically be strictly shown that an exact statistical calcula¬ 
tion of thermodynamic functions can never lead to unstable states. Isotherms 
calculated in this way can, therefore, never show the ‘van der Waals loop’ but 
will always yield the diagram shown in Fig. 28. 
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of the internal energy becomes zero. This means, however, that the 
quadratic form 8 2 u(s, v) is positive semidefinite at this place. We 
shall show in §§50 and 51 that for this to be true it is necessary and 
sufficient that the condition 


d 2 u 

d 2 u 

ds 2 

dsdv 

d 2 u 

d 2 u 

dvds 

dv 2 


(46.3) 


is fulfilled. Equation (46.3) is, therefore, already the first equation for 
the critical point. 

In order to derive the second equation, we fix the temperature and 
consider the variation of the critical phase on the isotherm. An 
examination of Fig. 28 or Fig. 33 shows immediately that such a 
variation can under no circumstances go into the unstable region. 
This means that the variation of the determinant D defined by (46.3) 
cannot be negative. It means also, however, that this variation can¬ 
not be positive since it would then become negative by simply revers¬ 
ing the sign of the independent variables. Thus we have, for the 
variation under consideration, the two equations 



(46.4) 

(46.5) 


This is a set of homogeneous linear equations for the unknowns d s 
and dv. The condition for the equations to be soluble is 



(46.6) 


and this is the second equation for the critical point. 

Equations (46.3) and (46.6) are ultimately based on the funda¬ 
mental equation and suffer, therefore, from the disadvantages already 
mentioned several times. In particular, the proof of the identity of 
these equations with eq. (46.1) is complicated. We might, therefore, 
think that it would be better to choose as our starting point a formula¬ 
tion of the stability conditions with the aid of a suitable thermo¬ 
dynamic potential. The potential most appropriate to the present 
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problem is the Helmholtz free energy. The stability conditions then 
are, according to (41.14) and (41.15), 



(46.7) 


We can see immediately that the first of these conditions is irrelevant 
for the determination of the critical point. If considerations analogous 
to those above are applied to the second condition, the direct result is 
eq. (46.1). 

The generalization of the above derivations for systems of m 
components is not difficult. We shall, first of all, write the 
abbreviation 


8 2 U* 
~dS* 2 


D* = 


d 2 u* 

dV*dS* 


d 2 u* 

dS*dV* 


d 2 u* 


(46.8) 


d 2 U* d 2 U* 


We shall further denote by Z>*' a determinant which differs from D* 
in that the elements of an arbitrarily chosen row in it are replaced by 
the partial derivatives occurring in the expression 


dD* dD* dD* dD* 

AD * = ds^ dS * + w^ dv * + ^; dXi+ - + ^ 


dx, n 


(46.9) 


The boundary of the stability region is again given by the require¬ 
ment that the quadratic form (40.11) is positive semidefinite. As 
we shall show in §§50 and 51, the necessary and sufficient condition 
for this is that the determinant D* vanishes and we have thus found 
the first equation for the critical phase. 

In order to get the second equation the critical phase must again 
be varied. The secondary conditions for this are, however, that of the 
m +1 derivatives 

du* eu* dU* eu * 

dS* 5 ev*’ dx x ’ dx^ (<} 

m quantities must be kept constant. The choice of these quantities is 
arbitrary and defines, as can be seen from eqs. (27.6)-(27.8), in each 
case one path on an m-dimensional hypersurface. The path connects 
two co-existing phases. A variation of the critical phase can, therefore, 
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never go into the unstable region. If we suppose, for instance, that the 
first m derivatives of (46.10) are kept constant, we have the following 
secondary conditions for the variation of the critical phase: 


8 2 U* 


+ ...+ 


es*ex m _ 1 


dx m-l = 0 , 


\8V*) 


o- 


32 77 * 32 U* Q2 JJ* 

.dS* + ^dV* + ^-dx 1 


8V*8S* 


8V* 2 8V*8x 1 

8 2 U* 


+ ...+ 


8V*8x m _ 1 


dx m _x = 0, 


■O 


02 U* 02 JJ* d 2 U * 

_ u HiSf* l dF* I dr 

dx 1 8S* 8x x 8V* 8x\ 1 

8 2 U* 

+ - + 8x 1 8x m _\ dXm - 1 ~ 


8 2 U* 8 2 U* 8 2 V* 

d S*+ dF* + vrfArr ^ 


(46.11) 


8x m _ 2 8S* 


8x m _ 2 8V* 


+ ...+ 


a 2 c/* 




^m-2^1 

de m _i = 0. 


Since the variation cannot go into the unstable region, we can show 
by reasoning in a way completely analogous to our previous discussion 
that we must have 


dD* dD * dD* dD* 

d£>* = d>S* + d F* 4* -7T— dx, +... + d^.j = 0. 


as* 


0F* 


&r 3 


m-1 


(46.12) 


The system of homogeneous linear equations (46.11), (46.12) thus has 
a non-trivial solution only if the determinant of the coefficients 
vanishes. This gives us the general equations 


D* = 0, D*' = 0 


(46.13) 


for a critical phase of a system of m components. 
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A different choice of the secondary conditions (46.11) naturally 
leads to a different form of the determinants D*'. This possibility was 
taken into account in the definition so that eqs. (46.13) are not affected 
by it. It is easily seen that eqs. (46.13) reduce to eqs. (46.3) and (46.6) 
for one-component systems. Further equivalent formulations are 
obtained by choosing other ways of writing the basic conditions 
(40.11) and (40.12), for example by keeping the volume constant (as 
was done by Gibbs). 


§47 Transformation of the equations for critical phases. 

Further properties of critical phases 

For purposes of application even in the general case, the equations 
for critical phases are derived more conveniently from suitable 
thermodynamic potentials than from the fundamental equation. This 
possibility depends on the fact that certain stability conditions remain 
valid even on the boundary of the stable region. For the transforma¬ 
tion of the stability conditions (§41) a separation into conditions for 
intensive parameters and conditions for extensive parameters was 
carried out. This makes it possible to isolate the required conditions 
right from the start and thus to simplify the equations for the critical 
phase. We shall give two examples. We have stated above that, for 
the liquid-vapour equilibrium of one-component systems, the thermal 
stability condition C v > 0 remains valid on the boundary of the region 
of stability. The same applies for liquid-vapour equilibria of multi- 
component systems. The use of the Helmholtz free energy is, there¬ 
fore, particularly appropriate here, since it allows the separation of 
just this condition. We then apply completely analogous reasoning to 
that used above to the remaining extensive parameters V*, x v ..., x m _ v 
We can, therefore, confine our discussion to a simple statement of the 


result. If we define by 




d 2 F* 

d 2 F* 

d 2 F* 

III 

dv * 2 

d 2 F* 
dx x d V* 

d V * dx 1 

" &V*8x m ^ 


d 2 F* 


8 2 F* 


temr-lW* 




(47.1) 
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and denote by Z>|/ the determinant formed from (47.1) by replacing 
the elements of an arbitrarily chosen row by 


dD* dD% 

8V*’ 8x l ’ dx m _ x ’ 

(47.2) 

the equations for the critical phase are 


6 

II 

Q 

o 

II 

(47.3) 


It should be noted that all partial derivatives which occur here must 
be formed at constant temperature. For one-component systems the 
eqs. (47.3) reduce to eqs. (46.1). 

In the unmixing of condensed phases a further simplification occurs 
since here (unlike liquid-vapour equilibria) the mechanical stability 
condition (d 2 FI8V 2 ) T > 0 is also generally obeyed at the boundary of 
the stability region.f In these cases, therefore, we usually use the 
formulation by means of the Gibbs free energy which starts with the 
conditions (41.31) and (41.32). The derivation itself is again carried 
out in the same way. If we define P@ by 


Dg = 


d 2 G* 

dx\ 

a 2 G* 

dx 2 dx x 


d 2 G* 
dx x dx 2 


a 2 #* 

dx x dx m _ x 


(47.4) 


d 2 G* . d 2 G* 

dXm- X dx x . dx 2 m _ x 

and denote by D%' the determinant formed from (47.4) by replacing 
the elements of an arbitrarily chosen row by the partial derivatives 


dP* dP% dD% 

dx x * dx 2 ' '**’ dx m _ x 9 

the equations for the critical phase are 


(47.5) 


Pq = 0, P% = 0. (47.6) 

All derivatives must here be taken with respect to the mole fractions 
at constant T and P. The equations (47.6) differ from the previous 

t This means that exceptions are of an accidental nature and have no 
thermodynamic connexion with the occurrence of the critical phase. There is, 
however, a certain class of liquid-vapour equilibria for which the mechanical 
stability condition cannot be fulfilled for the critical phase. 



191 


[VII] Critical phases 

ones in that they cannot be reduced to the equations for a one- 
component system. They have found interesting applications in the 
theory of solutions of macromolecules. 

Equations (46.13) and (47.6) were originally derived by Gibbs in a 
somewhat different form. The formulation by means of the Helmholtz 
free energy [eq. (47.3) ] was used largely by van der Waals in his study 
of vaporization equilibria. 

Critical phases are of special interest since they show a number of 
remarkable manifestations collectively known as ‘critical phenomena’. 
We shall give only a few examples. A remarkable phenomenon 
observed even in one-component systems is that the molar heat at 
constant pressure, the coefficient of thermal expansion, and the com¬ 
pressibility all approach infinity as the critical point is approached. 
These facts depend, as we shall see more clearly in § 51, on the position 
of the critical point on the boundary of the region of stability. The 
behaviour of the compressibility means that exact measurements are 
extraordinarily difficult near the critical point because of the influence 
of gravity. 

In binary systems the phenomena of ‘retrograde vaporization’ and 
‘retrograde condensation’ may appear near the vaporization critical 
point. A detailed discussion of these phenomena is outside the scope 
of this book. We shall, therefore, only explain these concepts briefly 
and show by means of a simple example how they can be caused. Let 
us consider a one-component system whose temperature T <T C is 
fixed (cf. Fig. 28). Compression of the gas is represented by movement 
along the isotherm. Condensation occurs at a certain density; further 
compression causes an increase in the amount of the liquid phase until 
the gas phase finally vanishes. In binary gaseous systems, on the 
other hand, the following can occur near the critical point. If the 
gaseous mixture is compressed isotherm ally, a pressure is reached at 
which the liquid phase appears. Under certain conditions of tempera¬ 
ture and composition, however, further compression causes a reduc¬ 
tion in the amount of liquid and, finally, the disappearance of the 
liquid phase. This phenomenon was first observed by Cailletet on a 
mixture of C0 2 and air and is called retrograde condensation of the first 
kind. Figure 34 represents schematically an isothermal P-£-diagram 
and shows how this phenomenon can occur. The dot indicates the 
critical point. The compression occurs along the broken line. Con¬ 
densation starts at point A; further compression causes the amount 
of liquid to increase, then to decrease again until the liquid phase 
finally vanishes again at point B. Analogous behaviour is observed if 
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the temperature is varied at constant pressure. This behaviour is 
described as retrograde condensation of the second kind. 

The most remarkable and strange critical phenomenon is called 
critical opalescence. This was found by Avenarius (1874) only a few 
years after the discovery of the critical point. If a gas of critical 
density is cooled it starts to emit a bluish opalescent light at about 
1 °C above the critical temperature. The intensity of this light 



Fig. 34. Explanation of retrograde condensation. CP = critical point 


increases rapidly on approach to the critical point although the 
system is still homogeneous. This phenomenon is caused by a large 
increase in light-scattering intensity, particularly in a forward direc¬ 
tion, on approaching the critical point. The same manifestation is 
observed near the critical point of unmixing in liquid and solid 
systems. In the latter case, of course, X-rays are required for the 
demonstration of the phenomenon. Theoretical analysis shows that 
the critical opalescence is likewise a direct consequence of the fact 
that the critical point lies on the boundary of the stability region. 

§ 48 Transitions of higher order. The Ehrenfest equations 

The characteristic functions introduced in Chapter III are con¬ 
tinuous functions of the quantities of state and can, in general, be 
differentiated as many times as we like. When this is not so for 
certain well-defined values of the quantities of state, we speak of a 
(thermodynamic) transition. We shall confine our discussion to the 
Gibbs free energy of one-component systems since the appropriate 
conditions are particularly easily comprehensible. The simplest 
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example of transitions is found in phase changes! which a new 
phase appears while the original phase finally disappears (e.g. melt¬ 
ing, evaporation). The region of state in which the two phases co-exist 
constitutes the heterogeneous equilibrium which was discussed in 
detail in Chapter IV. We there used the fact of experience that the 
molar volumes, the molar entropies, and therefore also the molar 
enthalpies of the two co-existing phases always differ by finite 
amounts. In connexion with the present section we are, however, not 



T (°K)-► 

Fig. 35. The molar enthalpy of argon in the region of the normal boiling point 

interested in the co-existence of the phases but in the behaviour of the 
characteristic function over a larger region of state. The state of 
affairs under discussion then means, according to (21.37), that at the 
place where a phase change takes place the first derivatives of the 
molar Gibbs free energy show a discontinuity and thus cannot be 
differentiated.! The discontinuity of the molar enthalpy can best be 
seen from eq. (24.9). We may regard these statements as the thermo¬ 
dynamic definition of a phase change. Since they are usually easily 
verified experimentally and, furthermore, other physical properties 
of the phases (e.g. crystal structure) can be used in addition, it nearly 
always is possible to identify phase changes with certainty. Figure 35 

t In the literature the expression ‘phase change’ is often also used in the 
more general context of thermodynamic transitions. 

t We can say alternatively that at the place where a phase change takes 
place the second derivatives of the Gibbs free energy become infinite. 




194 


Transitions of higher order. Ehrenfest equations [§ 48] 

shows the behaviour of the molar enthalpy of argon in the vicinity of 
the boiling point at normal pressure (1 atm) as an example. 

Many transitions have, however, been found for which entropy and 
volume are continuous at the transition point whereas the second or 
possibly higher derivatives of the Gibbs free energy are discontinuous. 
We shall call these collectively transitions of higher order and shall, for 
purposes of clarification, show the dependence of the molar heat on 
temperature at constant pressure for a few systems. 



Fig. 36. The molar heat capacity of 4 He in the region of the A-point 


One of the best known examples is the A-transition which occurs at 
2*19 K in liquid 4 He under normal pressure. The name is due to the 
shape of the C(T)- curve which is shown in Fig. 36 (taken from the 
older literature).f 

Transitions of higher order have also been found in alloys (substitu¬ 
tion mixed crystals). They are usually called hyperstructure transitions 
since they are related to the appearance or disappearance of the 

f For experimental reasons the molar heat of liquid helium is measured at 
the equilibrium vapour pressure. 
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so-called hyperstructure lines in the X-ray diffraction diagram. 
Figure 37 shows the C P (T )-curve for /3-brass.f 

Many crystals consisting of molecules or polyatomic ions also show 
higher-order transitions. Such transitions are usually called rotation 
transitions.% As examples we show the behaviour of the molar heats 
of ethylene dibromide (Fig. 38) and hydrogen iodide (Fig. 39). 

We finally come to electric and magnetic transition points (Curie 
point, Neel point, etc.) which also belong to the type under discus¬ 
sion. We shall, however, only give one example (Fig. 40) since we 
shall return to these transitions in Chapters IX and X. 



Fig. 37. The specific heat of /8-brass 


The first attempt to classify these manifestations and to develop a 
thermodynamic theory for them was made by Ehrenfest. His scheme 
implies a generalization of the definition of a phase change formulated 
above and defines a phase change of the nth. order generally by the 
statement that the Gibbs free energy and its derivatives up to the 
order n — 1 are continuous while the nth derivatives show finite 
discontinuities. The case n = 1 includes phase changes which are, 
therefore, also called first-order transitions. It is easy to see that 
relationships analogous to the Clausius-Clapeyron equation (31.6) 

t The region of existence of the /3-phase lies between 45*8 and 48*9 atom 
% Zn in the temperature range under discussion. 

+ The name is taken from an older hypothesis due to Pauling, according to 
which free rotation of molecules or ions sets in at the transition point. Actually 
we are dealing with a difference in degree of orientation. 
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must exist for the higher-order transitions defined above. To keep the 
discussion simple, we shall confine our attention to the most important 
case which is n = 2. We must first make the requirements more 



Fig. 40. The specific heat of iron in the region of the Curie point 


precise by assuming that the first derivatives of G* are continuous 
over a finite stretch of the equilibrium curve (not merely at one 
isolated point). We then have 


and 



d 2 G* d 2 G* 
-dS* = -^dT + 4^dP 


dT 2 


dPdT 


d 2 G* d 2 G* 

: dF* = —— dT + ——-dP 

dTdP dP 2 


From the definitions (25.4)-(25.6) we get 


(48.1) 


(48.2) 


d 2 G* C P d 2 G * d 2 G* _ 

8T* - -7p > QTdp- V “> t,p2 - 


(48.3) 


If we denote the temperature and pressure of the second-order transi- 
tion by T u and P n respectively, then 

dT u 
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d^ x K n — K 


(48.5) 


must be true because of the assumed continuity of S* and F* and 
because of (48.1)—(48.3). Equations (48.4) and (48.5) are the Ehrenfest 
equations for second-order transitions. 

The Ehrenfest equations (just like the theory of critical phases 
discussed in § 45) constitute an application of thermodynamics to a 
set of previously defined circumstances. Whether these circumstances 
correspond to those occurring in nature can only be decided by experi¬ 
ment or by statistical thermodynamics. Higher-order transitions were 
originally usually regarded as second-order transitions in the sense of 
the Ehrenfest definition. Numerical values for the discontinuity in 
the specific heat are often found in the older literature. It should, 
however, be obvious that these statements do not follow from the 
experimental results with anywhere near the same certainty as 
analogous problems involving first-order transitions. In view of these 
difficulties it is reasonable that the first well-founded objections to 
the older concepts should have come from statistical thermodynamics. 
Onsager succeeded in 1945 in calculating exactly the thermodynamic 
functions for a simple two-dimensional model (the so-called Ising 
model); he also showed that the specific heat tends logarithmically to 
infinity at the Curie point and at the transition point of a hyperstruc¬ 
ture transition. Figures 41 and 42 respectively show the course of the 
enthalpy and of the specific heat in the vicinity of a transition of the 
Onsager type.f 



Fig. 41. Enthalpy in the region of an Fig. 42. The specific heat in the region 

Onsager transition (schematic) of an Onsager transition 

t The Ising model is based on a rigid lattice. The compressibility and the 
coefficient of thermal expansion are therefore zero and the theory yields the 
internal energy and the molar heat at constant volume. Figures 41 and 42 are 
scaled to the other figures in this section. 
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Nobody has so far succeeded in solving the resulting three- 
dimensional problem. Methods of successive approximation which 
have been much improved in recent years make it practically certain 
that the specific heat at the transition point here also tends to infinity. 

The first experimental indication of the correctness of the new 
concepts was obtained by Fairbank et al. (1957) by means of precision 
measurements on liquid helium where the temperature was measured 
and controlled to better than 10 -6 degrees. The results shown in 



|r-7\| degrees-► 

Fio. 43. The molar heat capacity of 4 He in the region of the A-point from 
recent precision measurements 

Fig. 43 can be represented very accurately by a formula which 
becomes logarithmically infinite at the A-point. It is, therefore, almost 
beyond doubt that the A-transition of helium has essentially the 
characteristics of a transition of the Onsager type. 

A survey of the experimental results for other higher-order transi¬ 
tions shows that in the great majority of cases the experimental data 
are compatible with the picture outlined above. According to opinions 
generally held at present, the only case established with reasonable 
certainty of a second-order transition of the Ehrenfest type is the 
beginning of superconduction at vanishing magnetic field strength. 
This transition will be discussed in § 67 and we shall, therefore, give 




200 


Tisza's theory . I: The general basis [§ 49] 

no details here. In most other cases we are probably dealing with 
transitions of the Onsager type. The Ehrenfest theory is, therefore, 
not applicable and we are faced once more with the problem of finding 
a purely thermodynamic treatment of higher-order transitions. 

§49 Tisza’s theory. I: The general basis 

A new purely thermodynamic theory of higher-order transitions, 
which takes Onsager’s results into account, was developed by Tisza 
(1951). Tisza’s theory is based on the assumption that most higher- 
order transitions do not differ essentially from the critical points 
discussed in § 45. The theory of higher-order transitions is, therefore, 
obtained by a suitable generalization of the theory of critical phases. 
Before proceeding with this we shall briefly describe the arguments 
which support the above assumption. Two results are of special 
significance in this connexion, the first being of a purely theoretical 
nature. We can show explicitly for the Ising model (cf. § 48) that the 
ferromagnetic Curie point, the hyperstructure transition, the critical 
condensation point, and the critical solution point of a binary solution 
are mathematically equivalent.| The second argument is based on a 
conclusion drawn from Tisza’s ideas. The conclusion goes beyond the 
framework of thermodynamics but it is verifiable directly by experi¬ 
ment. If we consider higher-order transitions as a special kind of 
critical point, statistical theory leads to the very reasonable result 
that scattering phenomena must appear in the vicinity of the transi¬ 
tion point. The scattering phenomena are completely analogous to the 
critical opalescence mentioned at the end of §47. These scattering 
phenomena (or equivalent effects) have been experimentally demon¬ 
strated in many cases. The evidence for the correctness of Tisza’s 
theory can, therefore, be accepted as sufficiently certain. 

We now want to generalize the theory of critical phases so that it 
will include most higher-order transitions. For this purpose it is neces¬ 
sary first of all to remind ourselves of the method used in § 46. We 
started from a purely phenomenological definition of a critical phase 
and then reduced this definition to an abstract statement about the 
stability conditions. This reduction was possible only because we had 
in § 39 particularized the concept of the stability of a homogeneous 
phase as a stability with respect to separation into at least two phases 
different from the original phase. A generalization of the theory must, 
therefore, necessarily start with the formulation of the concept of 

t The equivalence derives from the abstractly defined parameters of the 
Ising model being physically interpreted in different ways. 
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stability. According to the discussion in §39, the question arises 
whether this can be done within the formalism of thermodynamics. 
We can actually do this since we used the formalism only partially in 
§ 39. First of all, we used only one work co-ordinate, the volume. This 
limitation is not required by thermodynamics as can be seen from 
§§14 and 15. The limitation will not be admissible for many of the 
systems in question here as can be seen from the examples given in § 46. 
We shall here give only one illustrative example since the introduction 
of further work co-ordinates will be discussed in Chapters VIII-X. Let 
us consider a ferromagnetic crystalline solid above the Curie point. 
The total magnetization is here an additional work co-ordinate (exten¬ 
sive parameter) and the magnetic field strength is the conjugate 
generalized force (intensive parameter). If we choose the latter as the 
independent variable, the magnetization tends to zero with vanishing 
field strength corresponding to a disordered distribution (over con¬ 
siderable regions) of the spin orientations. The comparison state 
needed, according to § 40, for the derivation of the stability conditions 
(the asterisked state) is now a state in which the magnetization has a 
finite value even at a vanishingly small field strength, i.e. in which 
there is spontaneous magnetization as there is in the stable state below 
the Curie point. This state corresponds to a preferred parallel orienta¬ 
tion of the spins. The state does not generally constitute a phase in 
the thermodynamic sense but may be treated as such for the purpose 
of deriving the stability conditions, fj We shall not carry out a detailed 
derivation but merely note that the most important result for our 
purpose is the statement that the reciprocal magnetic susceptibility is 
always positive for a stable phase. 

A considerable number of higher-order transitions is not covered by 
the introduction of additional work co-ordinates; among them are, in 
particular, the A-transition of helium, hyperstructure transitions, and 
rotational transitions. For these cases we can use a method used 
so far almost exclusively in the treatment of chemical reactions 
(§§36 and 44), i.e. the introduction of internal parameters. These are, 
as explained in §14, not variables of state; on the contrary, we 
showed in §17 explicitly by means of an example that their equi¬ 
librium value is determined by the values of the variables of state. 

f The magnetization must obviously here bo chosen as the independent 
variable. 

I The theorem proved in § 45 concerning the number of degrees of freedom 
does not apply to the critical point (i.e. the Curie point in this case) since we 
are not dealing with a phase in the thermodynamic sense. 
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Since, however, internal parameters have independent significance 
apart from the equilibrium, they can, as shown in §§ 14 and 39, be 
introduced as independent variables into the fundamental equation 
for the treatment of equilibrium and stability problems. 

We choose as our illustrative example the case of /?-brass which is 
particularly easy to understand. For simplicity we shall assume an 
atom ratio of 1 : l.f /?-Brass has a body-centred cubic crystal lattice. 
The minimum potential energy corresponds to a distribution of atoms 
such that each Cu atom has only Zn atoms as nearest neighbours and 
vice versa. At the absolute zero, therefore, each centre of a cube is 



(a) 


(b) 


Fig. 44. Distribution of atoms in j3-brass. a, ordered, b, disordered 


occupied by a Cu atom while the corners are occupied by Zn atoms 
(or vice versa) (Fig. 44a). If we imagine the body-centred cubic lattice 
to be formed from two interpenetrating simple cubic lattices, one 
simple lattice will, at the absolute zero, be occupied only by Cu atoms, 
the other only by Zn atoms. With increasing temperature, increasing 
numbers of atoms migrate to ‘wrong’ lattice positions. The simple Cu 
lattice thus contains increasing numbers of Zn atoms and the Zn 
lattice corresponding numbers of Cu atoms. Above the transition 
point the ratio of atoms is 1 : 1 in each simple lattice also, i.e. half 
the centres and half the corners of cubes are occupied by Cu atoms, 
the other halves by Zn atoms (Fig. 44b). This behaviour can be 
described, according to Bragg and Williams, by an internal para¬ 
meter called the degree of long-range order rj. If we denote the number 
of Cu atoms in the ‘right’ lattice positions by 2^(1), and the number 
of Cu atoms in the ‘wrong’ lattice positions by 2^(2) we have 


= 2\r i (l)-2V 1 (2) 
1 2 \T 1 (l) + tf 1 ( 2 j* 


(49.1) 


t Deviations from this ‘stoichiometric* composition are usually not signifi¬ 
cant for the purpose of theoretical considerations. 
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This definition shows immediately that the degree of long-range order 
at stable equilibrium at the absolute zero is unity whereas it is zero 
above the transition point. If we again consider the region above the 
transition point, we see that the comparison state necessary for the 
derivation of the stability conditions (the asterisked state) is charac¬ 
terized by a finite value of the degree of long-range order. We thus 
find that the second derivative of the internal energy with respect to 
the degree of long-range order must be positive for a stable phase. 

We need not here consider the question how the internal parameter 
is to be defined in each individual case. The question must be answered 
by statistical thermodynamics in connexion with the discussion of the 
molecular mechanism. We may without hesitation assume the possi¬ 
bility of such a definition since it is known explicitly for a number of 
cases (but not for the case of the A-transition of helium). However, the 
fact that internal parameters are not variables of state has con¬ 
sequences which must be taken into account in the development of 
the theory. Firstly, the comparison phase is now no longer charac¬ 
terized by macroscopic measurable quantities in the sense of §2. 
A critical investigation of the question how far thermodynamic 
formalism is applicable is, therefore, not superfluous. We cannot 
enter into a detailed discussion of this question but merely state that 
Tisza and Klein have formulated a criterion which must be obeyed by 
the internal parameters introduced into the fundamental equation. 
The second consequence results from the relationship 

Q.-° (49 - 2) 

which defines the equilibrium value of the internal parameter. 
Comparison with (20.9) shows that (49.2) means that the intensive 
parameter conjugate to rj must at equilibrium be identically equal to 
zero. We showed this explicitly in §§14 and 37 using chemical 
affinity as our example. Internal parameters can, therefore, not be 
incorporated into the Legendre transformation of the fundamental 
equation as far as quasi-static processes are concerned. This limitation 
does not apply to the virtual displacements used for the derivation of 
equilibrium and stability conditions since these displacements by 
definition lead to non-equilibrium states. The ‘intensive’ parameters 
conjugate to the internal parameters here differ from zero (as can 
again be seen by using affinity as an example). Since the derivatives 
of these quantities with respect to the internal parameters generally 
differ from zero even at equilibrium, the internal parameters can now 
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be wholly incorporated into the formalism of thermodynamics. We 
need not, for the present, pay any attention to their special position. 


§50 Tisza’s theory. II: Formulation of the stability conditions 

We shall first turn the stability conditions into a form which takes 
into account the above-mentioned generalizations and is, at the same 
time, more convenient for the present problem than the formulations 
on §§40 and 41. We can here use the characteristic functions and 
extensive parameters in a form independent of the size of the system 
as was established in detail in §40. We shall not, however, confine 
ourselves to mean molar quantities but leave the form of the reduc¬ 
tion open; we shall use lower-case letters for the reduced quantities 
following a generalized form of the notation used in § 20. The symbol 
X i for extensive parameters will now also include internal parameters.! 
Furthermore, we denote, otherwise than in eq. (21.1), the total number 
of independent variables (including internal parameters) of the funda¬ 
mental equation by r + 1. The fundamental equation can now be 
written in the reduced form 


u = u(x ly ...,x r ). (50.1)J 

The generalization of (20.41) gives for the intensive parameters 

In comparison with the terminology of elasticity theory we shall give 
the second derivatives of u the name thermodynamic moduli. These are 
always finite or zero. We can write them as 


d 2 u 


U% * dx-dx. 


riLrt1L 


(50.3) 


If the quadratic matrix formed from these quantities is denoted by 
D, we have 

D = [*<,]. (50.4) 

If the matrix of the thermodynamic moduli is not singular, i.e. 
D = 0 for this determinant, we can define the reciprocal matrix by 
the equation 


c = fll = 5 


(50.5) 


f The justification for this notation can be seen, for example, from eq. (36.5). 
The degree of long-range order defined by eq. (49.1) is obviously already a 
reduced variable in this context. 

J The quantities defined above must not be confused with mole fractions 
which do not occur in this section. 
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The matrix D is obtained by first substituting for each element D tj 
of the matrix D the co-factor of D from the determinant D ; rows 
and columns are now interchanged in the new matrix. This procedure 
would seem to make the calculation of the elements of C extremely 
difficult. This calculation is, in fact, very easy since, according to 
(47.5), D represents a Jacobi determinant whose reciprocal is obtained 
directly from (25.16)—(25.18). In this way we find that the elements of 
Care given by /a~ \ /8x\ 

-(&)*.-■* (506) 


We shall again draw comparisons with elasticity theory and call the 
quantities Vy thermodynamic coefficients .f 

From § 21 we have for the thermodynamic potentials that J 


</r<*> = u-XPiXi, (50.7) 

i=l 

P*> = P»(P l ,...,P k9 z k + 1 ,...,x r ) (50.8) 

with the first derivatives 



(i-i.*i. 

(50.9) 


f '■ ... 

(50.10) 

We can write the second derivatives of ip (k) with respect to extensive 

parameters as 



w = 8 ^ k) = 

^ jl dxj dx t 

(*S\ = (*J!\ = w 

\ dx l/Pi^+, \ 8x Jp,.x m ^ h 


(i = 

1, j,l = k+l, m = k+l,.. 

...r; (50.11) 


m ^ l,m ^ j respectively). 

It should be noted that the quantities defined by (50.11) are not 
identical with the thermodynamic moduli defined by (50.3), although, 
like the thermodynamic moduli, they are always finite or zero. 

The generalized stability condition has a form completely analogous 
to that of (40.11). We have merely to introduce into the quadratic 


t In English language publications are usually called stiffness moduli , the 
v it are called compliance coefficients while D and C are respectively called 
stiffness matrix and compliance matrix. 

J The reasons for the slight change in notation compared with § 21 are easily 
recognized. 
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form the above-mentioned additional variables. Using (50.3) we thus 
obtain explicitly 

8 2 u = ^ 2 % & x i (50.12) 

or, in matrix notation,f 

8 2 u = %8x.D. 8x >0 (50.13) 

where 8x is the column vector formed from the components 8x t and 
8x is the corresponding transposed vector (row vector). Since, accord¬ 
ing to (47.5) the matrix D is symmetric it can always be changed into 
a diagonal matrix A by a congruent transformation. We shall denote 
the elements of A by A*. We have, therefore, 

A = Q.D.Q = [A|8fl], (50.14) 

where Q is the transformation matrix, Q its transposed matrix,f and 
8 {j is the Kronecker delta.§ 

The quantities A i defined by (50.14) are not the eigenvalues of the 
matrix D since the congruent transformation (50.14) is not ortho¬ 
gonal. Since, furthermore, a congruent transformation is not unique, 
the values of the are also not unique. They depend on the initially 
chosen sequence of variables. According to Sylvester’s law of the 
inertia of quadratic forms, however, the numbers of positive, negative, 
and vanishing A i are not changed by a permutation of the variables. 
Now, our thermodynamic problem is concerned only with these 
numbers and any sequence of the variables therefore leads to the 
same ultimate result. This can be easily verified by means of explicit 
examples. The lack of uniqueness is, therefore, of no significance for 
our purpose.|| 

If we now introduce the new variables y t by the transformation 

8x = Q.8y , (50.15) 

we obtain, from (50.13)-(50.15), 

8 2 u = £Sy.A.Sy >0, (50.16) 

t In connexion with the following discussion the reader is reminded that the 
product of two matrices AB = C is a matrix with the elements c if = ^A ik B kj . 

k 

+ The matrix formed from a given matrix A by interchanging rows and 
columns is called the transpose of matrix A and is denoted by /[. 

§ The Kronecker delta is defined by 8 it = ( \ ^° r \ ~ 

* J li 10 for i = j 

|| The orthogonal transformation thus offers no advantage as far as 
uniqueness is concerned but has the disadvantage that the eigenvalues have 
no direct physical significance. 
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S 2 M = ^2A i (S 2 /a 2 >0. (50.17) 

The stability condition can, therefore, be fulfilled only if 

A.>0 (»=l,...,r). (50.18) 

It is true, however, although we cannot give the proof here, that 

*i = TT-> (50.19) 

1J i-l 

where the are the principal minors of the determinant D and we 
put D 0 = 1. From (50.18) and (50.19) we get the equivalent form of 
the stability conditions 

£.>0 (i = 1, ...,r). (50.20) 

If we confine ourselves to the variables used in § 40 and, in particular, 
we understand u to be the mean molar internal energy, then (50.20) 
becomes identical with (40.12). Equation (50.19) gives the important 
relationship r 

n\ = D r = D. (50.21) 

i =1 


We can deduce another useful form of the stability conditions by 
starting with eq. (50.2). From this and the definitions (50.3) and 
(50.4) we get the set of inhomogeneous linear equations 


8P = D.8x. 

If we now put 

8P X = 8P 2 = ... = 8P k _ x = 0, 

8x k+1 = 8x k+2 = ... = 8x r = 0 

eq. (50.22) becomes 

0 = u ll 8x 1 + u 12 8x 2 + ... + u lk 8x k , 

0 = U k _i i SXj + U k _ 12 ^2 + • • • + ^k-lfk ^k* 

8P k = u kl 8x ± + u k2 8x 2 +... + u kk 8x k , 


(50.22) 

(50.23) 


(50.24) 


SP r = u rl 8x x + Urf 8 x 2 + ... + u rk 8x k . 


We can confine the argument to the first k equations, although we 
shall not give the proof for this. Application of Cramer’s rule then 
gives n 


D 


^P k , 


(50.25) 
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where the D k are again the principal minors of the determinant D. 
Because of (50.23) we can write (50.25) as 

(~) --£*-> = (50.26) 

\c x k)Pi*j D k - 1 

Equations (50.19) and (50.26) together with the definition (50.11) 
therefore give 

A* = (50.27) 

The stability conditions may thus be written in the form 

^>0 (k= l,...,r). (50.28) 


§51 Tisza’s theory. Ill: Critical points and higher-order transitions 

We now define a critical point in the generalized sense discussed 
abovef by the statement that it is the point where the quadratic 
form (50.13) becomes positive semidefinite. We then immediately 
get from (50.17) that one of the quantities A* vanishes at the critical 
point and, further, that D = 0 because of (50.21). We have already 
used the latter in § 46. We also conclude from this, in connexion with 
eq. (50.5), that all thermodynamic coefficients with an associated 
co-factor | D tj | # 0 tend to infinity. It is therefore possible in principle 
that certain thermodynamic coefficients remain finite at the critical 
point. Thermodynamics can give no information about this if it 
happens accidentally (i.e. because of special properties of the system 
under consideration). We shall, however, now show that such 
behaviour can occur for systematic reasons, i.e. because of the 
thermodynamic structure of the critical point. 

We shall start by asking: for which subscript s is X s — 0 at the 
critical point. Since the values of the A* depend on the original 
sequence of the variables, we shall assume the sequence to be such 
that s has the smallest possible value. We now distinguish between 
two cases : (a) the normal case s = r; (b) the exceptional case scr.J 

In order to clarify the meaning of this division we shall now carry 
out the transformations (50.14), (50.15) explicitly (we previously only 

t We shall use the expression ‘critical point’ in the generalized sense of 
Tisza’s theory throughout this section. 

J This distinction obviously makes sense only if the definition of the normal 
case is independent of the sequence of the variables. We shall show explicitly 
later, by means of an example, that this is so. 
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used a theorem of linear algebra). We therefore transform the quad¬ 
ratic form 

L ij 

into a sum of squares by stepwise completion of the squares. We shall 
assume for this purpose that u u ^ 0 for alH.f Since we have 


( 8x l + 2 U u 8x )\ = (S^i) 2 + 2 2 My 8x x 8x } + 4- ( S My Sa4 

\ u n j=2 / u uj=2 u n\j=2 ] 


(51.2) 


we can write (51.1) as 

= \ | M ll( Sa; i + ^- SMySZy) - ^ ( 2 My 8xA + 2 My 8x ( SZy] . 

^ L \ U 11 j=2 } U \\ \j=2 J i,j=2 J 


With the notation 


1 r 

8 yi = 8 x t + — 2 My 8 Xj 

u ii 2 


and 


u\y = = — 

3 3 M U M U 


U 11 u lj 
U li u i3 


we obtain as the first step 


1 r 


S 2 M = |m u %i) 2 + 9 2 M^&Cy&By. 

L i,j =2 


(51.3) 

(51.4) 

(51.5) 

(51.6) 


The equation can easily be changed to a different form. In (50.23) we 
put k = 2 and add to the system (50.24) all the analogous systems of 
equations obtained by replacing 8x k by 8x } - with k + 1 < j ^ r. If we 
omit superfluous equations we obtain r — 1 systems of equations of 
the form 

0 = u n 8x t + Uy 8xp 
8Pi = u n 8x x + uy 8xj (i J = 2,..., r) 

This, with (50.11), (50.27), and (51.5), gives 

u \i = ^i> 

t The mathematical condition for this is that the matrix D is of rank r 
which implies the above assumption. 

8 


(51.7) 

(51.8) 
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and, with (51.6), we now get 

S 2 « = R(%i)2 + \ £ #}> Sx^Xj. (51.9) 

Z i,j =2 

The second term of the right-hand side contains only r — 1 variables. 
We now get, from the original supposition, that t/jW # 0 for i = 2,..., r. 
The process can, therefore, be continued and the next step leads to 
the expression 

S 2 « = R^,) 2 + f A 2 (S*/ 2 ) 2 + 1 £ hxt 8 Xj (51.10) 

z i,j =3 

with 

8y 2 = 8x 2 + -Ls^Sx,.. (5l.ll) 

Y 22 i=3 

The quadratic form (51.1) is thus finally completely transformed into 
the sum of squares (50.17). Equations (51.4), (51.11), and their further 
analogues represent explicitly the reversal of the transformation 
(50.15). We can see from the general form of these equations that the 
last of them is simply 

8y r = 8x r . (51.12) 

We now drop the assumption we made initially and assume instead 
that 

= 0. (51.13) 

Because of (51.12), this does not cause any difficulties in the trans¬ 
formation when s = r. The quadratic form is, however, now positive 
semidefinite as we can see clearly by putting 

fyi = Sy 2 = ... = 8y r .i = 0, 8y r # 0. 

This is the above-mentioned normal case. 

The situation is different in the exceptional case s < r. The process 
of completion of squares now stops with the subscript s — 1 as can be 
seen from eq. (51.11). We therefore have 

s 2 « = \ sVy,) 2 +^r 1 ’ (Sag 2 + £ 3x > 

Z i =1 j=s +1 

+1 £ tir 1)8 *i 8x r ( 5U4 > 

L i,j=8 +1 

If we now put 


S«/i = S«/ 2 = ... = 8y s _, = 0, 8x s # 0, 
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and 

SaVn = S.r s+2 = ... = Sx r = 0 

we can see that at least the form (51.14) can assume the value zero 
because of (51.13); however, (51.14) is not positive semidefinite but 
indefinite, i.e. it can assume positive or negative values. We can show 
this to be so by assuming that ^f -1) # 0 (l > s) and by putting 

%i = %2 = ••• = i = °> & x s t* 0, 8x * ^ 0, Sxj = 0 

for j ^ l. With (51.13) we then get from (51.14) that 

8 2 u = ifj ( 8 f -1) 8x ff 8x l + bip { ll 8 ~ 1) (8x t ) 2 . (51.15) 

This expression can, however, be made positive or negative by a 
suitable choice of 8x s and 8x t and the assertion is thus proved. If, 
therefore, (51.13) applies, the quadratic form (51.14) can be positive 
semidefinite only if the condition 

^r u = ® =° U’ m > s ) (5i.i6) 

\ CX j/Pl . 

is fulfilled. With (51.13) and (51.16), eq. (51.14) reduces to the 
expression 

s s « = < 51 - 17 ) 

^ i=l " ij=s+l 

In the reduced form the right-hand side no longer contains the 
variable 8x s . It is, therefore, positive definite and the completion of 
the squares can be continued. We must, however, remember that the 
variable x s is no longer included in the sequence of Legendre trans¬ 
formations. In the second term of the right-hand side of (51.17) the 
quantities 

= (f?) 

\ CJX k' Pi, ..,/ > ,_i.jr # ,Pj + i. Pa-i^a-h. x r 

derived from the thermodynamic potential 

9 i/j< k -v = u-’xPiXi (51.19) 

i=l 

therefore replace the quantities We shall not follow this 

through since we shall not require these details in our further 
discussion. 

So far we have considered only second-order variations. It is easy 
to see that this corresponds to the derivation of the first equation for 
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the critical point when applied to phase transitions. A farther relation¬ 
ship for the critical point must, therefore, exist within the framework 
of the generalized definition of this section. This relationship is 
obtained from a consideration of third-order variations. We shall for 
this purpose investigate a special variation for which Su = 8 2 u = 0 . 
The general stability condition (18.2) can then be fulfilled if 8 z u = 0 
also. We thus now imagine eq. (51.1) written with the inclusion of 
third-order terms and we again carry out the same transformation of 
the independent variables. The variation 

S 3/1 = ... = Sy s _i = 0 , 8x s + 0 , 8x 3+1 = ... = 8x r = 0 

then corresponds strictly to the above definition and we obtain 






(51.20) 


Thermodynamics can only make a conditional statement concerning 
the question of the behaviour of the variations (or derivatives) of 
higher order. If 8 2i u = 0 for i = 1,2, ...,n, then 8 2n+1 u = 0 also. The 
question itself can, however, only be answered by experiment or by 
statistical thermodynamics. No one has succeeded, so far, in solving 
this problem completely. The problem is, however, not very signifi¬ 
cant for the purposes of thermodynamics since statements about the 
fourth derivatives of thermodynamic potentials already lie at the 
limits of experiment, particularly in the vicinity of critical points. 

We shall now summarize the relationships which define a critical 
point in Tisza’s formulation. They are: 

= 0, = 0, (51.21) 

> 0 (k<s), (51.22) 

#r 1) = 0 > (i>*)- (51.23) 

For the normal case (5 = r), the conditions (51.21) and (51.22) 
correspond exactly to the formulations derived in § 46 for the special 
case of phase transitions. The condition (51.23) is then redundant. 
We have mentioned previously that all thermodynamic coefficients 
tend to infinity at the critical point. This statement can also be 
formulated in a different way. We derive from eq. (50.22) that 


d 2 ^ 



\2k 

D ’ 




(51.24) 
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Since the matrix D is singular at the critical point, we have 

For the exceptional case, the extensive parameters are divided into 
two classes, x l9 ...,x s and x s+1 , ...,x r , by the condition (51.23). They 
are independent in the sense that, in the immediate neighbourhood 
of the critical point, a change in the parameters of the second class at 
constant P v ...,P S _ X does not influence the intensive parameter P s . 
Since 11 = we have the equivalent statement that a change 

in x s under the same secondary conditions does not influence the 
intensive parameters P s+1 ,.. ., P r . In order to investigate the behaviour 
of the second derivatives, we first consider a state far from the critical 
point and put 

8Pj 7^ 0, 8Pl — 0 (j, l = 1 , ...,S'y j 7^ l)y 

} 1 >j'/> (51.26) 

8x g+ i = ... = 8a: r = °. 


If we resolve the system of equations (50.22) with respect to 
&r x ,..., 8x s under these conditions, we obtain 


a 2 

dPJp< 


] _ (dxA 

) \dPj) Pi,x m 


_ i Ds \ij 

D a 


(i>j^s\ l^s; m>s). (51.27) 


The matrix D s becomes singular at the critical point according to 
(50.19), (50.27), and (51.21). We therefore obtain 


KSL.H <51 - 28) * 

The second derivatives with respect to the extensive parameters 
ifjff ( k,l>s ) can, as already mentioned, have no singularities. Second 
derivatives of mixed extensive and intensive parameters are without 
significance for stability problems as was shown in §41; they must, 
therefore, likewise show ‘normal’ behaviour. § 

According to the foregoing results we can say that the critical point 
is generated by the co-operation of the s extensive parameters of the 
first class; we shall from now on call them critical parameters. Tisza 
and Callen give transitions for which the entropy is one of the critical 
parameters the name order-disorder transitions whereas transitions 


t The vertical lines do not here indicate a determinant but the absolute 
value. 

t See footnote above. 

§ Analogous statements apply to thermodynamic coefficients. We shall not 
prove this here. 
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for which the entropy belongs to the second class (i.e. a parameter 
irrelevant for the critical point) are called displacive transitions. 

We now give a few simple illustrative examples. The most important 
applications can be discussed only when we reach Chapter IX since 
they require the introduction of additional work co-ordinates. 

We first consider the critical point of vaporization of a one- 
component system. The fundamental equation for molar quantities is 

u = u(s, v). (51.29) 

With the definitions (20.21a), (25.4)-(25.6) the matrix of the thermo¬ 
dynamic moduli now becomes 


(51.30) 


Si 

Si 

c* 

1— 



1 - 

Si* 

\fo)v \ dv Js 


Cy KCy 



T 

- L a 



t<Cy Cy /fVJ 


For the matrix of the thermodynamic coefficients we obtain 

Wp “Wa 


C = D = 


(; 


dv\ 

dp). 


T 


VK 


(51.31) 


Transformation into the diagonal form according to eq. (50.27) gives 
d 2 u T x d 2 f idP\ 


A 1 = 


ds 2 


\ J21 

dv 2 


= - -1 
\8v) t ’ 


(51.32) 


where / is the molar Helmholtz free energy, s and v are the critical 
parameters. We are thus dealing with the normal case. At the critical 
point A 2 = 0. From (51.21) we obtain explicitly 


(dP\ „ id 2 P\ 
(^) r -0, (aP’jr -0 


(51.33) 


in agreement with (46.1). All the thermodynamic coefficients tend to 
infinity at the critical point. We have, therefore, according to (51.31) 

Cp-> oo, a-> oo, k->co. (51.34) 

We now change the sequence of variables and put x x = v, x 2 = s. The 
diagonal elements then have to be interchanged in (51.30) and (51.31). 
We thus find the elements of the diagonal matrix to be 

C P 


A — 

1 dv 2 C v kv 9 


_8 2 h _ T 
^~'ds 2 ~~Cp' 


(51.35) 
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At the critical point we again have A 2 = 0 . We have thus shown 
explicitly that the definition of the normal case is independent of the 
sequence of the variables. The relationships (51.34) remain valid here 
and the first one of eqs. (51.33) follows directly. The derivation of the 
second eq. (51.33) is complicated and will not be carried out. 

We shall choose as our second example the critical solution point of 
a binary liquid solution. We shall choose as our concentration variable 
the ratio of the mole numbers c x = nj^. The critical parameters are 
then 5 , v , and c x and we are again dealing with the normal case. From 
(51.21) we again obtain 

< 51361 

The agreement of this relationship with (46.2) is easily established. 
The expression (51.22) gives, for the present case, 




/ T,CI 


> 0 . 


(51.37) 


This relationship states that the isothermal compressibility remains 
finite at the critical solution point. 

The hyperstructure transition of /?-brass mentioned in §48 is a 
simple example of a state of affairs which leads to the definition of the 
exceptional case and to the introduction of internal parameters. We 
have initially the same variables of state as in the previous case, i.e. 
s, v , and c x . The conditions (15.21) are, however, fulfilled neither for v 
nor for c 1 so that the entropy s is the only critical parameter among 
the variables of state. We are, therefore, dealing with the exceptional 
case. The entropy alone does not, however, permit a proper description 
of the circumstances. The reasons for this have already been discussed 
in § 49. We therefore introduce the degree of long-range order 77 defined 
by eq. (49.1) into the fundamental equation as an additional indepen¬ 
dent variable. We then have 


u = u(s , v , c 1} 77 ). (51.38) 

The critical parameters are now x x = s, x 2 = x s = 77 . From (51.21) we 
have for the critical point that 



Pf 

dr } 2 


= 0 . 


(51.39)f 


We find from (51.28) that C v and, because of (25.15), C P tend to 
infinity at the transition point. 

t The second of eqs. (51.21) is not required since eq. (49.2) also applies for 
internal parameters. 



CHAPTER VIII 


Solids 


§52 The strain tensor 

We have so far used only one work co-ordinate, i.e. the volume, in 
explicit calculations. We did, however, come to the conclusion in § 14 
that the introduction of further work co-ordinates is quite simple 
within the framework of thermodynamic formalism. We accordingly 
formulated, in § 15, the Second Law for any (finite) number of work 
co-ordinates. We mentioned, in § 49, some physical problems which 
cannot be dealt with unless additional work co-ordinates are intro¬ 
duced. In this and the following chapters we discuss some particularly 
important examples of such work co-ordinates and use them in the 
treatment of various physical problems. 

According to § 14 a general definition of a work co-ordinate y y is 
that the quantity Yjdy^ gives quasi-static work done on a closed 
system,f where Y denotes the generalized force conjugate to The 
structure of the fundamental equation discussed in § 20 requires that 
the yj are extensive parameters and that the Yj are intensive para¬ 
meters. Apart from this, however, the explicit form of the quantities 
Yjdyj must be deduced from the appropriate field of theoretical 
physics. The derivation of this form is not strictly a part of thermo¬ 
dynamics. For the special case of the mechanical work done on a fluid 
phase, however, this derivation is fairly trivial so that we simply 
wrote down the corresponding expression in § 3. The situation is less 
simple for the work co-ordinates discussed in this chapter. We shall, 
therefore, outline the derivation in each case as far as is necessary for 
an understanding of the thermodynamic considerations. Further 
details can be found in textbooks of theoretical physics. 

We have mentioned previously that the expression — PdV is 
generally valid only for fluid phases. The reason for this is that 
mechanical work done on a fluid phase is necessarily volume work 

t From here on the expression ‘work’ is always used in the sense of this 
definition. 
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whereas a change of form of a solid body also requires work. This can 
be expressed more precisely by the statement that definite geometric 
interrelations exist between the material elements within a solid 
body and that their interrelations can be changed only by expending 
mechanical work. A thermodynamic consideration of solid bodies 
therefore requires the introduction of additional work co-ordinates 
even for the case of purely mechanical work (i.e. in the absence of 
external fields and when surface effects are ignored). The definition 
and properties of these additional work co-ordinates will be discussed 
in this section. 



Fig. 45. Description of small deformations 

We shall first investigate the mathematical description of small 
deformations. Let us examine a small region round a point A inside 
a deformable body.*)* We shall choose A as the origin of co-ordinates. 
Let B be a point in the neighbourhood of A within the region. We 
shall denote the position vector of B by r. During a deformation, A 
undergoes a displacement s 0 and becomes A' while B undergoes a 
displacement s(r) dependent on the distance r and becomes B'. We 
denote the distance A'B' by r\ We can read off from Fig. 45 that 

r + s(r) = s 0 + r'. (52.1) 

We now make the following assumptions: 

(a) The region under consideration is so small that powers and 
products of the distances from A of all points B can be neglected. 

(b) The displacement s(r) is a continuous function of the position 
co-ordinates. 

(c) s(r) is so small and changes so slowly that products of the 
derivatives dsjdx, dsjdy, dsjdz, ds y jdx f ... with each other and 
with the components of s(r) can also be neglected. 

f The following general discussion includes, as we shall see, fluid phases as a 
special case. We shall, therefore, not assume, for the present, that we are 
dealing only with solid bodies. 
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With these assumptions we can expand s(r) at the point A into a 
Taylor series and cut the series short after the linear term. In the 
components representation we then have 


S x = %r+ r *g rad S x = S 0x + 


= *0i/ + f -g rad5 y = 8 0y + 

s 2 = $oz + r. grad s z = s 0z + 



(52.2) 


The partial derivatives on the right-hand side represent the nine 
components of a tensor called the vector gradient of s and denoted 
by Grad s. In tensor notation eqs. (48.2) therefore take the simple 
form 

s(r) = s 0 + r . Grad s. (52.3) 


This equation represents the general expression for the displacement 
of the points of the volume element under consideration. According 
to Helmholtz’ fundamental theorem of kinematics this displacement 
can be represented by a superposition of the following three 
movements: 

(a) translation; 

(b) rotation; 

(c) dilation or contraction in three mutually perpendicular 
directions. 

The movements (a) and (b) do not affect the internal energy of the 
body and are, therefore, of no significance for thermodynamics. The 
required work co-ordinates must therefore be obtained from the proof 
of Helmholtz’ theorem. We use for this the fact that any tensor T can 
be expressed as the sum of a symmetric tensor T 8 and an anti¬ 
symmetric tensor T a . f We have, therefore, that 


with 


T= T 8 +T« 

r* = i(r+f), 
r* = i(r-f), 


(52.4) 

(52.5) 


where f is the ‘transpose’ of T (i.e. obtained from T by interchanging 
rows and columns). If we now denote by R the antisymmetric tensor 


t For the components of a symmetric tensor we have that T {j — T ti while 
for those of an antisymmetric tensor T„ = -T„. 
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derived from Grad s according to (52.5) and by S the corresponding 
symmetric tensor, then eq. (52.3) can be written 

s(r) = s 0 + r. R + r. S. (52.6) 

We shall now show that the second term of the right-hand side 
represents a rotation. The velocity v of the points of a rigid body 
rotating at an angular velocity a> is given by the equation 

v = to X r. (52.7) 

This gives (since to is not a function of position)! 

rotv = todivr — to.Gradr = 2to. (52.8) 

The displacement caused by an infinitesimal rotation is therefore 

d s 

ds R = v dt = \ rot d£ x r (52.9) 


or if, as before, we no longer use differentials for displacements 
assumed to be very small, 

s K = irot sxr. (52.10) 

This equation in component notation is 


_ 1 
2 

_ 1 
«Ri/ - 2 

1 

«Rz-2 


(K 

\dy 

/dSy 

\dx 

ik 

\dx 



dx) ’ 

dz) ’ 

8 My. 
dz r 


(52.11) 


The coefficients on the right-hand side are easily seen to be exactly 
the components of the antisymmetric tensor R. This shows that the 
second term of eq. (52.6) represents a rotation. Since the first term 
corresponds to a translation, the last term must represent a displace¬ 
ment caused purely by a deformation. We shall now prove this 
explicitly. 

We shall from now on ignore translation and rotation; we can use 
(52.1) to write eq. (52.6) in the abbreviated form 

r' = r + r.S. 

t It is generally true that 

rot (ax b) = b- Grad a —a- Grad b + a div b — b div a. 


(52.12) 
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The symmetric tensor S which is explicitly given by 


S = 



fox 


ll 

f^ + 

8s v\ 

lj 

( 8s x, 


dx 


2 ' 

l % 

dx) 

2 ' 

ydz 

!j 


8s v\ 


dSy 


lj 

(ds v 

2 ! 


dx) 


dy 


2\ 

K dz 

I| 

(Ss x 

a».\ 

1 

(*• + 



ds z 

2 ' 

{8z 

dx) 

2 

\dz 

8y) 


dz 


#*m\ 

*y) 


(52.13) 


is called the strain tensor . 

In order to investigate eq. (52.12) we first write the displacement 
$ D which corresponds to the last term of (52.6) in a form analogous 
to (52.11), i.e. 


*dx = S xx x + S xy y + S xz z,) 

= Sy X x + S yv y + SyzZ , 




(52.14) 


z = S gx x + S g yy + Sz 8 z. ) 

From a scalar multiplication of eq. (52.12) by r we obtain 
(r'-r).r = s D .r = S xx x 2 + S yy y 2 + S zz z 2 + 2S X yXy + 2Sy Z yz 

+ 2S zx zx =/(x,y,z). (52.15) 

For f(x,y, z) = const., (52.15) is the equation of a second-order 
surface called the strain ellipsoid .f The components of the displace¬ 
ment s B are now obtained from (52.15) in the simple form 

Idf 


s Dx ~ 


2 dx 9 


s -!# 
SD ‘~2dz' 


(52.16) 


Sj)v ~2 dy’ 

We now transform the strain ellipsoid into principal axes and 
denote the new co-ordinates by X lt X 2 ,X 3 . Equation (52.15) then 

becomes ^2 + s n X\ + S m X\ = F(X V X t , X 3 ). (52.17) 

Since eq. (52.16) is independent of the choice of co-ordinates we now 
have 1 3F „ „ \ 

5ti 


_ 1 dF _ 

_ 1 dF _ 

5da '» ~ 2 dX 2 ~ 1121 

, -±K-s X 

s °x> - 2 dX - II13 ' 


(52.18) 


t This name is generally used although the surface is not necessarily an 
ellipsoid. 
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These equations are quite simple to interpret. If we assume that the 
point B in Fig. 45 (p. 217) has the Cartesian co-ordinates X iy (52.18) 
tells us that B will change into the point B' which has the co-ordinates 


X. + s^^X^l+S,). (52.19) 


We have thus shown that the third term in eq. (52.6) represents 
dilation or contraction in three mutually perpendicular directions. 
Helmholtz’ fundamental theorem is thus completely proved. The 
quantities S^S^S^ are called linear dilations. 

The relative volume change 6 associated with a deformation is 
easily calculated in the principal axes representation. If we denote the 
original volume by AF and the volume in the deformed state by AF' 
we can give the definition 


AF'-AF 
AF 


(52.20) 


Suppose that the volume element is a rectangular parallelepiped with 
sides parallel to the principal axes and with one corner at the origin. 
If a { denotes the lengths of the edges in the original state and a\ the 
lengths of the edges in the deformed state we have 


AF = a 1 a 2 fl 3) = a^a^a^. 

(52.21) 

Equation (52.19) gives 


a; = 0,(1+^). 

(52.22) 

We thus find 


AF' = AF(1 +$j) (l+S n )(l +S m ) 

(52.23) 

and, if we neglect higher-order terms as before, 


6 = Si + S u + S 1U . 

(52.24) 


But the sum of the diagonal elements of a tensor is invariant, i.e. it 
is independent of the choice of the system of co-ordinates. It is, 
therefore, generally true that 

* = fe + t + & sdiv5 - (52 ' 26) 

We finally consider the physical meaning of the tensor components 
S fj for any system of co-ordinates. For simplicity we start with the 
unit vectors of our system of co-ordinates. We shall denote these 
vectors by i,j, k. From (52.12) we then get 


r'i = i + S xx i + S xy j + S xz k . 


( 52 . 26 ) 
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The unit vector j is correspondingly changed to the vector 


r i = ) + s vx * + $vtJ + S vz k. 

The relative change in length of the vector i is thus 

l_i~h _ r < — ^ _ V( r j• r {) — I 
hi 1 

If we introduce (52.26) and expand the root we obtain 


(52.27) 


(52.28) 


h ~ h _ ds x _ cr 

dx ~ xxi 


(52.29) 


where higher-order terms have been neglected. The diagonal elements 
of the strain tensor thus represent the relative changes in length of 
lines which originally followed the direction of the axes of co-ordinates. 

The vectors i and j which are mutually perpendicular in the 
original state enclose an angle — in the deformed state. Since 
is assumed to be a very small quantity we have 


cos (Jtt - Sy) = sin 5y - 5$ * Sy. (52.30) 

r i r i 

If we introduce the expressions (52.26) and (52.27) and again neglect 
high-order terms, we find that 


Sii ~ 3y + dx ~ 28xu ' 


(52.31) 


The off-diagonal elements of the strain tensor thus represent half the 
angular change undergone during the deformation by two lines which 
originally lay in the direction of the co-ordinate axes. 


§ 53 The stress tensor 

Let us now consider the forces acting on a volume element of the 
deformable body. We must distinguish between forces acting on the 
volume element as a whole (gravity, inertia) and forces that are due 
to neighbouring volume elements and act only on the surface of the 
volume element under consideration. The latter forces are, therefore, 
not proportional to the volume of the volume element but to its 
surface. The force per unit area is called the stress T. For a given 
surface element the stress generally has one component in a direction 
normal to the surface (normal stress, pressure or tension stress) and 
another component perpendicular to the first (tangential stress, shear 
stress). Let us suppose that we know, at an appropriate point, the 
stresses in the normal directions corresponding to the axes of a 
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Cartesian co-ordinate system; we shall show that we then also know 
how T depends on the direction of the normal at that point. We choose 
a small tetrahedron as our volume element. Three of the tetrahedral 
surfaces, d f x , df y , d f z are placed in co-ordinate planes in such a way 
that their outgoing normals are in the directions of the negative 
co-ordinate axes (Fig. 46). The stresses applied to these three surfaces 



are denoted by T v T 2 , T 3 . Let n be the normal to the fourth tetra¬ 
hedral plane, d[/, and let the stress applied to this surface be T. Forces 
proportional to the volume may be neglected in the formulation of 
the mechanical equilibrium condition for the tetrahedron since they 
disappear when the surface/volume ratio becomes very large with 
decreasing volume. We therefore obtain 

Td/+ 7\d/,+ T 2 df y + T z df z = 0. (53.1) 

If, however, we take into account the sign of the surfaces, we have 

ndf=-i d f x -j df y - k df z (53.2) 

and, therefore, 

df x = -d/cosa, df y = -dfcosp y df z = —df cos y (53.3) 

where a,/?,y are the angles between the normal n and the positive 
co-ordinate axes. Equation (53.1) thus becomes 

T = TjCOSaH- T 2 cos/?-b T 3 cosy. (53.4) 

If we denote the j-component of T i by T ijy we can write (53.4) in 
component representation: 

T x - T n cosa + T 21 cos/9 + T 31 cosy, \ 

T y = T 12 cos a + T 22 cos ft + T 32 cos y, > (53.5) 

T z = T 1Z cos a + T 2Z cos p + T 33 cos y. J 

Each normal direction n is thus now associated with a stress vector T. 
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Let us now consider a cube whose edge has length unity and whose 
sides are parallel to the co-ordinate planes. For the sides parallel to 
the y-z- plane, we have 

cosat =1, cos/? = cosy = 0 (53.6) 

and, therefore, 

T x = T llf T y = T 12i T z = T 1S . (53.7) 

Corresponding relationships apply to the other sides. Coefficients 
with both subscripts the same thus represent normal stresses and 
coefficients with mixed subscripts represent tangential stresses. 

Since the relationship between T and n must be independent of the 
choice of the system of co-ordinates, the coefficients Ty in eq. (53.5) 
represent the components of a tensor. This tensor is called the stress 
tensor. We shall now show that it is symmetric and can, therefore, 
again be represented by a second-order surface called the stress 
ellipsoid. The non-diagonal elements of the stress tensor disappear 
with a transformation to principal axes. The remaining diagonal 
elements are called normal stresses and we denote them by T l9 T n , Tii i- 
In the principal axes representation, eqs. (53.5) take the simple 
form 


T x = Tjcosa, T y = T n cos/?, T z — 7} n eosy. (53.8) 


The set of equations (53.5) can be quite generally represented in 
tensor notation as the simple expression 

T = n.T. (53.9) 


We still need the equilibrium conditions for a deformable body of 
finite volume. We now have to include in our considerations [in 
contrast with eq. (53.1)] the forces proportional to the volume; we 
shall summarize them in a vector F per unit volume. It is necessary 
and sufficient for the mechanical equilibrium of our volume that both 
the resultant force and the resultant moment of the forces vanish. It 
must be true, therefore, that 


J 


J FdF +J Td/=0, 
Jr x Tdf = 0. 


rx FdF + 


(53.10) 

(53.11) 


The surface integrals are to be taken over the surface of the volume 
under consideration since the contributions of internal dividing 
surfaces cancel.f 


t Each internal dividing surface belongs to two adjacent volume elements 
a nd therefore makes two equal and opposite contributions. 
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We shall look first at the ^-component of eq. (53.10). The second 
integral can be transformed if we remember that, because of (53.5), 
we can write 


T x df = (T X1 cos a 4- T 21 cos ft + T Z1 cos y) d if 


= Tf .ndf = T *. df, 


(53.12) 


where Tf is a new vector with components ^ll> ^21> ^31> and df is the 
vector surface element. According to Gauss’ theoremf we then get 


j^ x df = Jr*.d/= JdivTfdF. (53.13) 


Analogous transformations can be applied to the y - and 2 -components. 
Since the equilibrium condition must apply to every volume, we 
obtain 


F x + div Tf 


v . . d^2i 8T Z1 

x dx dy ^ dz 


= 0 , 


FI. + div To = F v + 


3T, 9 8T 99 dT„ 


-^n*r + i£ + i* 


= 0 , 


(53.14) 


or, in tensor notation, 


, <+diTlw , + ^ + ^„. 


F + Div T = 0 . 


(53.15) 


The operation Div, explained by eqs. (53.14) and (53.15), is called 
vector divergence. 

The component ofeq. (53.11) is 


J (yF z -zF v )dV + j (yT z - zT v ) df = 0. (53.16) 

The second integral may again be changed to a triple integral in the 
same way and gives 

j(yT z -zT v )df = j (div yT*-div zT$)dV. (53.17) 

Since the condition (53.16) must also apply to any volume, we find 
that 

yF z —zF y +div yT% —div zT% = 0 (53.18) 

f Gauss’ theorem states that 

j a • df = J div a dV 

where the left-hand integral stretches over a closed surface and the right-hand 
integral over the volume enclosed by the surface. 
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or, since 

divyrj = ydiv T* + T$ .j = ydiv T$ + T i3 , (53.19) 

that 

y(F z + div T*)-z(F y + div T*)-T 32 + T 23 = 0. (53.20) 

The two expressions in parentheses disappear because of (53.14). If 
we carry out analogous calculations for the y- and ^-components, we 
get 

^12 = ^21> ^23 = ^32’ ^13 = ^31* (53.21) 

We have thus shown that the stress tensor, too, is symmetric at 
equilibrium (and we are interested only in equilibrium).! 

§ 54 The fundamental equation and thermal equations of state 

We are now in a position to derive the explicit expression for the 
quasi-static work done in an infinitesimal deformation. We consider 
a cubic volume element AF = Aa; AyAz and calculate first the work 
done by the stresses applied to the two sides parallel to the y-z-plane. 
We shall denote these two amounts of work by d W x and dW x+£ix . They 
have opposite signs so that we can write 

dW x = ~(T xx ds x + T xy ds v + T xz ds z )AyAz, (54.1) 

and work done on the parallel side is then 
dW x+Ax = (T xx ds x + T xy d.s y + T xz ds 2 ) A y Az 

+ ^ i T xx d «* + T xv + T xz ds 2 ) A* A y Az. (54.2) 

In order to obtain the total work done, we have to add (54.1) to 
(54.2), add the work done by the external force F in the x-direction, 
and finally add the analogous expressions for the y- and z-direction. 
We thus find that 

dW = [Ip ( T xz ds x + T xv d «„ + T xs ds 2 ) + F x dSj. 

~Qy ^ lyx ^ vv + ^ yz ^ Sy 

+ ~ (T zx ds x + T zv + T zz ds z ) + F z dJ A V. (54.3) 

t The solution of the mechanical problem still requires the definition of the 
boundary conditions at the surface of the volume. Discussion of this subject 
will be found in textbooks of theoretical physics. 
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After the differentiations have been done, the terms F i ds^ disappear 
because of the equilibrium condition (53.14). Furthermore, any terms 
containing spatial derivatives of the components of the stress tensor 
also vanish. If we now remember that the operations d, d/dx, djdy , djdz 
are interchangeable we obtain, because of the symmetry of the stress 
tensor, that 


T d 8 -- + T d — V - + T d -- + T d 

xx dx uv dy c ‘ dz xv 


M 

\8y dxf 


+r » d (t + £) +T - d (£ + *)] 4V < m - 4 » 

or, if we introduce the components of the strain tensor defined by 
eq. (52.13), that 

d W = [T xx dS xx + T yy dS yv + T zz dS 2Z + 2T xy dS xy 

+ 2T yz dS yz + 2T sx dS 2X }. (54.5) 

This equation is, so far, valid only for an infinitesimal volume 
element AF. In general, the components of the stress tensor as well 
as those of the strain tensor must be regarded as field quantities, 
i.e. as functions of the position co-ordinates. The thermodynamic 
treatment of this general case was done by Gibbs but is relatively 
complicated. We shall, therefore, confine ourselves from now on to 
homogeneous systems for which stress and strain components are 
position independent properties of the system. The validity of (54.5) 
for any finite volume V 0 is thus confirmed. 

Because of their symmetry the stress and the strain tensor have 
only six independent components each. We can, therefore, now dis¬ 
continue the cumbersome double subscript notation. We simply 
number the components according to the scheme 


S xx ^S lt T XX ->T V 1 

^yy-^^2’ r ^yy->T2) 

&zz Tzz 

2S yz -> $4, T yz ->T 4 , 
2S zx -+S 5 , T zx ^T Si 
xy -> T 6 . ; 


(54.6) 


The strain components S v S 2 , S 3 thus represent fractional changes of 
length in the directions of the co-ordinate axes while $ 4 , S 5 , S Q are 
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angular changes. The stress components T v T 2 , T z are normal stresses 
and the components T 4 , T b , T b are tangential stresses. We thus obtain 
the equation 

dW = XTjVodSj (54.7) 

j=l 

for the quasi-static work done on a deformable body. 

We have so far made no use of the special properties of solid bodies. 
We shall now show that eq. (54.7) is a true generalization of the 
earlier formulations and that it contains eq. (3.5) for fluid phases as a 
special case. The characteristic mechanical property of a fluid phase 
is that at equilibrium all tangential stresses vanish. It follows that 
the stress ellipsoid is a sphere and the normal stresses are equal to 
each other. We therefore have 

T X = T 2 = T Z , T 4 = 0, T b = 0, T 6 = 0. (54.8) 

In hydrostatics, pressure is defined as a negative stress. With (52.20) 
and (52.25) we therefore obtain 

dW — -PdV (fluid phases). (54.9) 

In order to get a basis for a thermodynamic treatment of solids we 
have to replace the term — P d V in the fundamental equation by the 
more general expression (54.7). We thus find that 

dU = TdS + 'ZTjVq dS j + d (54.10) 

;=i 

We can see that the quantities V 0 Sj represent extensive parameters 
and the quantities Tj represent intensive parameters. The integrated 
form of eq. (54.10) is, therefore, 

U = U(S, V 0 S v V 0 S 2 , V 0 S z , V 0 St, V 0 S b , V 0 S„ n v ..., n J. (54.11) 

Further use of eqs. (54.10) and (54.11) is usually made according to 
the methods developed in the previous chapters. Even the relation¬ 
ships written in terms of generalized quantities of state can be 
adopted directly. The problem of the present section is, in fact, 
solved with the statement of the fundamental equation since the plan 
of this book excludes a systematic treatment of special classes of 
substances. We shall, however, use a few examples to show how 
equations derived earlier for solids are modified. In this connexion, 
we shall also define a few concepts important in the thermodynamics 
of solids. 
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The generalization of the systematic equations of state (20.22)- 
(20.27) is trivial and we shall not deal with it. Much more important 
is the analogue of the thermal equation of state (20.29) which is 
represented by six equations of the form 

Tj — Tj(T y V 0 S l9 ...,V 0 S 6 ) (i =1,2.6). (5.12) 

Experience shows that the relationships between stress components 
and strain components is linear for sufficiently small deformations. 
We have, therefore, that 

T t = ic jk S k (j= 1,2,..., 6) (54.13) 

k=l 

or, if we combine the stress and strain components into vectors each 
with six components, 

T = c.S (54.14)f 

(Hooke's law). The quantities c jk depend only on temperature and are 
called isothermal elastic stiffness coefficients. We shall return to them 
below. Hooke’s law practically always applies in the only region 
relevant to thermodynamics, i.e. that of completely reversible 
deformations. 

Application of Euler’s theorem shows the explicit form of eq. (54.11) 
to be 

6 m 

U = TS+'ZT j V 0 S j +'Z l i i n i (54.15) 

j=l 1=1 

and this gives the generalized Gibbs-Duhem equation 

6 m 

SdT+2F 0 £ i dT.+ 2 n i dfx { = 0. (54.16) 

j=l i=l 

§55 Thermodynamic potentials and Maxwell’s relations 

An increase in the number of extensive parameters necessarily 
causes a very great increase in the number of possible thermodynamic 
potentials, since one or more stress components can be introduced in 
various combinations as independent variables. Such functions can 
be useful in the treatment of particular problems J but cannot be 

t If, in the deformation, entropy is kept constant instead of temperature, a 
formally similar relationship is valid. The coefficients occurring in this relation¬ 
ship are the adiabatic (or isentropic) elastic stiffness coefficients. Cf. the 
analogous definitions of compressibility in §§ 25 and 40. 

+ An example can be found at the end of § 63. 
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discussed here. In § 21 we introduced special designations for particu¬ 
larly important thermodynamic potentials. We shall use these, here 
and in the following chapters, for functions in which the totality of 
work co-ordinates is treated in the same way as was the quantity V 
in earlier sections. We merely point out that the Helmholtz free energy 
is now defined by the equations 

F=U-TS , (55.1) 

6 m 

AF = - S AT + £ Tj V 0 AS , + £ dn it (55.2) 

j=i i=i 


(W\ __s 

( eF \ ~T 

( d J\ 

Ws, nj 


T,Sj,nidpj 


while the definition of the Gibbs free energy is 

G = U - TS- 2 T f F 0 S p (55.4) 

j=i 


AG = -SAT-T l V 0 S J AT j + S^dn*, 

i =i <=i 


(55.5) 









= /x,. (55.6) 


We derived the formulation of the equilibrium conditions with the aid 
of thermodynamic potentials in § 23, using generalized quantities of 
state. This method can be adopted here without modification. The 
Gibbs-Helmholtz equations in the general form (24.3), (24.4), (24.10b) 
and, similarly, Maxwell’s relations (24.11)—(24.13) retain their validity 
here. Among the many special cases obtained from them without 
difficulty we note only the relationship 


Mjc\ 

dSj/ T,s k ,m 


tm 

[dSfJ T,Sj,n{ 


(55.7) 


derived from the Helmholtz free energy and the analogous equation 


= ( es A 

) T,T k ,n t \dT k ) T,T jt n { 


(55.8) 


which appertains to the Gibbs free energy. If we work on the basis of 
the internal energy and the suitably generalized enthalpy, we obtain 
formulae in which the entropy is kept constant in place of the 
temperature. 



231 


[VIII] Solids 


Among the second derivatives of the thermodynamic potentials the 
quantities 

<55 ' 9) 

derived from the Helmholtz free energy are particularly important. 
It is easy to see that they are identical with the isothermal elastic 
stiffness coefficients defined by eq. (54.13). The quantities 


K jk = 


$T k ) T,Tj,n t 


(55.10) 


derived from the Gibbs free energy are called isothermal elastic 
compliance coefficients. There is a simple connexion between elastic 
stiffness coefficients and elastic compliance coefficients. If we interpret 
the K jk (as we did previously the c jk ) as elements of a six-row square 
matrix k, eqs. (55.9) and (55.10) immediately give 


K = C -1 . 


(55.11) 


Equation (54.14) can, therefore, also be written in the form of the 
strain-stress relation 

S = k.T. (55.12) 


The matrix of the isothermal elastic compliance coefficients is the 
analogue of the isothermal compressibility defined for fluid phases 
by eq. (25.6). 


§ 56 Symmetry properties of solids 

Because of Maxwell’s relations (55.7) and (55.8), the matrix of the 
stiffness coefficients and the matrix of the compliance coefficients are 
both symmetric. We thus have only 21 independent elements in each 
case. This number can be reduced still further by a consideration of 
the spatial symmetry properties of the system since eqs. (54.14) and 
(55.12) must be invariant with respect to co-ordinate transforma¬ 
tions appropriate to the symmetry properties of the system. We shall 
illustrate the principle of this reduction by means of two examples. 

The number 21 is appropriate for a triclinic crystal which has no 
symmetry properties. The three crystal axes have different lengths 
and arbitrary directions. We shall take as our first example a 
monoclinic crystal in which one crystal axis is perpendicular to the 
other two and thus represents a twofold axis of symmetry. If we 
choose this axis as the z-axis of a system of rectangular co-ordinates, 
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then the co-ordinate transformation corresponding to the symmetry 
property (revolution of 180° round the z-axis) is 

x-> — x, y-> — y, z —> z. (56.1) 

The components of the displacement are transformed correspondingly 
according to 

s x ~^-s xi s y ~^-s yl s z -+s 2 . (56.2) 

The definitions (52.13) and (54.6) then give for the transformation of 
the strain components that 

S 2 ->S 2 , S 3 -+S 3i Sq^S 6> 

$ 4 ->-$ 4 , S 5 -+-S 5 , 

and, according to (54.6), for the transformation of the stress com¬ 
ponents that 

T 2 ->T 2) T 3 ->T 3 , T 6 ->T 6 , 

Since the Sj and 2} transform in the same way, the invariance require¬ 
ment can be fulfilled only if the stiffness coefficients are themselves 
invariant with respect to the transformation (56.1). We have thus, 
for example, that 

c ~ ^ ^ - -c - 0 (56 5) 

Cl 4 ~W 4 ~cH-^)~ Cu ~° ( ’ 

and, generally, that 

c i 4 = c 24 = c 34 = c 64 = c 15 = c 25 = c 35 = c 65 = 0 (monoclinic crystal). 

(56.6) 

A monoclinic crystal thus has only 13 independent elastic stiffness 
coefficients. 

We choose as our second example an isotropic solid whose properties 
are independent of direction, i.e. invariant with respect to any rota¬ 
tion of the system of co-ordinates. We consider a volume element in 
the form of a rectangular parallelepiped whose edges are parallel to 
the principal axes of the stress ellipsoid. Only normal stresses now 
act on the sides of the volume element, i.e. the normal stresses 
T„T U ,T 1U , while the tangential stresses vanish. The deformation 
thus consists of pure dilations in the directions of the principal axes 
of the stress ellipsoid and no angular changes occur. The principal 
axis of stress and strain ellipsoids therefore coincide. 


(56.4) 


(56.3) 



[VIII] Solids 233 

For the special case under consideration we can write (54.13) as 


T y = c n + c 12 S n + c 13 S m , \ 

T u = c 21 S l + c 22 ^ii + c 23 $ m > > (56.7) 

^III = C 31 + C 32 $11 + C 33 ^III> J 


where /S^, S 1If S nl are the linear dilations. Because of the already- 
proved symmetry of the coefficient matrix we have 

C 12 = C 21> C 13 = C 31> C 23 = C 32* (56.8) 

A result of the assumed isotropy is that the directions of the principal 
axes are equivalent and, therefore, 

C 11 = C 22 = C 33 - (56.9) 

Furthermore, the two axis directions perpendicular to a normal 
stress must be equivalent and, therefore, 

C 12 = C 13 = c 23- (56.10) 

Comparison of (56.8)—(56.10) with (56.7) shows that the latter set of 
equations contains only two independent variables. We can, there¬ 
fore, write 

~ (c n — c 12 ) + c 12 (/Sj 4- S n + ^m) (56.11) 

or, with new coefficients, 

Ti = 2 / i L S < + A L (S I + S II + S m ) (i = I,II,III). (56.12) 

In order to generalize this result to include a volume element of 
any orientation, we simply have to transform the components of the 
stress and the strain tensors from the principal axes representation 
to any arbitrary system of co-ordinates. We denote by ol { the direction 
of the new x-axis with respect to the principal axes, by fa that of the 
new y-axis, and by that of the new z-axis. We then have 

L«J=1, S«*ft = 0 (56.13) 

i=1 i= 1 

and corresponding expressions for the fa and y { . We then have, for the 
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tensor components,f that 

T xx = «lT l + <4T ll + o4T nl , 

T X y — a l ft Tl + a 2 ft ^11 + a 3 ft ^III» 

ftx = a l ft + a 2 ft I + a 3 ^III’ 

ftl/ = a l ft ft + a 2 ft ftl + a 3 ft ^III> 

and corresponding expressions, with cyclic exchanges, for the rest of 
the components. If we now multiply eq. (56.12) by a|, add, and take 
into account (56.13)-(56.15), we obtain 

T xx = 2p h S xx + X h (S xx + S yv + S zz ). (56.16) 

If we multiply (56.12) by a^ft, we obtain in an analogous way 


(56.14) 

(56.15) 


T xy - 2 /*l ftr 


(56.17) 


The remaining components of the stress tensor are found by simple 
cyclic exchange of the subscripts. We have thus shown that isotropic 
solids have only two independent elastic moduli. The quantities p L 
and A l which we have just introduced are known as Lame constants. 
In their place, Young’s modulus E Y and Poisson's ratio v are often 
used. They are defined by the equations 


E y 

2ftL = ITV 


A = vEy 

L (1 +v) (1 —2v) 


(56.18) 


Their advantage over the Lame constants is that they have a concrete 
physical meaning. 

We now give a clear summary of our results by writing out the 
stiffness matrix explicitly and giving, in addition, the matrix for a 
cubic crystal. 

Triclinic crystal: 


’ll 

C 12 

C 13 

C 14 

^15 

C 16 

*12 

C 22 

C 23 

C 24 

C 25 

C 26 

*13 

C 23 

C 33 

C 34 

C 35 

C 36 

*14 

C 24 

C 34 

C 44 

^45 

C 46 

*15 

C 25 

C 35 

C 45 

C 55 

C 56 

*16 

C 26 

C 36 

^46 

C 56 

C 66 


(56.19) 


f It is convenient to reintroduce here the double subscript notation for 
tensor components. 
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monoclinic crystal : 


11 

C 12 

C 13 

0 

0 

C 16 

12 

C 22 

C 23 

0 

0 

C 26 

13 

n 

IN 

C 33 

0 

0 

C 36 


0 0 0 c 4 

0 0 0 c. 


(56.20) 


cubic crystal: 


isotropic solid: 


C 16 

C 26 

C 36 

0 

0 

C 66 

C 11 

C 12 

C 12 

0 

0 

0 

C 12 

C 11 

C 12 

0 

0 

0 

C 12 

C 12 

C 11 

0 

0 

0 

0 

0 

0 

C 44 

0 

0 

0 

0 

0 

0 

c 44 

0 

0 

0 

0 

0 

0 

c 44 


(56.21) 


C 11 

C 12 

C 12 

0 

0 

0 

C 12 

Cll 

C 12 

0 

0 

0 

C 12 

C 12 

C 11 

0 

0 

0 

0 

0 

0 

*2 ( c ll “ c 12) 

0 

0 

0 

0 

0 

0 

|(Cn —C12) 

0 

0 

0 

0 

0 

0 

i( c n ~ 


(56.22) 


If we introduce the Lame constants into (56.22) and form the 
reciprocal matrix, we obtain, using (56.18), the compliance matrix in 
terms of the elastic constants: 
isotropic solid: 

f l/E Y -vIE y -v/E y 0 0 0 1 


jE Y ’-v/E y —vIE y 
v/E y 1/E y -v/E y 
v/E y -v/E y \\E y 


-v/E y 

0 

0 


(56.23) 


2 i±^ 

e y . 


0 


0 


0 


0 


0 
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The matrix (56.23) immediately gives the concrete meaning of the 
quantities E Y and v. We choose the z-axis as our vertical axis and 
imagine a vertical rod of uniform cross section q supported at the 
upper end and weighted at the lower end by a mass p. The only stress 
component which does not vanish is then the normal stress T x = p/q. 
Equations (55.12) and (56.23) then give 

S 1 =^T V (56.24) 

XL/y 

S 2 = S 3 = --y~T v (56.25) 

Because of (52.29), eq. (56.24) states that 1 /E Y is the fractional 
change in length (stretch) per unit stress. According to (56.24) and 
(56.25), we have that v = — S 2 /S 1 ; v is therefore the ratio of the 
fractional lateral contraction to the fractional stretch in the 
^-direction. 

Comparison of (56.21) and (56.22) shows that the elastic behaviour 
of cubic crystals is less simple than that of isotropic solids since the 
former have three, the latter only two independent elastic moduli. 
The most important kinds of isotropic solids are amorphous sub¬ 
stances, such as glass and many synthetic polymers, and poly- 
crystalline (i.e. made up of countless tiny crystallites orientated in a 
completely disordered way) substances such as marble, most metals 
used in technology, and metallic alloys. In both cases all ‘texture* 
(e.g. a preferred orientation of the crystallites) must be absent. 

The treatment of heterogeneous equilibria on the basis of the 
general theory developed in this section was carried out by Gibbs. It 
is naturally much more complicated than the case of fluid phases 
discussed in Chapter IV. We cannot go into detail here and can only 
note that, in particular, the fulfilment of the requirements for the 
validity of the phase rule (§ 29) is not at all obvious. 

The application of the stability conditions in the general form of 
the inequalities (41.12)-(41.15) or (50.28), however, presents no diffi¬ 
culties. It leads to the conclusion that each of the principal minors of 
the determinant of elastic coefficients must be positive. 

We now consider briefly the case where a hydrostatic pressure P 
acts on the solid from all directions but uni-axial normal stresses and 
tangential stresses are absent. The stress ellipsoid is a sphere under 
these conditions. Equations (54.8) and (54.9) apply and we arrive at 
the form of the fundamental equation laid down previously for fluid 
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phases. Gibbs showed that, under these conditions, the theory of 
heterogeneous equilibria discussed in Chapter IV is also applicable to 
solid phases. Furthermore, the isothermal compressibility is given by 
the general expression 


L(w\ J ±J 

V \dP) T P 


(56.26) 


[where 6 is given by (52.20)] and, using (55.12), by the elastic 
compliance or stiffness coefficients. We can easily verify that the 
special stability conditions formulated above imply the stability 
condition (41.18) for the isothermal compressibility. 

Finally, we mention a useful approximation which we shall use in 
Chapter IX. Experience shows that the entropy is usually (but not 
always)f practically independent of the deformation. If this is so, 
integration of (55.2) and (54.13) at constant temperature and constant 
mole numbers gives 

F = F 0 (T,n lt ...,n m ) + \V Q £ c jk SjS k , (56.27) 

j,k =1 

where F 0 , the Helmholtz free energy in the undeformed state, depends 
only on the temperature and the mole numbers. 


t The entropy is not independent of the deformation, in particular, for the 
so-called elastomers (e.g. rubber) where a deformation results in large entropy 
changes. 
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Systems in an electric field 

§57 Electrostatic work 

The structure of classical thermodynamics imposes two limitations on 
the treatment of systems in electric fields if we exclude chemical 
reactions.! Firstly only systems in an electrostatic field are to be 
considered since the discussion is limited to equilibria and quasi¬ 
static processes. Electric and magnetic phenomena can, therefore, be 
treated separately. Secondly, conductors are excluded altogether 
since in them a time-invariant electric field can be maintained only as 
a stationary state of a dissipative process (i.e. conduction of a current). 
We have thus defined the subject of this section as the thermo¬ 
dynamics of non-conductors (dielectrics) in an electrostatic field. The 
derivation of the explicit expressions for the quasi-static work done 
on the system [eq. (14.1)] and for the fundamental equation 
[eq. (21.3)] is, however, less simple here than in the case of a solid 
where both are obtained directly from the formalism of the mechanics 
of continuous media. We shall, therefore, discuss some of the diffi¬ 
culties in greater detail. 

We consider first quite generally a dielectric surrounding a 
conductor. Let us suppose that the surface of the conductor is the 
site of the charges causing the field. J We denote the total charge 
by e, its surface density by o, and the potential of the conductor 
(with respect to infinity) by <f>. The electric field strength in the 
dielectric is then 

E = - grad </>, (57.1) 

while the surface charge density is related to the dielectric displace¬ 
ment Z)§ by the equation 

D n = - 477 a, (57.2) 

f These will be discussed in Chapter XI. 

} The lines of force end at the site of the opposite charges. This site must be 
assumed to be at infinity. 

§ The vector D is often called the electric induction. 
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where D n is the component of D in a direction (outwards, i.e. towards 
the conductor) normal to the surface of the dielectric. The total charge 
on the conductor is, therefore, 


e = -i] D * df= -lS Dd f’ (57 - 3) 

where d/ is a surface element and d f a vector surface element. The 

vectors E and D are related by 

D = e.E, (57.4) 

when € is called the dielectric tensor. For isotropic substances and cubic 
crystals,f eq. (57.4) reduces to the simpler form 

D = eE, (57.5) 

where e is the dielectric constant of the substance. Both e and e are, 
however, functions of thermodynamic quantities of state. If the 
dielectric is not homogeneous, € and e thus represent field quantities 
dependent on positional co-ordinates.:]: With the aid of the vectors 
E and D the basic equations for the electrostatic field in the dielectric 
can be ivritten 

rot E = 0, div D = 0. (57.6) 


We now calculate the work 8 W* necessary to bring an infinitesimal 
charge 8e from infinity on to the conductor. By definition we have 

8W* = <f>8e. (57.7) 

Since the surface of the conductor is at a uniform potential (equi- 
potential surface), we obtain by means of (57.3) 


8W* = - 


477 


J <f>8D. df. 


(57.8) 


If we change the integral taken over the surface into one taken over 
the volume by using Gauss’ theorem,§ we find that 


SIT* = -i- fdiv(^SD)dF, (57.9) 

477 J 

t Isotropic substances and cubic crystals thus do not differ in their dielectric 
behaviour, in contrast with their elastic behaviour (§ 56). 

J € and e must, in general, be regarded as functions of the electric field 
strength as well. 

§ Cf. § 53. 
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where the integral extends over the whole of space outside the 
conductor. Because of (57.1) and (57.6) we have 

div <f>hD = <f> div hD + hD .grad <f> = — E.hD. (57.10) 

This with (57.9) gives 

SJF* = -L fiS.SDdF. (57.11) 


Equation (57.11) is a completely general result obtained in electro¬ 
statics and is the basis for the whole of the following discussion. 

We now consider a condenser consisting of two flat parallel plates 
1 and 2 with charges — e and e. Let the constant surface densities on 
these plates be — a and a. We denote the area of each plate by a, the 
distance between the plates by l and assume that a > l 2 . The distortion 
of the fields at the edge (‘edge effects’) can then be neglected. If we 
assume the condenser to be in vacuo we have inside the condenser a 
homogeneous electric field perpendicular to the surface of the plates 


Eq — — grad (j) 0> E 0 — A <£ 0 /Z, 

where 

A <f> 0 = J^o-dr 


(57.12) 

(57.13) 


is the potential difference between the plates. Furthermore, the 
expression 

E 0n = E 0 = 4™, (57.14) 

analogous to (57.2), applies. If we bring a charge -Se from infinity 

on to plate 1 and a charge he on to plate 2, the same amount of work 

SWo is required as is needed to transfer a charge he from plate 1 to 
plate 2. By definition we have, therefore, that 

hW* = A(f>he. (57.15) 


A calculation analogous to the previous one then gives 


STT* =i-j£ 0 .3E° d F (57.16) 

or. if we neglect edge effects and put al = V c , that 
&W* = '-E I) .8E 0 V C . 


(57.17) 
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Let us now suppose that a dielectric of volume V is placed between 
the plates of the condenser, that the part of the volume V c not occupied 
by the dielectric is F', and that V' is evacuated. The potential 
difference between the plates is now decreased from A <f> 0 to A (f> and 
the electric field inside the condenser is no longer homogeneous. 
According to (57.11) the work done for an infinitesimal change in the 
charge on the plates is now 

SJT*=-Lf E.SDdV (57.18) 

JVe 

since E = 0 outside V c if we ignore edge effects. 

The expression (57.18) obviously does not represent the quasi-static 
work done on the dielectric with a change in the charge on the plates 
since it must also include the work done with the change in the field 
in the evacuated volume V'. This field is, in general, distorted by the 
presence of the dielectric, in contrast with the case of eq. (57.12); we 
shall denote this field by E (a) and write 

SJF* = -ir E<a>.8E< a >dF+-l- f E.SDdV. (57.19) 

477 -Jv 4t tJv 

As far as thermodynamics is concerned, only the second term on the 
right-hand side is relevant. However, this also cannot be identified 
with the work done on the dielectric. If we assume V also to be 
in vacuo , the second term does not vanish but we again obtain 
eq. (57.16) in the form 

Sir* = -L f E 0 .8E 0 dV + -^ f E 0 .SE 0 dF. (57.20) 

47 T J V' 47 T Jy 

A part of the second term of (57.19) must thus be interpreted as a 
change in the energy of the electrostatic field. This part reduces to 
the second term of (57.20) in vacuo. The expression 

D = E + ±iTp (57.21) 

is well known in electrostatics and allows us to separate out the work 
done on the material system, p is the polarization per unit volume 
(polarization density), i.e. the dipole moment per unit volume. The 
relationship between polarization density and field strength is given by 


10 


P = X E 


(57.22) 
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where % is the tensor electrical susceptibility. From (57.4), (57.21), and 
(57.22) we obtain 

X = (57.23) 

where U is the unit tensor. For isotropic systems and cubic crystals, 
(57.22) and (57.23) reduce to the expressions 

p = x E (57.24) 

and 

X = ~, (57.25) 

where x is the (scalar) electrical susceptibility. Introduction of (57.21) 

into (57.19) now gives 

5 W r* = J-f £<a>.SJ5<*>dF + -r 1 -f E.8EdV+ f E.8pdV. 

4t tJ V ' 4t tJ v J r 

(57.26) 

Comparison with (57.20) shows that the second term on the right-hand 
side is the energy change of the electrostatic field in the dielectric 
while the last term represents the quasi-static work done on the 
material system. 

§ 58 The fundamental equation for a dielectric in an electric field 

Equation (57.26) contains no particular assumptions concerning 
the electric field in the dielectric. To evaluate the integral, E must be 
calculated in each case from the equations of electrostatics. The last 
term of (57.26) in the form given above must, therefore, be introduced 
into the equations of thermodynamics without further assumptions. 
This formulation has (as in the analogous case of elastic solids) the 
advantage of greater generality but requires the introduction of field 
quantities into thermodynamics. This extension lies, as we have 
mentioned previously, outside the framework of our discussion. We 
therefore now investigate the conditions under which the last term 
of (57.26) may be brought into the form Yj dy 3 - corresponding to the 
definition (14.1). We see immediately that this is always possible if 
the electric field inside the dielectric is homogeneous and the dielectric 
constant (or the dielectric tensor) is independent of the position 
co-ordinates. The problem thus reduces to the question: under what 
conditions are these two requirements fulfilled ? 
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We assume, as before, that the electric field E 0 in the absence of the 
dielectric is homogeneous. An inhomogeneous field inside the dielectric 
can then be due to two causes, namely 

(a) inhomogeneity of the dielectric substance, 

(b) the shape of the dielectric substance. 

Case (a) is also the only possible cause of a position dependence of 
cor €. 

Re (a) An originally homogeneous body brought into an electric 
field generally becomes inhomogeneous. A completely 
rigorous treatment will, therefore, have to start from 
eq. (57.26). Inhomogeneities caused by the field may, how¬ 
ever, be neglected if the field strength is kept low so that the 
expansion of the thermodynamic functions in powers of the 
field strength can terminate with the square term. In order 
to prove this, we denote local variations from the mean 
density by 8p and the associated change in the internal 
energy by 8U. We then have 


8U = 



8 P dF + ^ 



(Sp) 2 dv 


+ 


(58.1) 


where the derivatives are to be taken for the homogeneous 
system. The first term on the right-hand side vanishes since 
application of the electric field does not change the mass of 
the system. We shall show in §60 that &p~E 2 from which 
follows that 

SU ~E*. (58.2) 


The effect of the inhomogeneity on the thermodynamic 
functions is thus a fourth-order effect and completely negli¬ 
gible according to our supposition. 

Re (b) The effect of the shape of the dielectric on the field E is based 
on the fact that the boundary conditions at the dielectric- 
vacuum boundary have to be taken into consideration in the 
solution of the field equations (57.6). Suppose that we have a 
homogeneous field E 0 in vacuo. We now place in this field a 
homogeneous dielectric ellipsoid. It can be shown in electro¬ 
statics (cf. e.g. Landau and Lifshitz)f that the field inside 
this ellipsoid is also homogeneous. If the ellipsoid is oriented 
so that a major axis falls in the direction of E 0 , then E 0 

t L. D. Landau and E. M. Lifshitz, Electrodynamics of Continuous Media , 
Oxford, 1960. 
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and E are parallel. This condition is always fulfilled for a 
sphere. For an isotropic dielectric we thus have the simple 
expressions 


3 F 
~e + 2 E ° 

(58.3) 

3 £ — 1 _ 


4tt£+1 £# ' 

(58.4) 


For an infinitely long cylinder oriented in the direction of 
the field we have simply that 

E = E 0 . (58.5) 

On the basis of these ideas we shall make the following assumptions 
for the following discussion 

(a) The field E 0 in the condenser in vacuo (the ‘applied field’) is 
homogeneous and perpendicular to the surface of the plates. 

(b) The field E 0 is weak. Terms higher than the square term can 
therefore be ignored in the expansion of the thermodynamic 
functions as a power series in E. This assumption implies that 
e and x do not depend on the field strength .J 

(c) The dielectric substance brought into the field is originally 
homogeneous. Its shape is an ellipsoid with one of the major 
axes in the direction of the field E 0 . 

The quasi-static work done on the system (i.e. on the dielectric) 
with an infinitesimal change in the charge on the plates is then given 
by (57.26) as 

dW = E.d(p.V) = E.dP, (58.6) 

where P = pV is the total polarization of the dielectric. 

We still have to answer the question whether E and P have the 
properties of quantities of state discussed in § 20. The answer for P is 
obtained immediately if we remember that P is by definition an 
extensive parameter. The considerations for E are less simple since 
the boundary conditions are the deciding factor when two partial 
systems ' and " are in contact. The boundary conditions state that the 
normal components§ of E at the boundary surface of two dielectrics 

t These assumptions are obviously not necessary for the application of 
thermodynamics to our problems, but they result in a particularly lucid 
presentation. 

{ This will become obvious with the later explicit expressions. 

§ I.e. normal to the boundary surface. 
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with dielectric constants e and e" are given by 

e'E' n = e"E" n (68.7) 

while the tangential components are given by 

K = E’ ie . (58.8) 

If we require the boundary surface to be everywhere in the direction 
of E we have E' n = = 0 and we are left with the condition (58.8) 

which agrees with the definition (20.7) of intensive parameters. It is 
hardly surprising that the boundary surface is here subject to a 
condition since the simple example of a gravitational field has already 
shown that the position of the boundary surface cannot be freely 
chosen in the presence of an external field. We shall, however, not 
discuss this problem in any greater detail. If the two partial systems 
consist of the same dielectric substance and, therefore, e' = e" , we 
obtain from (58.7) and (58.8) simply that E ' = E" which again agrees 
with (20.7). 

The explicit fundamental equation is now obtained by introducing 
(58.6) into (21.3) and is, for fluid phases, 

d U = TdS-PdV + E.dP + S^dn t .. (58.9) 

7=1 

Use of (54.7) gives for solid substances 

6 m 

dU = T dS + V 0 2 Tj dSj + E . dP + £ Pi dn*. (58.10) 

3=1 i=l 

For a detailed discussion of these equations the reader is referred to 
earlier considerations (particularly Chapter III) whose generalization 
should offer no difficulties. We shall only discuss certain aspects con¬ 
nected with the presence of the electric field. As long as no special 
properties of solids are involved, we shall confine our discussion to the 
expressions for fluid phases since their generalization is trivial. In 
order to make clear the modifications of the thermodynamic functions 
caused by the electric field, we denote, from now on, by the subscript 0 
the quantity defined for E — 0 with all other conditions unchanged. 

Application of Euler’s theorem (§ 19) to eq. (58.9) gives 

771 

U = TS-PV + E.P+ (58.11) 

i =1 

Equation (58.10) correspondingly gives 

U = TS + V 0 j:T j S j + E.P+ S/*<**. 

3=1 7=1 


(58.12) 
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§59 Thermodynamic potentials 

In the presence of the electric field we denote the Helmholtz free 
energy by the thermodynamic potential 

F — U - TS (59.1) 


whose differential is the equation 

in 

d F = -SdT-PdV + E.dP + 2/*,<!»<. (59.2) 

t=i 


Correspondingly, the Gibbs free energy is defined by the thermo¬ 
dynamic potential 

0 = U-TS + PV-E.P, (59.3) 

whose differential is 

m 

dG = - S dT + V dP - P . dE + 2 d n<. (59.4) 

i=l 

Equation (21.8) once more gives the relationship 

m 

G= 2ft<*< (59.5) 

i =1 

which is formally identical with (21.40). This shows immediately that 
the chemical potentials are modified by the electric field. In order to 
derive an explicit expression for this modification we start with 
Maxwell’s relation 

\ m J?L 

dE ) T,p,n \d n i 

which follows from (59.4). Equation (59.6) with (57.24) becomes 


(59.6) 

T,P t E t njz^i 



' SJVx) \ 

, d n i /T,P,E,nfrt 


E. 


(59.7) 


If we define the partial molar susceptibility Xi by the equation 


*• = 

1 \ / T,P t E,7} j4 :i 


(59.8) 


we obtain from (59.7) by integration from 0 to E at constant T, P, 
and n t (all i) 


Pi =Poi-2Xi E2 - 


(59.9) 
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Analogous expressions can be derived for other partial molar 
quantities, f 

The interaction of the electric field with the dielectric leads to a 
number of effects some of which have technical applications. Some 
of these effects will now be discussed but only from a thermodynamic 
point of view. 

§ 60 Electrostriction 

We again start by considering a fluid phase. From eq. (59.4) we get 


Maxwell’s relation 


t*z\ 

\ dE/ r,P,n \dPj T,E,n 

(60.1) 

or, with (57.24), 


m .mm E . 

\8E) T .p, n \ dP J r , E . n 

(60.2) 

Integration between 0 and E gives 



(60.3) 


This change of volume which occurs when an electric field is applied 
is called electrostriction. This effect can be positive or negative. It is 
proportional to the square of the field strength and is, therefore, not 
affected by reversing the direction of the field. The effect is not 
reversible, i.e. compression or expansion causes neither the genera¬ 
tion of a field inside the dielectric nor, according to (57.24), any 
polarization. 

Electrostriction in solids is a complicated process since the volume 
change is generally accompanied by a deformation. We choose as a 
simple example the case of an isotropic dielectric sphere. Since the 
effects are small we can, as an approximation, consider the volume 
change and the deformation separately. If, therefore, we neglect the 
deformation, the volume change is again given by eq. (60.3). The 
deformation at constant volume can be calculated if it is described 
by means of suitable parameters; the Helmholtz free energy is then 
expressed as a function of these parameters and the general equi¬ 
librium condition (23.10) is used. The choice of parameters must 

t The definition of partial molar quantities [eq. (26.6)] must here be 
augmented by the condition that the field strength E also remains constant 
for the differentiation with respect to n,-. 
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naturally rest on assumptions concerning the general character of the 
deformation. We note that the deformation must be rotationally 
symmetrical with respect to the direction of the field, the direction 
being chosen as the x-axis. Furthermore, the whole of the deformed 
surface must be finite. We shall not consider this subject further (it 
has little relevance to the real object of our discussion) but start by 
supposing that the sphere is deformed to an ellipsoid of rotation 
(spheroid) whose rotational axis coincides with the direction of the 
field. If we denote the original radius of the sphere by R , the semi¬ 
axis of the spheroid in the ^-direction by a, and the second semi-axis 
by 6, the deformation is described by the quantity 

= (60.4) 

An originally isotropic body generally becomes anisotropic when it 
is deformed.f In the deformed state, therefore, the dielectric tensor € 
introduced in eq. (57.4) takes the place of the scalar dielectric 
constant. The components of the dielectric tensor depend on the 
components of the strain tensor. This dependence must be found by 
experiment but may be taken to be linear for sufficiently small 
deformations. We can, therefore, make the statementJ 

e ij = f 0 &ij + °^1 j + P(&xx + Syy + &zz) (60.5) 

which agrees formally with eqs. (56.16) and (56.17); e 0 is the scalar 
dielectric constant of the undeformed body and a and ft are scalar 
constants. The components of the tensor electric susceptibility are 
then 

Xu = ^ [ £ 0 + Syv + ®zz) &ij - !]• ( 60 . 6 ) 

The Helmholtz free energy is given by (58.12) and (59.1) as 

6 771 

F = V 0 XT i S J + E.P+ 2/^. (60.7) 

3=1 1=1 

The application of the correspondingly generalized equilibrium 
condition (23.10) is, however, not trivial and we shall discuss it in 
some detail. 

t A well-known example is found in the textures occurring during the 
working of metals (rolling, drawing). 

+ We again use the double subscript notation for the strain components since 
it makes matters particularly clear. 
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If we start from the general formulation (23.5) we find for the 
Helmholtz free energy thatf 


(8P) r = 0 

(60.8) 

with the secondary conditions 


SSj = 0 (j = 1,2,..., 6), 

(60.9) 

SP x = 0, SP y = 0, 8P S = 0, 

(60.10) 

8^ = 0 (i = 1,2, ...,m). 

(60.11) 


These secondary conditions are obviously absurd here, since they 
admit of no statement relating to our problem, although eq. (60.8) is 
fulfilled by (60.7) together with (60.9)-(60.11). This seeming contra¬ 
diction is explained by the fact that in the present case the variations 
of the extensive parameters in eq. (60.7) are not independent of each 
other. This situation is completely analogous to that met in connexion 
with chemical reactions where additional conditions for the variations 
of the mole numbers are introduced. We can, therefore, in principle 
use the procedure used in § 33. 

We first have to formulate secondary conditions to replace the 
conditions (60.9) and (60.10). They emerge from the assumed 
geometry of the deformation, the condition of constant volume, and 
the connexion between polarization and deformation given by 
eq. (60.6) together with (57.22). The geometry of the deformation 
implies 

8 X ± 0, £ 2 = £ 3 *0, S 4 = £ 5 = S 6 = 0. (60.12) 

The condition of constant volume may, according to (52.25), be 
written 

£i + £2 + £ 3 = 0 (60.13) 

Furthermore, we have, according to (52.29) and (60.4), that 

Si-S 2 = ^ =d (60.14) 

and, according to (60.12)-(60.14), that 

S t = f(^i -S 2 ) = §d. (60.15) 

Only the ^-component of the field strength differs from zero because 
of the choice of the system of co-ordinates. That the ^-component of 
the polarization is the only one that differs from zero then follows 

t We can use (23.5) here only with the equilibrium sign. 
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from (57.22), (60.6), (60.12), and (60.13). We obtain 

V ) 

P x = -z-(e 0 + (xS 1 -l)E xi 
x 4n v 0 1 ' , (60.16) 

P v = 0 , P z = 0 . 

The relationships (60.12), (60.13), and (60.16) here play the role of the 
reaction equation (33.3). It is easy to see that 


S £ 4 = 8S s = 8S $ = 0 , 

SP y = 8P Z = 0 , 

8n { = 0 (i = 1 , 2 , ...,m), 


(60.17) 


are the only secondary conditions of (60.9)-(60.11) that remain valid 
without any change. For the extensive parameters S v S 2 , S z , and P x , 
however, the secondary conditions 


8S 2 — S/S 3 = 0 , S/Sj + 8S 2 + £$3 — 0 , ^ 


SP'—oJSJS^ 0 


(60.18) 


J 

obtained from (60.12), (60.13), and (60.14) apply. These conditions 
constitute the analogue of eq. (33.9). The extremum problem (60.8) is 
reduced to the expression 


Ftli&Si + i; 8S 2 + T z 8S z ) + E x 8P x = 0 , (60.19) 

by the unchanged secondary conditions (60.17). This expression is 
analogous to (33.10). If we now use (60.18) to eliminate 8S 2 , 8S 3 , and 
8P X we obtain 

V(T t - T 2 ) &S ,-^ocElSSt = 0 (60.20) 

or, using (60.15), 

(^ - jy Sd~ ocElS d = 0 . (60.21) 

47 T 


From here on the argument proceeds differently from the case of 
chemical equilibria since we are not interested in an equilibrium 
condition for internal parameters but in the equilibrium value of the 
quantity d. We therefore eliminate the stress component by means of 
eqs. (56.16) and (60.13). Using (60.14) we obtain 

^2 ” 2 ^ l ($1 “$ 2 ) = 


(60.22) 
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where /x L is the first Lame constant. Equation (60.21) then becomes 


2 fi^dSd — —ocE 2 Sd = 0 


(60.23) 


or, since the variation hd is arbitrary, 


d = 


a — b 

~R~ 


8tt/x l 


E 2 . 


(60.24) 


The deformation is thus likewise proportional to the square of the 
field strength. 

The above argument may, as in the analogous case of chemical 
reactions (§36), also be followed through by representing the 
Helmholtz free energy as a function of the internal parameter d 
and then determining the equilibrium value of d from the extremum 
condition (60.8) with the secondary conditions (60.17). 


§ 61 The electrocaloric effect 

For simplicity we consider a fluid one-component system and use 
the thermodynamic potential-)- 

d H = TdS + VdP-P.dE + ndn (61.1) 

which gives the Maxwell relation 


(dT\ _ _ /3P\ 

\d$/E,P,n 

Using (25.8) and (57.24) we obtain 


(61.2) 




If we introduce molar quantities and take into account (25.4), we 
finally find from (61.2) that 



T (d(v x )\ 

C PtE l dT ) EtP 


E , 


(61.4) 


where C P E is the molar heat capacity at constant pressure and 
constant field strength. A quasi-static adiabatic change in the field 
strength thus leads to a temperature change whose sign is determined 
by the temperature dependence of the molar electric susceptibility. 
This phenomenon is called the electrocaloric effect. Experience shows 


t The symbol H is justified by the convention mentioned in § 55. 
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that the quantity d(vx)ldT is generally negative. A quasi-static 
adiabatic diminution in the field strength (and thus in the polariza¬ 
tion) at constant pressure thus causes cooling. The effect is, however, 
extremely weak and, unlike its magnetic analogue (§66), only of 
theoretical interest. 

§ 62 Piezoelectricity 

Besides electrostriction discussed in § 60 there is a further electro¬ 
mechanical coupling effect which, however, occurs only in certain 
crystals and also differs considerably in other respects from electro¬ 
striction. In the discussion of electrostriction we assumed that the 
components of the dielectric tensor depend on the components of 
the strain tensor. We can obviously introduce the components of 
the stress tensor in an analogous way as independent variables. 
Both statements imply, however, that the polarization vanishes 
with the field strength. J. and P. Curie found, however, that in 
some cases an electric polarization is caused by the application of 
mechanical stresses even in the absence of an external electric field. 
This phenomenon is called the piezoelectric effect or, briefly, piezo¬ 
electricity. We can, therefore, make the statementf 

Pi = 2 Xij E j + 2 Yik T k ( 62 . 1 ) 

j=\ k=l 

or, in the compact notation of eqs. (54.14) and (57.22),J 

p = x • E + Y • T. (62.2) 

The components of the tensor y are called piezoelectric coefficients. In 
order to obtain an explicit expression for the Gibbs free energy we 
introduce (55.12) and (62.2) into the equation 

d G = -SdT-VojrSjdTj-P.dE + pdn. (62.3) 

i 

We now integrate, at T = const., n = const., E = 0 for the stress 
components between 0 and Tj and use for this the approximation 
mentioned at the end of § 56. We then integrate, at T = const., 
n = const., Tj = const, (all j) for the field strength between 0 and E. 

t For certain classes of crystals an inhomogeneous term must be added to 
the right-hand side of (62.1). We shall ignore this for the present and return 
to it in § 63. 

I It must be remembered that the vector E has three components and the 
vector T six in this notation. The quantity y therefore appears as a rectangular 
matrix with three rows and six columns whereas we are really dealing with a 
third-degree tensor (with triple subscript components). 
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We shall assume in this connexion that the entropy is independent 
of the field strength; this is an unobjectionable approximation accord- 
to § 61.f We then obtain 

O = G 0 -$V 0 T.K.T-±V 0 E.x-E-V 0 (y.T).E (62.4) 

which gives for the strain components 

1 /dG\ 6 3 

-v\w) =S *= 2«i* T * + 2v* E v (62.5) 

K) \V I j/T,E,n k=l l—l 

Equations (62.1) and (62.5) contain the essential properties which 
distinguish piezoelectricity from electrostriction. Equation (62.5) 
shows that piezoelectricity is reversible in contrast to electrostriction. 
Even in the absence of external stresses an electric field (or the 
polarization caused by it) produces a deformation of the dielectric. 
Furthermore, the strain components depend linearly on the field 
strength in the piezoelectric effect according to (62.5), while they 
depend on the square of the field strength in electrostriction accord¬ 
ing to (60.24). 

In the most general case the piezoelectric tensor y contains 18 
independent elements. This number is again reduced to a greater or 
lesser extent by the symmetry properties of the crystal. The condition 
that y must be invariant with respect to symmetry transformations 
of the crystal determines which piezoelectric coefficients differ from 
zero, which are independent and, finally, which crystals can actually 
show the piezoelectric effect. We see immediately that a piezoelectric 
substance cannot have a centre of symmetry. J Isotropic substances 
in particular thus cannot be piezoelectric. Closer investigation shows 
that only 20 of the 32 possible crystal classes can show the piezo¬ 
electric effect. We can exemplify the reduction of y by writing down 
eq. (62.5) for quartz. A suitable choice of co-ordinate system gives 
for vanishing stress components 

s i = rn E x> E 2 = ~yn E x» $3 = 6, | (g2 6) 

$4 = yi4^x> ^5 = -Yu E v> = ~%Yll E V I 

We are therefore left with only two independent piezoelectric 
coefficients. 

t Electrostriction is a higher-order effect (see below) and may be ignored 
here. 

+ The mathematical reason for this depends on the fact that the components 
of a third-order tensor change their sign with an inversion (i.e. a reversal of the 
sign of all co-ordinates). 
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The calculation of the electric field in a piezoelectric substance 
requires the simultaneous solution of eqs. (53.15) and (57.6) for suit¬ 
able boundary conditions. The problem is, therefore, usually extra¬ 
ordinarily complicated. It again becomes much simpler, however, for 
the case of an ellipsoid with no external forces acting on its surface. 
This again results in a homogeneous field within the ellipsoid, a 
homogeneous deformation and = 0 for all^’. The piezoelectric effect 
is extensively applied in electrical engineering for the frequency 
stabilization of oscillatory circuits, quartz being the substance 
generally used. Details can be found in appropriate textbooks. 

§ 63 Ferroelectricity 

Equation (57.22) does not strictly formally represent the most 
general relationship between polarization density and field strength. 
An inhomogeneous term may be added and we then get 

P=Po + X £ - l 63 - 1 ) 

The vector p 0 represents the polarization density at vanishing field 
strength, i.e. the spontaneous polarization per unit volume. p 0 is 
thus a property of the dielectric, in which there must be a definite 
preferred direction which is conserved for all symmetry transforma¬ 
tions of the substance. This condition is fulfilled only for symmetry 
groups consisting of a single axis of symmetry and planes of symmetry 
through this axis. Only 10 of the 32 crystal classes have these 
properties and form a sub-group among piezoelectric crystals called 
pyroelectric crystals. Crystals with a centre of symmetry cannot be 
pyroelectric. The dipole moment due to spontaneous polarization is 
generally not measurable since it is compensated by free charges 
which have reached the surface in the form of an internal current! or 
from the outside. This compensation is, however, a relatively slow 
process and the dipole moment is observed if the state of polarization 
of the crystal is changed by heating or cooling. This phenomenon is 
known as the pyroelectric effect. 

The direction of spontaneous polarization in an ordinary pyro¬ 
electric crystal cannot be reversed by an external field since the relevant 
potential barriers are too high. There is, however, a sub-group among 
pyroelectric crystals which is characterized by the following properties: 

(a) The pyroelectric structure exists only within a certain tempera¬ 
ture range and arises via a thermodynamic transition. 

f The electrical conductance of dielectric crystals is generally very small but 
not quite zero. 



255 


[IX] Systems in an electric field 

(b) The direction of spontaneous polarization can be reversed by an 
external field. The dependence of the polarization on the external 
field is characterized by a hysteresis loop. 

Crystals possessing these properties are called ferroelectric crystals 
because of the analogy with ferromagnetism. The first observations 
attributable to the special properties of ferroelectrics were made by 
Pockels on Rochelle salt as early as 1894. The analogy with ferro¬ 
magnetism was, however, realized much later, by Valasek in 1922. 
Ferroelectricity has since become an extensive part of solid-state 
physics. We shall, therefore, here confine our discussion to a few 
general remarks and a short thermodynamic consideration of transi¬ 
tion points on the basis of the theory developed in §51. We shall 
mainly follow the analysis by Tisza. 

The occurrence of crystals in so-called ‘twinned modifications' is 
widespread. Twinned crystals arise from a common point as mirror 
images or by rotation through 180° with respect to one another. 
Twinned modifications under hydrostatic pressure and in the absence 
of external fields have identical stability properties.f They can, there¬ 
fore, co-exist in a crystal without any limitation and are then known 
in physics as domains. These domains in pyroelectric crystals corre¬ 
spond to regions of homogeneous spontaneous polarizations in oppo¬ 
site directions. The reversal of direction of the resulting dipole 
moment is due to nucleation and growth of the regions oriented in the 
direction of the field. The domains are not, however, phases within 
the meaning of §2; their existence is, therefore, without influence on 
the number of thermodynamic degrees of freedom. 

In certain cases the twinned modifications may be regarded as 
being due to equal and opposite displacements in a lattice which is 
symmetric with respect to the symmetry transformation connecting 
the twins. The difference between the domains can then decrease with 
a change in temperature until they eventually become identical at a 
critical temperature T c . The undistorted lattice is then stable above T c . 

The above ideas outline a simple scheme for a ferroelectric transi¬ 
tion. T c is called the ferroelectric Curie point. T c is a critical point in 
the sense of Tisza's theory and the domains then play the role of 
‘phases’. This mechanism is remarkable in that only minimal thermal 
effects are to be expected. We might also expect a ferroelectric transi¬ 
tion to be an order-disorder transition like the magnetic and hyper- 
structure transitions we met in §49. In that case the specific heat 

t Certain stress components or components of the field strength can favour 
one of the two modifications. 
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should show a A-point. These considerations indicate that ferroelectric 
transitions may occur by means of very different mechanisms and 
may therefore be expected to show differences in their thermodynamic 
properties. The details of the molecular mechanisms are obviously 
very much more complicated and still largely unexplained. 

We shall now consider a few typical ferroelectrics and choose Rochelle 
salt (sodium potassium tartrate tetrahydrate, NaKC 4 H 4 0 6 .4H 2 0) as 
our first example. Rochelle salt is ferroelectric between 255 K and 
297 K. It thus has a lower Curie point T\ and an upper Curie point T%. 
Rochelle salt is orthorhombic for T>T% and T < It is monoclinic 
in the ferroelectric state and the spontaneous polarization is in the 
direction of the monoclinic axis. 

In order to apply the theory developed in §51 we first write the 
equation for the piezoelectric effect in the form 

T i =ic ij S j +i8 ik p kf (63.2) 

1 

where the c are the elastic stiffness coefficients defined by eq. (54.13) 
and the 8 ik are the reverse piezoelectric coefficients. - )* 

If we introduce (63.2) into (58.10) and then integrate with assump¬ 
tions analogous to those of § 62 we obtain by means of (57.22) the 
fundamental equation per unit volume in the form 

u = Uq + -^S . c. S . x _1 *P ($ •P ) • S. (63.3) 

We still need the explicit forms of the matrices C and 8 for ortho¬ 
rhombic crystals. These are 

C 11 C 12 C 13 0 0 0 

^12 ^22 ^23 0 0 0 

C 13 C 23 C 33 0 0 0 

0 0 0 c 44 0 0 

0 0 0 0 c 55 0 

0 0 0 0 0 c 66 

' 0 0 0 S 14 0 O' 

8 = 0 0 0 0 S 25 0 (63.5) 

0 0 0 0 0 S 36 

t We do not require the explicit relationship between the y ik and the 
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We choose the monoclinic axis as z-axis, i.e. the direction of spon¬ 
taneous polarization in the ferroelectric state. 

Although the critical parameters obviously have to be obtained 
from experimental data, we shall proceed in the opposite way since 
this is easier to follow. We therefore suppose that there are two 
critical parameters: the polarization density p x in the direction of the 
monoclinic axis and the strain component $ 4 . We shall show that the 
conclusions obtained according to Tisza's theory then coincide with 
experimental fact. 

We are here dealing with the exceptional case in the terminology 
of §51. We therefore need consider only the critical variables. For 
small deviations from the orthorhombic state we find from (63.3)- 
(63.5) that 


3u 

= ^4 = c 44$4 + ^14jP:t> 

(63.6) 

3u 

= E x = ^14^4 + (X~ 1 )xxPx- 

(63.7) 


The coefficients occurring in these equations are the thermodynamic 
moduli defined by (50.3). The inverse relationships containing the 
thermodynamic coefficients are obtained directly from (62.4) and are 


>*4 — *44 ^4 + 7l4 
Vx = YuT* + Xxx E x- 


(63.8) 

(63.9) 


We transform the matrix of the thermodynamic moduli into the 
diagonal form and obtain, according to (50.27), 


Ai = 


A 2 — 


d*u 

as* 


= m = 

w 


'44, 


<>Pl 


= (MA = J_ 

\dPx/T< C 44 


O44 o 14 

S 14 (x~ l )x 


(63.10) 

(63.11) 


= (X- X )xx-?- 4 . 


where (TJ is the simple Legendre transform of the fundamental 
equation with respect to S if and the right-hand side of (63.11) follows 
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from (51.8) and (51.5). The ferroelectric Curie point is defined by 
A 2 = 0. According to (51.28) together with (63.8) and (63.9), this 
gives! 

k 44 -^°o, yi 4 ->oo, y xx ->oo. (63.12) 

Figures 47-49 show that a very steep maximum is observed at the 
Curie point in all three cases. It is immediately plausible that the 
statements (63.12) can be verified experimentally only in this sense. 
A more detailed discussion of this problem would lead us into a con¬ 
sideration of experimental techniques and is thus beyond the scope 
of this book. 



Fig. 47. The isothermal elastic compliance coefficient /c 44 in the region of the upper 
Curie point of Rochelle salt [experimental data from H. Mueller, Phys. Rev., 57, 

829 (1940)] 

According to the theory the thermodynamic coefficients which do 
not appear in eqs. (63.8) and (63.9) must not show singularities at the 
Curie point. This too is confirmed by experiment. In particular, the 
specific heat does not show a A-anomaly.J 

t This is, however, valid only for the free crystal. For the clamped crystal, 
for which the strain component & 4 is fixed, (63.7) and (63.11) give for the Curie 
point 



+ The specific heat has a very slight maximum (less than 1%) at the upper 
Curie point. The maximum is at the limit of experimental accuracy. 
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Fig. 48. The piezoelectric coefficient y 14 in the region of the Curie point of Rochelle salt 



Fig. 49. The electric susceptibility X xx in the region of the upper Curie point of 
Rochelle salt [experimental data from J. Habliitzel, Helv, Phya. Acta, 12, 489 (1939)] 
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Finally, the condition (51.16) must be fulfilled. The explicit 
expression is 

on oo o rr o cr oo ^UO.lo^ 


-2 = 0 . 


(63.14) 


The conditions (63.13) are automatically fulfilled because of the 
symmetry of orthorhombic crystals [cf. eq. (63.5) ]. By using one of 
Maxwell’s relations derived from the thermodynamic potential 
0 (1) (T 4 ), the condition (63.14) may be written 


(63.15) 


f) - (T) -»- 

\VPxI 8,Ti 


This, however, means according to §61, that the square of the 
electrocaloric effect must vanish near the Curie point and this has 
been found to be so. All thermodynamic conclusions from the initial 
assumptions have thus been verified by experiment. 

We choose as our second example potassium dihydrogen phosphate 
which has only one ferroelectric Curie point, T c = 123 K. The crystal 
is tetragonal for T>T C whereas the ferroelectric crystal ( T<T C ) is 
orthorhombic. The direction of spontaneous polarization is along the 
crystallographic c-axis which we choose as the 2 -axis of the system of 
co-ordinates. We then have for the tetragonal crystal that 


(63.16) 


(63.17) 


63.18) 
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We now continue in the same way as before, starting with the 
assumption that the critical parameters are s , S e , and p z . We are, 
therefore, again considering the exceptional case. The equations of 
state aref 

ST = - 8s + c 66 Sq 4 - S 36 p 2 , (63.19) 

c ov 

T s = - 8s 4- c 66 S 6 4- 836 ^, (63.20) 

c ov 

E z = - 8s 4*S 36 $ 6 4- (x~ l )zzVz' (63.21) 

c ov 

The inverse relationships containing the thermodynamic coefficients 
are 


8s = C ^8T + K M Tt + y zs E z , (63.22) 

St = C ^8T + K M T 6 + y 36 E zf (63.23) 


Pz — + 736 ^6 + X33 ^ 2 - 

From (50.27) we obtain 

, _d 2 u_ /dT\ _ T 

1 _ _ \ 8s)t.,v, ~ c v’ 

2 ~ dsi [dsJ T .p, 66 ’ 

d 2 </i (2 > (T, T t ) _ /8E Z \ 1 

WJr,r< c w v 


a 3 = 


Spt 


c m P 


$36 

(x- 1 )* 


(63.24) 


(63.25) 

(63.26) 

(63.27) 


The Curie point is defined by A 3 = 0 . This, according to (51.28) 
together with (63.22)-(63.24), gives 

c P -> oo, k 66 -> oo, y 36 -> oo, X 33 ~>°°. (63.28) 

t The reader is reminded that the fundamental equation (63.3) refers to unit 
volume and that the subscript 0 denotes the undeformed state at zero field 
strength. 
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Figures 50-53 show that these statements are confirmed by experi¬ 
ment. The thermodynamic coefficients which do not appear in 
eqs. (63.22)-(63.24), however, show no singularities at the Curie point. 
The condition (51.16) for this case is 


dE z 3E Z 3E Z 3E Z _ dE z dE z dE z 
d Vz - d Pg " dS t " dS % " as 3 " ~dSt ' dS 5 


(63.29) 



T (°K)-► 

Fig. 50. The specific heat of KH 2 P0 4 in the region of the Curio point 


Equations (63.16)—(63.18) show that these conditions are auto¬ 
matically fulfilled because of the symmetry of tetragonal crystals. A 
condition analogous to eq. (63.14) does not occur here. KH 2 P0 4 
should, therefore, show a clear electrocaloric effect near the Curie 
point and this is confirmed by Fig. 54. 

In the terminology of § 51, the ferroelectric Curie point of Rochelle 
salt constitutes a displacive transition, that of KH 2 P0 4 an order- 
disorder transition. The two types correspond to the two schemes 
outlined above for the occurrence of a ferroelectric transition. 











(X 0 ) J3 


Fig. 53. The electric susceptibility y 33 in the region of the Curie point of KH 2 PO^ 
[experimental data from G. Busch, Helv. Phys. Acta, 11, 269 (1938] 



Fig. 54. The electrocaloric effect of KH 2 P0 4 near the Curie point [experimental data 
from J. F. Hutzenlaub, Thesis M.I.T., 1943] 








CHAPTER X 


Systems in a magnetic field 

§ 64 Magnetostatic work 

The thermodynamic treatment of systems in a magnetic field shows 
many and extensive analogies with the treatment of systems in an 
electric field. We shall, therefore, confine our discussion mainly to 
those problems whose treatment cannot simply be taken from § 57. 

The differences between the two cases (as far as they are relevant 
here) are based mainly on the fact that magnetic ‘charges’ do not 
exist. It is therefore not possible to define magnetic work in a form 
analogous to (57.7). We thus have to develop a suitable definition. 

We consider a conductor carrying a steady electric current- of 
current density j. The current generates a magnetic field whose field 
strength is H and whose magnetic induction is B. f These two 
quantities are related by 

B = (64.1) 

which, for isotropic substances, reduces to the equation 

B = p.H. (64.2) 

The quantity fi is called the magnetic permeability . Under the stated 
conditions the field equations (as far as we need them here) are 

divB = 0, rotH = — j, (64.3) 

c 

- -Tjr + rot E = 0, (64.4) 

c ct 

where c is the velocity of light in vacuo and t is the time. 

t This notation corresponds to the international conventions [Document 
U.I.P. 11 (S.U.N. 65-3)] of IUPAP. Some authors have recently called B the 
magnetic field strength. 
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The calculation of the electrical work in § 57 is based on the fact 
that a change in the electric field strength requires a transport of 
charge in the electric field resulting in the performance of work. No 
work is done, however, when electric charge is transported in a 
magnetic field since the force exerted by the magnetic field on the 
charge acts perpendicularly to the direction of flow. A change in the 
distribution of static charge therefore has no effect on the magnetic 
field. We must, therefore, base our ideas on the fact that the magnetic 
field is generated by the electric current and the source of the current 
generally performs work even when the current is steady; this work 
will appear as Joule heating. This work used up in a dissipative 
process may, however, in principle be made as small as we like 
(superconduction) and has no connexion with the existence of the 
magnetic field. We may, therefore, ignore this work in connexion 
with the present discussion. These considerations have re-established 
the analogy with the electric case since the maintenance of an 
electrostatic field in principle requires no work to be done. A change 
in the magnetic field is caused by a change in current density and 
hence basically by a change in the electromotive force of the current 
source. The change in the magnetic field induces an electric field and 
thus an electromotive force in the conductor opposite to the original 
e.m.f. The current source has to do work to overcome this induced 
e.m.f. This work S W* is the work necessary for a change in the 
magnetic field. This work is, therefore, equal and opposite to the 
work done by the induced electric field on the electric current, and 
that work must be expressed in terms of magnetic field quantities. 

The work done in time St by the induced field E is 

-8W* = Stjj.EdV. (64.5) 

With (64.3) this becomes 

8W* = -8t-£-j E.rot HdV (64.6) 

orf 

Sir* = 8t^jdw(ExH)dV-8t~jH.rotEdV. (64.7) 
t We have that 

div a x b = b rot a — a rot b. 
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We may assume without loss of generality that field strengths vanish 
at infinity. If, therefore, we transform the first integral by means of 
Gauss’ theoremf into an integral over an infinitely distant surface, 
this integral must also vanish. If we introduce (64.4) into the second 
integral and write 

8B = — St (64.8) 


we finally find that 


SPF* = -L J H.SBdV. 


(64.9) 


§65 The fundamental equation for a system in a magnetic field. 

Thermodynamic potentials 

Further developments are so similar to those of §§ 57 and 58 that 
we shall only indicate briefly the most important points. The analogue 
of the plate condenser is a long, homogeneous, cylindrical coil. If we 
neglect boundary effects, we have, in vacuo , a homogeneous magnetic 
field H 0 in the direction of the coil axis inside the coil while outside 
the coil H 0 = 0. If a material body of volume V is introduced into 
this field, the field is modified by the magnetic polarization (magnetiza¬ 
tion) of the body. The same formal problems then occur as in the case 
of an electrostatic field. We can, therefore, simply adopt our previous 
results. The work to be done in connexion with a change in the field 
is also modified by the presence of the body. As far as thermodynamics 
is concerned only the work done on the body itself is of interest. In 
order to separate this work we use the expression 

B = H+hrm, (65.1) 


where m is the magnetic moment per unit volume (magnetization 
density). The magnetization density is connected with the field 
strength by a relationship which, for an isotropic substance, is 

tn = yH (65.2) 


where y is called the magnetic susceptibility.% From (64.2), (65.1), and 
(65.2) we get 

fJL-l 


(65.3) 


t Cf. § 53. 

{ The usual symbol for the magnetic susceptibility is ^ m . Since we are 
considering exclusively magnetic phenomena in this chapter we shall omit the 
subscript. 
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We now make the following assumptions analogous to those of § 58: 

(a) The field H 0 in vacuo inside the coil (the ‘applied field’) is 
homogeneous and is in the direction of the coil axis. 

(b) The field H 0 is weak. Terms higher than the square term can 
therefore be ignored in the expansion of the thermodynamic 
functions as a power series in H. This assumption implies that 
fj, and x are independent of the field strength. 

(c) The substance introduced into the field is originally homo¬ 
geneous. It has the shape of an ellipsoid with one of the main 
axes in the direction of the field H 0 . 

An analogous application of the considerations of §58 to eqs. (64.9) 
and (65.1) then gives the quasi-static work done on the system with 
an infinitesimal change in current density as 

dW = Hd(m. V) = HAM, (65.4) 

where M = mV is the total magnetization of the substance. 

The explicit fundamental equation is obtained by introducing 
(65.4) into (21.3). Since we shall not be considering anisotropy effects, 
we write it in the form 


d U = T dS - P dV + H AM + drc* (65.5) 

i=l 

or, using Euler’s theorem, 

m 

U = TS-PV + H.M + (65.6) 

i=i 

We now introduce some thermodynamic potentials which are often 
used in the present context. We define the enthalpy by the equation 

H = U + PV-H.M (65.7) 

or, in differential form, 

m 

dH = TdS+VdP-M.dH+'Zn i dn i . (65.8) 

i=i 

The Helmholtz f ree energy is 

F = U — TS (65.9) 

or 


dF = -SdT-PdV + H.dM+Xn i dn i . 

i=1 


(65.10) 
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Finally, we denote the Gibbs free energy by the function 
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or 

G = U-TS + PV-H.M 

(65.11) 


m 

dG = -<SdT+ V dP-M AH+ 'Lix i dn { , 

1=1 

(65.12) 

where we 

again have that 



m 

G = S/^i^i- 

(65.13) 


1=1 


Despite the formal analogies between the most important equations, 
the magnetic properties of substances differ in various ways from their 
dielectric ones. The magnetic permeability /z may be greater or less 
than one while we always have e > 1 for the dielectric constant. The 
magnetic susceptibility x can correspondingly be positive or negative. 
Substances with y<0 are called diamagnetic and substances with 
X > 0 are 'paramagnetic . The electric susceptibilities of liquids and 
solids are generally between 10 -1 and 10 whereas the absolute values 
of the magnetic susceptibilities are usually of an order of magnitude 
< 10“ 4 with the exception of those of ferromagnetic substances. 
Absolute values of diamagnetic susceptibilities are much smaller 
than paramagnetic ones. The difference between the ‘local field’ H 
and the ‘applied field’ H 0 can, therefore, often be ignored. 

A further difference is that the magnetic symmetry properties of 
anisotropic substances are not necessarily the same as their crystallo¬ 
graphic symmetry properties. 

Finally, magnetic transitions differ quite considerably from 
electrical ones. Although the transition from the paramagnetic to the 
ferromagnetic state shows many analogies with the ferroelectric 
transition discussed in § 63, the former differs from the latter, on the 
one hand, in that the close connexion with the crystal structure is 
absent and, on the other, in that the ferromagnetic transition is 
necessarily an order-disorder transition and the entropy is thus 
always a critical parameter. This means that the ferromagnetic, 
unlike the ferroelectric, Curie point is always accompanied by a 
A-anomaly of the specific heat. Quite apart from this, many metals 
and alloys undergo a transition for which no electrical analogue exists; 
this transition is associated with the phenomenon of superconduction. 

We shall confine further discussion to two effects which are 
thermodynamically of particular interest and have considerable 
general significance. 



270 


The magnetocaloric effect [§ 66 ] 


§ 66 The magnetocaloric effect 

We consider a one-component system and start from eq. (65.8) 
which gives the Maxwell relation 


dT\ _ _ /3M \ 

3H/ s,p,n \ 3S/h, P,n 


( 66 . 1 ) 


By means of (25.8) and (65.2) we obtain 



/W\ 

\ dS / H,P,n 


H = 



( 66 . 2 ) 


If we introduce molar quantities and apply (25.4), eq. (66.1) finally 
becomes 


f W\ T /d(v x )\ H 

fiHjs.P C PJi \ dT 


(66.3) 


where C PH is the molar heat capacity at constant pressure and con¬ 
stant magnetic field strength. A quasi-static adiabatic change in field 
strength at constant pressure thus causes a temperature change 
whose sign is determined by the way in which the molar magnetic 
susceptibility vx = x depends on the temperature. This phenomenon 
is called the magnetocaloric effect and is formally completely analogous 
to the electrocaloric effect (§61). Unlike the latter, however, the 
magnetocaloric effect is of great practical importance since it is the 
basis of the most important method of generating extremely low 
temperatures (T < 1 K). The method is called adiabatic demagnetiza¬ 
tion and consists in principle of the following steps: 

(a) A paramagnetic salt is put into a vessel filled with helium at 
low pressure. The specimen is cooled to about 1 K by means of 
an external bath of liquid helium. 

(b) After thermal equilibrium has been established the salt is 
magnetized by the application of a field of about 10 5 Oersted. 
Thermal equilibrium is maintained by removing the liberated 
heat by means of the external helium bath. 

(c) The sample is thermally insulated by evacuating the container. 

(d) The magnetic field is reduced to zero (or to a small finite value). 
The salt is cooled by means of the magnetocaloric effect. 

The greatest attainable cooling is found by integrating eq. (66.3). 
We shall not carry out this calculation since the main features are 
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obtained much more simply and clearly from a graphical representa¬ 
tion. We start with eq. (65.12) which gives the Maxwell relation 


/as \ (dM\ 

\dH/ TtP - l dT) H , P 

which gives for molar quantities, using (65.2), 



(66.4) 


(66.5) 


The paramagnetic susceptibility within certain temperature regions 
is often described sufficiently accurately by the Curie-Weiss law 

C 

v x-x - T _ e > 

where C and 9 are constants. With (66.5) this becomes 

(k\ _ 0 

\8H) T 'P (T — 0) 2 ' 

Integration at constant T and P gives 

s(T,H)=s(T,0)- 1 -^fi F)i H*. 

Isothermal magnetization thus decreases the entropy; the decrease in 
entropy increases with decreasing temperature. This statement (like 
the Curie-Weiss law) cannot apply to the lowest temperatures since 
the entropy change must vanish at the absolute zero. We can, there¬ 
fore, draw the schematic diagram shown in Fig. 55. This shows the 
molar entropy as a function of temperature with the field strength as 
a parameter. Steps (b) and (d) of the adiabatic demagnetization are 
represented by the lines marked with arrows. Two curves are shown 
for H = 0; No. 1 refers to a substance unsuitable for cooling whereas 
No. 2 represents schematically the behaviour of paramagnetic salts 
actually used in the process. The figure shows immediately that 
strong cooling is due mainly to two factors. Firstly, the substance 
used must have a strongly rising s(T, 0) curve in the region of the 
required temperature i-e. the specific heat must have a steep 
maximum. Secondly, the entropy at T x a 1 K must be changed by a 
technically realizable magnetic field in such a way that it has a value 
within the steep region of the curve at H = 0. These conditions are 
fulfilled by certain rare earth salts (e.g. gadolinium sulphate, cerium 


( 66 . 6 ) 

(66.7) 

( 66 . 8 ) 
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magnesium nitrate) and by certain alums (e.g. iron ammonium 
sulphate, chromium methylammonium sulphate). These salts are the 
usual ones used in adiabatic demagnetization. Temperatures of the 
order of 10 -3 K have been reached in this way. The temperature 
scale in this region is initially an empirical one defined by the Curie- 
Weiss law. The conversion into absolute temperature is done by the 
method described in § 12. 



Fig. 5"). Adiabatic demagnetization 


§ 67 Superconduction 

Many metals, metallic compounds, and alloys at low temperatures 
(generally between 0-1 and 20 K) show a transition which is macro- 
scopically characterized by the following manifestations: 

(a) The electrical resistance of the sample falls to an immeasurably 
small value at the transition point T c . It is probable that this 
value is exactly zero. 

(b) When a magnetic field of increasing strength is applied to the 
sample, the original resistance reappears at a critical field 
strength H c . 

(c) The magnetic induction B vanishes inside the superconducting 
substance (Meissner effect). 

The name superconduction is nowadays applied to the totality of 
these effects.f 

t We shall confine our discussion in this section to the so-called super¬ 
conductors of the first kind, i.e. mainly pure metals. The reader is referred to 
the specialist literature for certain peculiarities of superconductors of the 
second kind. 
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Since the detailed nature of the effects depends on the shape of the 
sample and its orientation in the magnetic field we shall assume that 
the sample is a long cylinder oriented in the direction of the field. As 
has already been mentioned, we then have H 0 = H and the effect (b) 
appears as a discontinuous change at the field strength H c . 

Experience shows that the appearance of superconduction at finite 
field strength constitutes a first-order transition. We therefore have 
to consider the co-existence of two phases, the superconducting phase 
(superscript s) and the ‘normal’ phase (superscript n).| 

We shall confine our discussion to one-component systems. The 
general equilibrium conditions are obtained from the fundamental 
equation in the form of eq. (65.5) by the method of § 27. We find that 

T(s) = T(n), pi a) = pin), //(s) _ fji n) (67.1) 

and 

/z (8) = ^ (n) . (67.2) 

An argument completely analogous to that of §29 gives the phase 
rule here as 

f=m + 3-(7. (67.3) 


The system thus has two thermodynamic degrees of freedom, i.e. it 
is bivariant. Despite this, phase reactions are possible without limita¬ 
tion since the formal considerations of §30 do not depend on the 
number of work co-ordinates and the condition for case (a) (m < a) is 
satisfied here. To obtain a more comprehensible argument, however, 
it is useful to keep one variable constant and thus to reduce the 
problem formally to one concerning a uni variant system. 

We consider first the most important case, i.e. P — const. Since 

dfi = —s d T -f v cLP - vm . dH, (67.4) 

we find from (67.1) and (67.2) that the equation for the co-existence 
curve in the H-T-plane is 


d H c _ S<n)_s<s>_ 

dP c ~ [(vm) {n) - (vm) {8) ]' 


(67.5) 


Because of the Meissner effect we have, according to (65.1), that 


m (8) = — H/4 tt (67.6) 

for the superconducting phase. The very small paramagnetic 
magnetization can be completely ignored compared with this 

t The co-existence of the two phases is capable of direct experimental proof. 
10 
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quantity. The entropy difference therefore is 

v (6) H d H 

S<n)_ 5 (s)_ v ° 


4n d T c ' 


This shows the molar heat of transition to be 

v<'>ZH n dH n 


L = T c (s (n) -s< 9) ) = -- 


4? t d T c ' 


(67.7) 


(67.8) 


Equation (67.7) shows that the course of the co-existence curve is 
determined almost exclusively by the entropy difference between the 
normal phase and the superconducting phase. According to the 
Nernst heat theorem (§ 38) we should have 


lims (n) = lims (9) 

T—► 0 T—► 0 


and thus, according to (67.7), 




(67.9) 


(67.10) 


Figures 56 and 57 show that this is in very reasonable agreement with 
experimental data although a strict experimental proof can hardly be 
claimed. We may conclude from experimental data (Figs. 56 and 57) 
together with eq. (67.7) or from statistical theory that the super¬ 
conducting phase always has a smaller entropy than the co-existing 
normal phase. Statistical theory in combination with (67.7) gives the 
result that the gradient of the co-existence curve is always negative 
and this is confirmed by experiment. Thermodynamics can naturally 
give no information about the limiting value lim (dH c /dT c ). This 

H c ->0 

limiting value, however, unlike the limiting value (67.10), is experi¬ 
mentally easily accessible and we can see from Figs. 56 and 57 that it 
is always finite. This result is of particular interest for the discussion 
of specific heats which is our next subject. 

We start by differentiating eq. (67.7) along the co-existence curve.f 
This operation which we simply write as an ordinary derivative gives 



(67.11) 


t This operation is of more general significance. For liquid helium, for 
example, only the specific heat at the equilibrium vapour pressure can be 
obtained by experiment. 
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or, with (66.4), 

ds (n) _ /ete (n) \ id(vmY n) \ dH c 

" \ W) H , P + \W~ ) H . P W c 


(67.12) 


and corresponding expressions for the superconducting phase. If we 
multiply by T c and use (65.2), (67.6), and (67.7) w r e then obtain 


/ 7 (s) _rn n) 

° P,H ° P,H ~ 



v (B) T c „ d 2 H c v {9) T c (dH \ 2 


(67.13) 


This equation shows that the difference between the specific heats 
vanishes when ^.->0 even if the Nernst heat theorem [eq. (67.10) ] is 
not obeyed.! The first term on the right-hand side can generally be 
neglected compared with the other two at finite temperatures T c . The 
second term which is negative predominates at lower temperatures. 
The specific heat of the superconducting phase is then smaller than 
that of the normal phase. The importance of the last term which is 
necessarily positive increases with increasing temperature. There is, 
therefore, a finite temperature at which the difference between the 
specific heats vanishes. Above this temperature the superconducting 
phase has the greater specific heat. Finally, we have, for H c ~>0 , that 


tf(s) _p(n) _ 


tt< 9 > T c 
4:7T 



(67.14) 


We have already established that the co-existence curve meets the 
abscissa with a finite gradient. We have, therefore, a finite disconti¬ 
nuity in the specific heat at H c = 0 whereas, according to eq. (67.7), 
the entropy is continuous at this point and the heat of transition thus 
vanishes. Recent measurements by PhillipsJ on gallium are a good 
example for this behaviour as can be seen from Fig. 58. The transition 
temperature for H c = 0 is 1 078 K. The values for the normal phase 
were measured at H — 200 Oersted. 

In a completely analogous way we derive 


v (n) _ ^(s) _ 


fl (8) H c d H c 
4:7T dP c 


(67.15) 


t The only assumption necessary is that dHJdT c does not become infinite 
as T -+ 0. 

} N. E. Phillips, Phya. Rev. y 134A, 385 (1964). 
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for T = const. This is the differential equation for the co-existence 
curve in the P-H- plane. For H = const, we obtain the ordinary form 
of the Clausius-Clapeyron equation 


dP c = __L_ 
d T c T c (v in) — v {8) ) * 


(67.16) 


These relationships are, as already mentioned, less important than 
eq. (67.7) since the effects at pressures attainable with ordinary 
laboratory apparatus are at the limit of measurability, e.g. the 
quantity dHJdP G appearing in eq. (67.15) is of the order of magni¬ 
tude —10 -8 Oersted dyn -1 cm 2 .t The fractional volume change 
obtained from this is (v {9) — v in) )lv {s) »10~ 7 . 



Fig. 58. The specific heat of gallium in the normal and the superconducting state 


We finally comment on the nature of the transition at H c = 0. 
The above equations show clearly that all first derivatives of the 
Gibbs free energy are continuous. We have, moreover, shown 
explicitly [eq. (67.14)] that the specific heat shows a finite dis¬ 
continuity at this point. Analogous results can be deduced easily 
for the other second derivatives. There can be little doubt, there¬ 
fore, that we are dealing with a second-order transition of the 
Ehrenfest type (§ 48). When we consider the validity of the Ehrenfest 
equations we must, however, bear in mind which one of the variables 

t H. M. Rosenberg, Low Temperature Solid State Physics , Cambridge, 1963. 
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is kept constant. For P c = const, and for T c = const, the second-order 
transition occurs only at a single point. We have, therefore, exactly 
the case which was excluded in the derivation of the Ehrenfest 
equations. Only in the representation on the P-T-plane does an 
equilibrium curve exist for the second-order transition at H c = 0. 
We can, therefore, apply the Ehrenfest equations (48.4) and (48.5). 
These equations can also be derived from the equations in this 
section. Since the experimental accuracy is very limited for the 
reasons given above, an experimental verification is very difficult. 
Within these limits, however, there is good agreement between theory 
and experiment. 
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Electrochemical systems 

§ 68 Definition and general properties of electrochemical systems 

Experience shows that aqueous solutions of certain substances called 
electrolytes are relatively good conductors of electricity. The substances 
are those called acids, bases, and salts in chemistry. Electrolytic 
conduction differs from metallic conduction in the following charac¬ 
teristic ways: 

(a) The passage of the current is accompanied by a macroscopic 
transport of matter. 

(b) The passage of the current is coupled with a chemical reaction. 

(c) A circuit which includes electrolytic conductors is necessarily a 
heterogeneous system consisting of several open phases. 

Systems with these characteristics are called electrochemical systems. 
We include, for simplicity, homogeneous electrolyte solutions in this 
concept. - )* 

These properties of electrochemical systems were explained first by 
Arrhenius in 1887 by the hypothesis (completely proved by experi¬ 
ment) that electrolytes dissociate into electrically charged ions in 
aqueous solution. Another definition of electrochemical systems is 
therefore given by the statement that the transport of charge consti¬ 
tuting a current is due to the movement of ions whereas in metals and 
semiconductors it is due to the movement of electrons. 

Solutions of electrolytes in certain non-aqueous solvents, salt melts, 
and solid salts are also electrochemical systems. The study of electro¬ 
chemical systems comprises a large part of physical chemistry and 
goes far beyond the bounds of thermodynamics. According to the 
plan of this book we confine our discussion to the consideration of a 
few basic questions occurring in the application of thermodynamics 
to this class of systems; for other details the reader is referred to the 
numerous monographs in this field. Since the differences between the 
various types of electrolyte are without significance as far as our 

t Some authors separate the two kinds. 
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discussion is concerned, we shall confine ourselves mainly to aqueous 
electrolyte solutions which, in any case, are the type which has been 
most thoroughly investigated. We immediately introduce a further 
simplification. We have so far not mentioned the degree of electrolytic 
dissociation. We differentiate conventionally between strong and 
weak electrolytes although the division between them is naturally 
not sharp. Quantitative statements require in every case a thorough 
investigation of the thermodynamic, electrical, and optical properties 
of the system. This problem is of minor importance for our discussion. 
We shall, therefore, ignore it and assume throughout that the electro¬ 
lyte is completely dissociated and the solution thus contains only ions 
and neutral water molecules.! This assumption is justified to a suffi¬ 
cient accuracy particularly for the halides and perchlorates of alkali 
metals, alkaline earths, and a few transition metals. In any case, it is 
not difficult to take into consideration the presence of neutral electro¬ 
lyte molecules. 

We now look at a few general properties of electrochemical systems 
which are important for our discussion. In the absence of an electric 
potential difference the condition of electrical neutrality applies to 
electrolyte solutions. If, therefore, we denote the mole numbers of the 
ions by n i and their (positive or negative) electrovalency by z if we 
have 

= 0 ( 68 . 1 ) 

i 

where the sum is to be taken over every kind of ion present. If the 
solution contains only a binary electrolyte! which dissociates into v + 
cations and v_ anions, we have 

z + n + + z_ n_ = 0 (68.2) 

and 

z + v + + z_ v_ = 0. (68.3) 

We see from these expressions (which can readily be generalized for 
other types of electrolyte) together with the definitions of § 2 that a 
solution of a single electrolyte has only two independent components. 
Its composition is therefore fixed by a single concentration variable.§ 
It is, however, convenient and for certain problems necessary|| to 

t The hydration of the ions can be ignored for the reasons given in §§ 2 
and 33. 

t A binary electrolyte is an electrolyte which dissociates into two kinds 
of ions. 

§ This is so even if dissociation is incomplete. 

|| The situation here is analogous to that of chemical reactions. Cf. § 36. 
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introduce the ions (and, if necessary, the undissociated part of the 
electrolyte) and the neutral solvent as components; the neutrality 
condition is then introduced subsequently. 

If electric potential differences occur (this is possible only in 
heterogeneous systems) the neutrality condition is no longer strictly 
applicable. The deviations are, however, so small that, for any poten¬ 
tial differences met in this connexion, they lie far below the limits of 
any experimental demonstration.f This fact justifies an approxima¬ 
tion which constitutes the formal basis for the thermodynamic treat¬ 
ment of electrochemical systems. If we neglect the change in 
composition associated with the potential difference, the change in 
internal energy for a virtual displacement can be divided into two 
parts. The first part depends on the change in the variables of state 
as discussed earlier. The second part constitutes electrostatic work 
done by the transport of ions through the difference in potential. The 
electrostatic work done in electrochemical systems can, however, not 
be introduced into a thermodynamic discussion in the form of a work 
co-ordinate in the sense of the definition (14.1). This constitutes a 
fundamental difference between electrochemical systems and the 
dielectric systems discussed in Chapter IX. The reason for this 
difference is that the electrostatic work in electrochemical systems 
necessarily involves transport of ions between open phases and this is 
inconsistent with the definition of a work co-ordinate. 

Finally, there is a further fact which is important for the thermo¬ 
dynamics of electrochemical systems. This fact was first pointed out 
by Gibbs and, more recently, by Guggenheim: electric potential 
differences in electric conductors are measurable only between media 
of the same chemical composition (e.g. between two points on a 
copper wire) whereas the potential difference between two conducting 
media of different chemical compositions (e.g. between an electrolyte 
solution and an electrode dipped into the solution) is not a measur¬ 
able quantity. We shall see that a direct consequence of this is that 
the chemical potential of a single ionic species is also not a measurable 
quantity. The reasons why, in spite of this, the use of these quantities 
is justified within the framework of a phenomenological theory will 
appear from the following sections and will not be discussed here. 

t Consider a homogeneously charged sphere of radius 1 cm in vacuo. If this 
sphere bears an excess charge of 1 mole of positive univalent ions, the potential 
at its surface is about 10 17 volt. The potentials met in electrochemical systems 
will always be less than 10 7 volt. The deviation from strict neutrality will 
thus be less than 10~ 10 mol cm -3 . 
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§ 69 General conditions for electrochemical equilibrium 

A suitable generalization of the fundamental equation is necessary 
for a derivation of the general equilibrium conditions for a hetero¬ 
geneous electrochemical system. According to the arguments of § 68 
we may write for the variation in internal energy 

hV = W + (69.1) 

where V is the total internal energy and U {e) is the electrical part*. 
The quantity U depends on the variables of state in the way discussed 
previously and is therefore obtained from eqs. (20.4) and (20.5). In 
order to find an explicit expression for 8£7 (e) we start from the well- 
known electrostatic relationship 


t/<e) = f£2dF. 

077 J 


(69.2) 


A necessary condition for thermodynamic equilibrium is that the 
electric field inside a conductor vanishes since the irreversible process 
of conduction would otherwise take place. The integral (69.2) must, 
therefore, extend over the whole space outside the conductor and we 
shall suppose, for simplicity, that the conductor is in vacuo. Equation 
(69.2) then gives 

SU M = i- jVsEdF = — Jgrad(£.SEdF, (69.3) 

where <f> is the electric potential. But we know that 

Jgrad^.SEdF = j div (<f>8E) dV - J^divSEdF. (69.4) 

The second integral on the right-hand side vanishes since in vacuo 

divE = 0. (69.5) 

With the aid of Gauss’ theorem the first integral can be transformed 
into an integral over the surface of the conductor and over an 
infinitely removed surface. The latter integral vanishes since the field 
strength comes sufficiently close to zero at infinity. Since <f> is constant 
at the surface of the conductor eq. (69.3) becomes 


SC7< e > = 


sea >- 


(69.6) 
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Use of eq. (57.2)f finally gives 

SU (e) = (69.7) 

where e is the total charge on the conductor. We now have 

e = 2*^5, ( 69 - 8 ) 

i 

where 

g = 96,487 Coulomb mole* 1 (69.9) 

is the Faraday, i.e. the charge on 1 mole of univalent ions (the charge 
on one equivalent) and the summation is to be taken over all 
electrically charged species .% We therefore have 

(69.10) 

i 

We now obtain the required generalization of the fundamental 
equation from (69.1) and (69.10) in the form§ 

dO = Td£-PdF+ £(/x t . + zrfftdnr (69.11) 

i—l 

The quantity 

Ai = H'i + Ziftt (69.12) 

was called the electrochemical potential of component i by Guggenheim. 
It reduces to the chemical potential for electrically neutral com¬ 
ponents for which z i = 0. 

We now consider a closed system with fixed work co-ordinates 
which consists of m components and a phases. We assume that at 
least one phase is an electrolyte solution and this phase is in direct 
contact with at least one further electrically conducting phase. Apart 
from this we make the same assumptions as in § 27. In particular, the 
phases are assumed to be completely open so that entropy, volume, 
and mole numbers of each phase can be varied, the last with the 
restriction that every component need not necessarily appear in 
every phase. Furthermore, we exclude dissociation processes of 
electrolytes (which can, according to our assumptions, only be 

t D n must be replaced by E n since we have assumed a vacuum. The sign of 
the right-hand side must be reversed since the normal to the surface is taken 
in the opposite direction. 

I If the phase under consideration is an electronic conductor, the electrons 
must be included in the summation in (69.8). 

§ For solid substances, we assume hydrostatic pressure in all directions and 
the absence of uniaxial normal stresses and of tangential stresses. Cf. the 
remarks at the end of § 56. 
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regarded as heterogeneous reactions) and other chemical reactions. 
We shall consider dissociation processes in § 70, rigid phase boundaries 
in § 71, and chemical reactions in § 72. 


We denote the phases by small Greek letters as in § 27 and also use 
ol as the general superscript. The general equilibrium condition (17.2) 
for our case is then 


2Stf<“> 

at 

= 0 

(69.13) 

with the secondary conditions 



23 = 0, 

at 


(69.14) 

28F<“> = 0, 

at 


(69.15) 

23 <“> = 0 

a 

(all i). 

(69.16) 

The procedure described in §27 applied to (69.13)-(69.16) gives the 
explicit equilibrium conditions 

rf(OL) — rp(fi) _ 

... = T^\ 

(69.17) 

p(a) _ p(/3) = 

... 

(69.18) 

II 

II 

II 

(69.19) 


Equations (69.17) and (69.18) are identical with (27.6) and (27.7) 
while (69.19) reduces to (27.8) for neutral molecules. Conditions 
(69.17)-(69.18) thus differ from (27.6)-(27.8) in that, for ions, electro¬ 
chemical potentials replace chemical potentials. The main difficulty 
is due to the fact that electrochemical potentials have no simple 
relationship with measurable quantities. Because of its complexity 
we shall develop this problem step by step by means of examples in 
the following sections. We shall, at the same time, formulate the 
equilibrium conditions for some other cases which we have ignored in 
the above derivation. These cases are, however, important for the 
discussion of our problem. 

§ 70 Solutions of strong electrolytes 

We shall first introduce some definitions which are generally used 
nowadays in the thermodynamics of electrochemical systems. These 
definitions largely constitute an adaptation of the definitions of § 34(b) 
to the particular problem of electrolyte solutions. 
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For the chemical potential of the solvent (denoted by the 
subscript 1) we write 

Mi — RT\nx 1 f 1 +fi 10 (T t P) (70.1) 

with 

lim fi = 1, (70.2) 

Xl —► 1 

where f x is the activity coefficient of the solvent in the solution and 
/x 10 (T, P) is the chemical potential of the pure solvent in the standard 
state. 

Equation (69.12) for the dissolved ions is written explicitly asf 



£< = RT In xJi + 2^4, + ^{T, P) 

(70.3) 

with 


tf{T,P)= lim fa- RT In x ( ) 

Xj ► 1 

(70.4) 

and 


lim A = 1- 

(70.5) 


X \—► 1 


The choice of standard state and the standardization of the activity 
coefficients thus correspond to case (jS) in § 34(b). 

We now consider two aqueous electrolyte solutions ' and " in 
contact with each other. Both solutions contain the ionic species i. 
At equilibrium we find from (69.19) and (70.3) that 

z t m'~V) = RT ln|^. (70.6) 

The potential difference <£" — <£' is not measurable as mentioned in 
§68. The activity coefficients are measurable neither singly nor in 
the combination ln/^ — ln/£. Equation (70.6) cannot, therefore, con¬ 
tribute an experimentally verifiable relationship between measurable 
quantities. In principle, however, f f can be calculated from statistical 
thermodynamics and we may therefore regard eqs. (70.6) as a physi¬ 
cally meaningful definition of the potential difference <f>” — <f>'. In 
practice, however, the situation is somewhat different since the exact 
calculation of the f i has only been successful for the limiting case of 
infinite dilution. Useful approximate formulae exist for dilute electro¬ 
lyte solutions permitting an approximate definition of <£" — </>'. For 
concentrated electrolyte solution we must, for the present, be content 

t The concentration variables used in experimental electrochemistry are 
mole l -1 (molar scale) and mole/kg solvent (molal scale). The activity coefficients 
are then defined in a formally analogous way. 
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with the statement that <f>" — <f>' is, at least in principle, a physically 
definable quantity. Analogous arguments apply to the particularly 
important case of one phase being an electrolyte solution and the 
other a metallic conductor. The potential difference <f>" — <f>' is then 
called a single electrode potential. We shall return to this problem in § 72. 

In order to obtain measurable quantities we consider groups of 
various ionic species which obey the neutrality condition 

2^ = 0, (70.7) 

where the v i are integers. The corresponding linear combination of 
electrochemical potentials is, according to (70.3), 

= RTX v € In Xi + RT 2 Vi \nfi + Z v,/x? (T, P). (70.8) 

The terms containing the potential </> cancel because of (70.7). We 
shall show later that combinations of electrochemical potentials of 
the type of the left-hand side of eq. (70.8) can be reduced to measur¬ 
able quantities. We can, therefore, conclude that combinations of ion 
activity coefficients of the type 

n ft (70.9) 

[where the obey eq. (70.7) ] can also be determined by experiment 
and are thus unequivocally defined. This is the basis for the introduc¬ 
tion of the mean activity coefficient of an electrolyte f ± by Lewis and 
Randall. For simplicity we shall consider only binary electrolytes 
which dissociate into v + cations of valency z + and v_ anions of 
valency z_. The neutrality condition (70.7) then becomes 

v+z + + v_z_ = 0. (70.10) 

The mean activity coefficient is then defined by the equation 

fi=te+’- =/; + /^-> c 70 - 11 ) 

where f + and /_ are the activity coefficients of the cations and anions 
respectively and 

v = v + -f-j'_. (70.12) 

The definition (70.11) is a special case of (70.9). The mean activity 
coefficients are, therefore, thermodynamically unequivocally defined. 
Equation (70.11) leads to the remarkable conclusion that the mean 
activity coefficients of electrolytes in solutions of several electrolytes 
having certain ionic species in common are not independent of each 
other. If, for example, we have a solution containing two kinds of 
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univalent cations A+ and B+ and two kinds of univalent anions 
C~ and D - , (70.11) gives 

/A i c = ^ i c (70.13) 

/a,d /b,d 

for the mean activity coefficients. In this context, a physical meaning 
can be ascribed to ion activity coefficients within the framework of 
thermodynamics. 

Analogously to eq. (70.11) the mean mole fraction of an electrolyte is 
defined by the equation 

x v ± = x v _+ +v - = x v _ + x v _~. (70.14) 

The mole fraction of an electrolyte is also used. It is defined by the 
equation 


x = 


n 2 

n x + n+ + n_ * 


(70.15) 


where n 2 is the mole number obtained from the chemical formula of 
the electrolyte and we have to bear in mind that x 1 4- x ^ 1. But we 
have (at complete dissociation) the simple relationships 

X+ = V+X, x_ = v_x. (70.16) 

We now find from (70.14) and (70.16) that 


x ± = v ± x (70.17) 

with 

V v ± = v^+V^. (70.18) 

Finally, the stoichiometric mole fraction of the electrolyte 


n 2 

n x + n 2 


(70.19) 


is a third one which is used. If xf denotes the stoichiometric mole 
fraction of the solvent, it is true here that + x\ — 1 but the relation¬ 
ships (70.16) are not valid. 

We find directly from eq. (33.16) that for a homogeneous dissocia¬ 
tion equilibrium the chemical potential fi 2 of the undissociated 
electrolyte is related to the electrochemical potentials of the ions by 
the equation 

P'2 = v+£+4-*'-P-- (70.20) 


The right-hand side of this equation is a linear combination of the 
type occurring in (70.8). We can, therefore, formally define this linear 
combination as the chemical potential of the electrolyte even in the case 
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of complete dissociation. We shall show later that this definition is 
physically meaningful. We write accordingly that 

A(T,P) = v +h *.(T,P) + v_iiUT 9 P). (70.20a) 

Equation (70.8) together with the definitions (70.11), (70.12), (70.14), 
(70.20), and (70.20a) gives the chemical potential of the electrolyte as 

tx 2 = vBTlnzJ ± + i4(T,P). (70.21) 

Using (70.17) and (70.18) we get the alternative form 

fi 2 = vRT lnxf ± + im 2 *(T , P), (70.22) 

where we have put 

l4(T, P) + vRT In v ± = jz°*(P, P). (70.23) 

The osmotic coefficient grf introduced by Bjerrum is often used 
instead of the activity coefficient f x in connexion with the chemical 
potential of the solvent. The osmotic coefficient is defined by the 
equation 

Mi = gRT In x, + fi 10 (T, P) (70.24) 

with the standardization 

lim g = 1. (70.25) 

1 

The relationship between the osmotic coefficient and the activity 
coefficient of the ions at constant temperature and pressure is given 
by the equation 

~(l —2* f )d[(l-<7)ln(l-2* f )] + I> i dln/ ( = 0, (70.26) 

due to Bjerrum. The summation is to be taken over all ionic species. 
Equation (70.26) is obtained from the Gibbs-Duhem equation (20.43) 
together with (70.3), (70.24), and the neutrality condition (70.7). 

We now illustrate the above definitions by means of two simple 
examples involving heterogeneous equilibria. Our first example is the 
case of the distribution of a binary electrolyte between two immiscible 
solvents ' and ". We assume equal temperatures, equal pressures, 
complete dissociation, and electrical neutrality for the two phases. 
We therefore have to consider only the variation in the mole numbers 

t The name ‘osmotic coefficient’ is explained by the relationship between 
/Xi — /^io (7\ P) and the osmotic pressure mentioned at the end of § 28. 
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of the ions and the equilibrium condition (69.13) reduces to the formf 
+ )K + S(/^ + ^8f^)8w; = 0 (70.27) 

i i 

with the secondary conditions 

SnJ + SwJ = 0 (all i), (70.28) 

2 Sn'i = 0,2 z i 8n" = 0. (70.29) 


The expressions (70.29) show immediately that the terms involving 
the electric potential </> in eq. (70.27) cancel out. Furthermore, the 
second of the two conditions (70.29) is not independent and we can 
thus ignore it. We thus obtain for a binary electrolyte that 

fx' + 8n' + -f 8n'_ + 8n" + + y!'_ 8n"_ = 0 (70.30) 


with the secondary conditions 

8n' + + 8n+ = 0, 8n'_ + 8n_ — 0, 

z + 8n' + + z_ 8n'_ = 0. 


(70.31) 


We now use again the method of Lagrange multipliers.! If we multiply 
the first of the secondary conditions (70.31) by X v the second by A 2 , 
the third by A 3 , and add the resulting equations to (70.30) we get 


(y+ H- Aj + z + A 3 ) 8n' + H- + A 2 + z_ A 3 ) 8n'_ + (fx^ + Aj) S7i + 

+ (/a1 + A 2 )8n"_ = 0. (70.32) 

We choose the undetermined multipliers A 1 ,A 2 ,A 3 such that the 
expressions in the first three sets of parentheses vanish. The varia¬ 
tion 8n”_ is then independent and (70.32) can be fulfilled only if the 
expression in the fourth set of parentheses is also equal to zero. We 
therefore have 


+ Aj + 2 + A 3 = 0, 

(70.33) 

fx'_ + A 2 + z_ A 3 = 0, 

(70.34) 

+ Aj = 0, 

(70.35) 

/xl -f A 2 = 0. 

(70.36) 


t We thus really use the equilibrium condition (23.11) which is formulated 
using the Gibbs free energy. From now on the subscript i refers only to the ions. 

{ We again use two simple examples to illustrate the application of this 
method which is indispensable for more complicated cases, although the 
present problems could be solved much more easily by a simple elimination of 
the dependent variables. 
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We now multiply eqs. (70.33) and (70.35) by v + , and eqs. (70.34) and 
(70.36) by v_. Because of (70.10) the addition of (70.33) and (70.34) 
gives 

v + iLj t + v_ii_ + Vj r \ 1 + v_\ 2 = 0* (70.37) 

By means of (70.35) and (70.36) we finally arrive at 

v+1*+ + v_ fx'_ = v + /x+ + v_ y!'_ (70.38) 

or, if we introduce the chemical potential of the electrolyte defined 
by eq. (70.20), 

= /V (70.39) 

The distribution equilibrium is thus determined by the equality of 
the chemical potentials of the electrolyte. Even if we assume the 
phase ' to be a very dilute solution, for which the ion activity coeffi¬ 
cients are theoretically known to sufficient accuracy, we could use the 
distribution equilibrium to determine experimentally merely the 
mean activity coefficient for the phase " and this only with the exclu¬ 
sion of a factor depending on T and P. This last limitation is quite 
unimportant for our problem since only a difference in the standard 
value occurring in (70.21) for the two phases is involved. This is seen 
even more clearly if we use (70.11), (70.14), and (70.21) to write 
eq. (70.39) in the form 


with 


( 4 )** (x -Y- (f±Y+ +v - 

(x-Y- (/;r> + *'- 


K(T, P) 


(70.40) 


RT\nK(T,P) = i,tl'(T 9 P)-i4' (2\P). (70.41) 


The quantity K(T,P) can be found by extrapolating the measure¬ 
ments to infinite dilution. The case where K(T,P) = 1 and the 
limitation mentioned above thus disappears is considered in §71. 

Our second example is the vapour pressure equilibrium of an 
aqueous solution of a volatile binary electrolyte. We assume that the 
electrolyte in the solution phase denoted by' is completely dissociated 
while the electrolyte in the vapour phase denoted by " is present 
exclusively in the form of neutral molecules. These assumptions are 
justified to a sufficient degree of accuracy for aqueous solutions of 
HC1, HBr, and HI. As in the previous example we assume equal 
temperature and pressure for the two phases. However, electrolytic 
dissociation must now be taken into consideration as a heterogeneous 
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reaction. The equilibrium condition (69.13) then becomes 
(y+ + 2+ 3f <f>') + (yf_ + z_ g <f> f ) 8n'_ + p' 8n[ 

+ p 2 Sn" 2 + fil hnl = 0 (70.42) 

with the secondary conditions 

hn^ + hnl = 0, (70.43) 

8n' + + v + 8n' 2 = 0, (70.44) 

8n'_ + v_8n” 2 = 0. (70.45) 

The conditions (70.44) and (70.45) are completely analogous to the 
conditions (33.9) for chemical reactions. Using Lagrange multipliers 
we obtain 

/x; + A 1 = 0, (70.46) 

Pi + A x = 0, (70.47) 

M; + z+3^ + A 2 = 0, (70.48) 

4- z_ ^<f>' + A 3 = 0, (70.49) 

+ v+ A 2 + A 3 = 0. (70.50) 

Equations (70.46) and (70.47) immediately give 

Ml = Ml- (70.51) 

If (70.48) is multiplied by v + , (70.49) by v_ and the two resulting 
equations are added together, terms involving the electric potential 
disappear because of (70.10). By means of (70.50) we then get 

v+y' + + v_y'_ = p 2 • (70.52) 

The equilibrium is completely determined by (70.51) and (70.52) 
since the solution contains only two independent components. The 
linear combination on the left-hand side of (70.52) must, therefore, 
be interpreted as the chemical potential of the electrolyte even in the 
case of complete dissociation. This interpretation has already been 
used earlier. 

If the vapour phase can be regarded with sufficient accuracy as an 
ideal gas, the partial pressure of the solvent is found from (70.51), 
(34.3), and (70.1) to be 

Pi = PioXifv (70.53) 

where £) 10 is the vapour pressure of the pure solvent at the same 
temperature. The activity coefficient of the solvent in the electrolyte 
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solution can thus be determined experimentally by measuring the 
partial pressure pj.f The derivation of the expression for the partial 
pressure of the electrolyte is (because of the problem of standardiza¬ 
tion) rather involved and cannot be considered here. We merely 
remark that the relationship between the partial pressure p 2 and the 
mean activity coefficient of the electrolyte in the solution contains a 
temperature-dependent factor which can be determined (similarly to 
the previous example) by extrapolation of the measurements to 
infinite dilution. 

§71 Membrane equilibria of electrolyte solutions 

We now consider equilibria between two aqueous electrolyte 
solutions separated by a rigid semipermeable membrane. We again 
denote the two phases by ' and n . For simplicity we assume that 
phase ' contains only one binary electrolyte whose cations and anions 
can pass through the membrane. Phase " is assumed to contain in 
addition a polyelectrolytej whose cations are identical with those of 
the electrolyte in phase The membrane is assumed to be impassable 
to the macromolecular anions. From the general theory of membrane 
equilibria (§28) and the theory of electrochemical equilibrium (§69) 
we obtain the equilibrium conditions 

T = T\ (71.1) 

H = (all i) (71.2) 

where the subscript i now applies to all the components capable of 
passing through the membrane. The condition (69.18) does not 
appear here, i.e. equality of pressure of the two phases is not neces¬ 
sary for equilibrium. Whether a pressure difference is possible or 
perhaps necessary for equilibrium depends only on whether eq. (71.2) 
can be fulfilled under the appropriate experimental conditions. 

(a) Non-osmotic equilibrium . We now suppose that the membrane 
is impassable to the solvent and assume equality of pressure. The 
conditions (71.2) are then explicitly 

RT\nx' + f[ + z + %</>' = RT In x\f+ + z+ 3<£", (71.3) 

RT\nx'_fL + z_%<f>' = RTlnx'J^ + Z-W. (71.4) 

f This method has hardly any practical significance. 

X Poly electrolytes are macromolecules with a large number of groups 
capable of electrolytic dissociation in aqueous solution. Many physiologically 
important substances (e.g. proteins, nucleic acids) and certain synthetic 
polymers (e.g. polyacrylic acid) are polyelectrolytes. 
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The terms for the standard state are the same for both phases and 
cancel. If we now use the neutrality condition (70.10) to eliminate 
terms containing electric potentials and apply (70.11) we get 


(A Y* (x-Y- (f ±) v++v - 

(x' + y+ (f' ± Y++*- 


(71.5) 


Equation (71.5) shows that a membrane equilibrium is possible with 
the two phases at the same pressure for a system which conforms to 
our original assumptions. Such an equilibrium is called a non-osmotic 
equilibrium . Equation (71.5) shows that such an equilibrium is com¬ 
pletely determined by the chemical potentials of the permeating 
electrolyte. If the mean activity coefficient for the phase ' is known, 
that for the phase " can be found by means of (70.5). 

The quantity <f>" — <£' defined by the equation 


in if RT , x+f+ 

* -* i7s ln i m 


z_dx.fl 


(71.6) 


is called the membrane 'potential. Equation (71.6) is obviously a special 
case of (70.6) and our earlier considerations are largely applicable to 
the present case. Two qualifying remarks need to be made, however. 
Firstly, although the membrane potential is not measurable directly, 
it can be determined at least approximately by means of a suitable 
experimental arrangement. We shall return to this problem in §72. 
Secondly, no suitable way to a reliable calculation (not even an 
approximate one) of the activity coefficients for the phase " contain¬ 
ing the macromolecular anion is known. 


(b) Osmotic equilibrium (Donnan equilibrium). We consider the 
same system we considered under (a) except that we now assume 
the membrane to be permeable not only to the ions of the binary 
electrolyte but also to the solvent. In this case it is generally neces¬ 
sary for the two phases to be at different pressures in order that 
equilibrium may be attained.f Simple examples of such equilibria 
were originally discussed by Donnan. The general theory was 
developed by Donnan and Guggenheim. 

t This becomes obvious if we consider the extreme case of the polyelectrolyte 
being present at very high concentration and the permeating electrolyte at 
very low concentration. The amount of permeating electrolyte is then not 
enough to reduce the chemical potential of the solvent in phase' [cf. eq. (28.10)] 
to the same value as that in phase *. 



294 Membrane equilibria of electrolyte solutions [§ 71] 

From §§28 and 69 we immediately obtain the equilibrium conditions 
fM' l (T y P\x' 1 ) = iL'l(T,P'',xV, (71.7) 

A V(7\P',*;,aO = £ (71.8) 

ii'_(T,P' y x' + ,x'_) = iL"_(T y P" i x\ i x'L). (71.9) 

We assume the phase ' to be at normal pressure P 0 and put 
P n = P 0 + II. According to eq. (26.27) we then have 


fn+n 

/ Xio(P,P 0 + n) = Mlo (T,P 0 )+ v 10 dP 

JPo 

= /i 10 (P,p 0 )+v 10 n, (7i.io) 

where £ 10 is the mean of the partial molar volume v 10 over the 
pressure difference II. Using (70.1), eq. (71.7) can thus be written 


RT y f” 

n=-^-ln^4i. (71.11) 

%> Kfi 

For the permeating ions we have 

fPo+n 

/z?(T,P 0 +n) = /x?(T,P 0 )+ vtdP 

J P 0 

^p?(T,P 0 ) + i5?n, (71.12) 


where vj is the partial molar volume of the ionic species i in the 
standard state defined by eq. (70.4). Using (70.3), eqs. (71.8) and 
(71.9) can then be written 






RT 

2+3 

RT 

2-3 


v </; i?r/’ 

/. *1/: ^n\ 

( ln Z7! + w)- 


(71.13) 

(71.14) 


If we define the mean partial molar volume of the electrolyte in the 
standard state by the equation 


^ + (71.15) 

we find from (71.13) and (71.14) with (70.10) and (70.11) that 


n = - 



(71.16) 
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Elimination of II from eqs. (71.11) and (71.16) finally gives 

«y+ (x'-Y- (fLY ++v - _ «) v+ (x-Y- (flY ++v - 

w/ir (Anr 

with 

r = PJVjo- (71-18) 

All activity coefficients of the phase " are defined at the pressure 
P 0 +n in these equations. We shall now use the solvent as an 
example for the method of converting to activity coefficients at 
normal pressure. Equations (26.27), (70.1), and (71.10) show that 


- V 1 RT dlnx Jl 
dP~ v x-v^+ni dp . 


(71.19) 


Integration between P 0 and P 0 + U gives 

PPln/J(P 0 +n) = PPln/i'(P 0 ) + (f7 1 -f; 10 )n, (71.20) 

where fl(P 0 ) is the activity coefficient defined for the temperature 
and composition of the phase " and the pressure P 0 . The dependence 
of the activity coefficient on pressure can often be ignored since, in 
practice, only very small pressure differences need to be considered 
and the second term on the right-hand side of (71.20) can therefore 
be neglected. 

The pressure difference FI in eq. (71.11) or eq. (71.16) is called the 
osmotic pressure (cf. §28). In contrast with case (a), the Donnan 
equilibrium is often described as an osmotic membrane equilibrium. 
The potential difference defined by eq. (17.13) or eq. (71.14) is known 
as the membrane potential as in the case discussed under (a). The 
remarks made there about the physical meaning of this concept are 
naturally also valid for an osmotic equilibrium. 


§72 Galvanic cells 

We still have to discuss how the immeasurable potential difference 
<t>" — <f>' between neighbouring phases is related to measurable quanti¬ 
ties. In this connexion we consider a closed system with fixed work 
co-ordinates. The system consists of <j phases and is subject to the 
following specifications: 

(a) All phases are electrical conductors. 

(b) The phases to which we attach definite numbers are arranged 
in such a way that each of the phases 2 to a — 1 is in contact 
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with exactly two other phases, f Phase 1 is in contact only with 
phase 2, and phase a only with phase a — 1. 

(c) The end phases 1 and cr are chemically identical metallic 
conductors. 

(d) There is at least one ionic conductor among the phases 2 to 
cr — 1. 

(e) Each pair of touching phases has at least one kind of electrically 
charged particle (ions or electrons) in common. The phase 
boundary is permeable to the common species. 

Such a system is called a galvanic cell. The whole of it is a conductor 
which can be a part of an electric circuit. An electric current will then 
flow from phase 1 via phases 2 to a — 1 to phase cr. The conduction of 
current necessarily entails chemical reactions since the current is 
carried by electrons in some phases and by ions in others. 

The potential difference <f> icr) — <f> {1) is a measurable quantity since 
the two end phases 1 and a are chemically identical. Thermodynamics 
is concerned only with the equilibrium value of this quantity. It must 
therefore always be determined in a state in which no current is flow¬ 
ing since the passage of current is an irreversible process. We also 
exclude any other irreversible process in the cell. This means that 
the chemical reactions occurring in the cell must he coupled in a definite 
way with the conduction of current such that all chemical reactions take 
place in the opposite direction when the current is reversed. Further¬ 
more, all stationary irreversible processes (e.g. diffusion, heat conduc¬ 
tion, thermal diffusion) are excluded.J The last requirement is not 
fulfilled for all galvanic cells and we therefore distinguish between 

(a') reversible galvanic cells in which every process occurring in the 
cell is reversed when the current is reversed, 

(b') irreversible galvanic cells which involve to a considerable extent 
stationary irreversible processes whose direction is indepen¬ 
dent of the direction of the current. 

The exact theory of irreversible galvanic cells can be developed only 
on the basis of the thermodynamics of irreversible process. We there¬ 
fore confine our attention to reversible galvanic cells. 

We must first define more exactly what we understand by thermo¬ 
dynamic equilibrium in a galvanic cell. The important consideration 
here is that the overall chemical reaction occurring in the cell is 

t We ignore contacts with non-conducting phases (e.g. the vapour phase). 
These contacts may exist but are of no interest for the present problem. 

X Non-stationary irreversible processes do not lead to measurable quantities 
independent of time and are thus excluded ab initio. 
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coupled with the conduction of the current in a definite way. We 
therefore distinguish between the following three cases: 

(a") The cell is open, i.e. there is no direct conducting contact 
between the end phases 1 and a. No electric current can, 
therefore, flow and no chemical reaction can take place. The 
system may be in thermodynamic equilibrium. The chemical 
reaction is, however, only inhibited and thus does not appear 
(since the corresponding variations are not possible) in the 
equilibrium conditions (cf. §17). The potential difference 
<f> {(T) _ ^d) i s timg not measurable under these conditions. 

(b") The end phases 1 and a are shorted via a conductor of constant 
chemical composition. The current now flows and the chemical 
reaction proceeds irreversibly until either chemical equilibrium 
is reached or one of the reactants disappears. Thermodynamic 
equilibrium is therefore impossible in the initial state. 

(c") An external potential difference O' is applied to the end phases 
1 and a by means of a potentiometer circuit. If 

|0'|>|e^>-<£< 1) | 

the electric current will flow in a certain direction and the 
chemical reaction will take place. If | O' | < | <f> {(r) — <f> (1) | the 
current flows in the opposite direction and the reverse 
chemical reaction takes place. The case | O' | = | (f> {<T) — | 

therefore corresponds to a state in which no current flows. 
This state constitutes a thermodynamic equilibrium since no 
irreversible processes can occur in the system. The chemical 
reaction is now not inhibited since it can proceed in either 
direction as a quasi-static or reversible process by changing 
O' infinitesimally. 

A meaningful definition of thermodynamic equilibrium for a 
galvanic cell must obviously include the chemical reaction and the 
potential difference <f> {<r) — (f> {1) in the equilibrium conditions and must 
be consistent with the general definitions of §§16 and 17. Cases (a") 
and (b") are therefore excluded and we define the equilibrium 
described under (c") as the thermodynamic equilibrium for a galvanic 
cell. The quantity 

|0'| = |^<*>_^u>| = o (72.1) 

is called the electromotive force (e.m.f.) of the galvanic cell. 

We wish to make two observations relevant to this definition. 
Firstly, we can see that the above considerations show remarkable 
analogy with the thermodynamic treatment of a gas confined in a 
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cylinder by a frictionless piston. If the piston is arrested, expansion 
is an inhibited process and the pressure of the gas is not measurable 
[case (a") ]. If the piston is freely moveable and its movement is not 
opposed by an external pressure, expansion of the gas occurs as an 
irreversible process [case (b")]. If an external pressure acts on the 
piston and the external pressure is equal to the gas pressure in the 
cylinder, we have thermodynamic equilibrium and the equilibrium 
pressure is a measurable quantity. The volume of the gas can be 
changed in either direction by infinitesimal changes in the external 
pressure and the volume changes then occur as quasi-static processes 
[case (c") ]. The main difference between the gas and the galvanic cell 
lies in the fact that the volume is a work co-ordinate in the sense of 
§ 14 in the case of the gas whereas electrical work cannot be described 
by a work co-ordinate here since our galvanic cell is defined as a 
heterogeneous system consisting of open phases. 

The second observation concerns the nature of the thermodynamic 
equilibrium for a galvanic cell. We are here dealing with an electro¬ 
chemical equilibrium which must be distinguished from the chemical 
equilibrium for the reaction involved (if such a chemical equilibrium 
exists). The reversible course of the reaction described under case (c") 
accordingly differs from the course of the reaction at maintained 
chemical equilibrium as described in § 14. 

We shall carry out the derivation of the equilibrium conditions by 
two methods. The first method introduces only observable quantities 
and ignores the detailed mechanism. We saw in §§70 and 71 that all 
material equilibria between neighbouring phases are determined by 
the chemical potentials of the undissociated electrolytes and those 
of the neutral molecules. We therefore regard these as the com¬ 
ponents of the system and accordingly write the total reaction 
(cf. § 33) as 

S^X. = 0, (72.2) 

where the X ; . are electrically neutral chemical compounds and the 
Vj are the stoichiometric reaction numbers. The total reaction 
described by (72.2) is not, however, necessarily a chemical reaction 
in the usual sense.t Since one, and only one, measurable potential 
difference — <f> {1) is involved, an additional electrically charged 
component must be introduced. The choice of this component is 
fixed by our definition of the end phases as electronic conductors. 

t The reaction (72.2) can, for example, consist of the transfer of a 
component i from a phase ' to a phase * of different composition. We shall 
give an example of such a cell at the end of this section. 



299 


[XI] Electrochemical systems 

We denote the mole number of electrons in phase a by n ( e a K The 
electrochemical potential fi e of the electrons now appears in the 
fundamental equation together with the chemical potentials of 
the neutral components. We now have to formulate the coupling of 
the chemical reaction with the passage of the current. We therefore 
write the change in mole numbers for the r components which take 
part in the reaction, as we did in § 36, in the form 

$nj = Vj8£, (72.3) 

where £ is the progress variable. When an infinitesimal current passes, 
8n e mole of electrons disappear from phase a and appear in phase 1 
(or vice versa). The coupling is then expressed by the equation 

8n e = v* 8£, (72.4) 

where the proportionality factor v* depends on the reaction used in 
the construction of the cell. 

We now assume that the entropy and the volume of every phase 
can be varied.j* We make no special assumptions about the perme¬ 
ability of the phase boundaries apart from those made for the defini¬ 
tion of a galvanic cell [point (e) ]. We shall, however, show later that 
not all the phase boundaries can be permeable to all the components. 
The summations over the mole number variations must therefore be 
understood to be subject to these limitations and we shall denote this 
by using the symbol We finally assume that all the components 
participating in the reaction (72.2) are present in the system. We 
then have the equilibrium condition (cf. § 33) 

[ m 

2 /4 a) + /i< a) =0 (72.5) 

1=1 


with the secondary conditions 

285<“» = 0, (72.6) 

a 

28F‘“> = 0, (72.7) 

a 

2' = 0 for components not participating in reaction 

a (72.2), (72.8) 

2 8nj a) = Vj 8£ for the r components which participate in 
a reaction (72.2), (72.9) 

= 0 (a = 2, 3,..., or— 1), (72.10) 

8n { e v = -Sn^ = v*8£. (72.11) 


t The assumption about the volume is unnecessary and is made only for the 
sake of simplicity. The important condition for the following argument is 
merely that the two end phases 1 and a are at the same pressure. 
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Equations (72.5)-(72.8) immediately give 

J!{(X) _ JHfi) _ ^ juv)' (72.12) 

P«*> = PW = ...P (<r) , (72.13) 

(72.14) 

where ' and " indicate each pair of neighbouring phases whose 
common boundary is permeable to component i. Using (72.9)-(72.11), 
eq. (72.5) reduces to the condition 

2 2 ^“ , + *'*(& 1, -£i <r, )l S£ = 0. (72.15) 

. a j=l ] 

Since £ is assumed to be variable at will, (72.15) gives 

2 2 »',/*}“>+v*(rt” -/£'*) = 0- (72.16) 

a i=l 


The chemical potentials of the two end phases 1 and <r must be equal 
since we have assumed (or shown) that they are chemically identical, 
and are at the same temperature and pressure. We therefore find, 
according to eq. (69.12), that 

Ai 1) -^ <r) = -g(^ (1) -^ ) ). (72.17) 

From (72.16) and (72.17) we get 

v* %(</>'"-<f><*') = 2 (72.18) 

a j —1 

Equation (72.18) is the general condition for electrochemical equi¬ 
librium in a galvanic cell in which the heterogeneous overall reaction 
(72.2) occurs with a reversible passage of current. If, as is often the 
case, each participant in reaction (72.2) occurs in only one phase, 
eq. (72.18) can be written 

v*5(^ 1) _^ , ) = 2^.. (72.19) 

3 =1 

If we introduce the free energy change A6rf defined by eq. (36.10) 

t We here consider A O with respect to a reaction corresponding to one 
stoichiometric formula, in accordance with the earlier definition. In the litera¬ 
ture A G is often related to a reaction corresponding to one equivalent. This 
corresponds to the quantity A G/v* in our notation. 
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and the e.m.f. of the cell defined by eq. (72.1), eq. (72.18) becomes 


-v*grO = A G. (72.20) 

The e.m.f. obtained when all the participants in the reaction are in 

their standard states is called the standard e.m.f. for the cell. If we 
denote this quantity by 0° we find from (34.36), (34.41), (34.43), and 
(72.18) that 

<t> = <t>°-_ In nn(«j a, H (72.21) 

v a La j=i J 

with 

<D # = - AG° = - £ S v i (72.22) 

a j= 1 

If all the participants in the reaction are present as pure phases, we 
simply have 0 = 0°. 

The above method is strict and general. It suffers from the 
disadvantages, however, that the connexion with the previous 
section is not apparent and that there is no relation between galvanic 
cells which have some partial reactions in common. Moreover, it 
cannot be used in the theory of irreversible cells. 

We now outline a second method for the derivation of the equi¬ 
librium conditions that avoids these disadvantages. The principle of 
the method is that the overall reaction (72.2) is divided into localized 
material equilibria between the phases and similarly localized 
chemical equilibria within the phases. Such a division does not, 
however, introduce measurable quantities and is thus not always 
free from arbitrariness. We use a simple example to illustrate the 
method since the general formulation is clumsy and involved. We 
therefore consider the cell 

(1) (2) (3) (4) (5) (6) (7) 

Pt | M(s) | MX 2 (s) | KX(aq.) | AgX(s) | Ag(s) | Pt, (72.23) 

where X is a halogen which forms a salt sparingly soluble in water 
with both silver and the bivalent metal M.f KX (aq.) denotes an 
aqueous solution of the appropriate potassium halide. We assume 
that the phase boundaries 1-2 and 6-7 can be passed only by 
electrons, 3-4 and 4-5 only by X - ions, 2-3 only by M 2+ ions, and 
5-6 only by Ag+ ions. The material equilibria then, according to 

t The assumption of sparing solubility is necessary to make diffusion and 
irreversible chemical reactions negligible. 
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(69.12) and (69.19) obey 


2$(*«»>_*«>) -/*&♦, 


(72.24) 


According to (33.16) we have for the homogeneous equilibria within 
the phases that 


Mm U+2/4*’ = Mm 1 . 
Mm++ + 2mx- = Mmx«> 
m£ + +m£>- = MakX> j 
M^+mI 6 ’ = Mar- J 


(72.25) 


If we add the eqs. (72.24) together and use (72.25) to introduce the 
chemical potentials of the neutral components, we obtain 


W” - pv ) = MmXj + 2 MAg - - 2 MAgX . (72.26) 

The overall reaction which occurs when current passes through the 
cell is 

M + 2AgX -> MX 2 + 2Ag. (72.27) 

If, therefore, we use (36.10) and (72.1) we again obtain eq. (72.20) 
with v* = 2. 

This second derivation illustrates clearly that the potential 
differences between neighbouring phases mentioned a number of 
times in previous sections are not measurable singly. Only their 
combination into a suitable galvanic cell becomes measurable. This 
is true in particular for the single electrode potentials mentioned in 
§70. The single electrode potentials occurring in the example (72.23) 
are <f> {3) — <£ (4) and <£ (4) — <£ (5) . In spite of this it is convenient to be able 
to compare different electrode potentials. The comparison becomes 
possible when a half-cell corresponding to the electrode potential is 
combined with the half-cell of a standard electrode to form a galvanic 
cell whose e.m.f. can be measured. The standard electrode used is 
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platinum saturated with hydrogen at 1 atm pressure f and dipping 
into a solution containing H+ ions at unit activity of the dissolved 
electrolyte. The values measured in this way are called single electrode 
potentials or, more correctly, standard e.m.f. values for the appropriate 
half-cell . They have been tabulated for all the more important half¬ 
cells. We illustrate the use of these values by means of the cell 

Pt | Pb(s) | PbCl 2 (s) | KCl(aq.) | AgCl(s) | Ag(s) | Pt (I) 

which is a particular case of the cell (72.23). The standard values of 
the e.m.f. of the two half-cells are defined by the cells 

solution solution 

Pt Pt-H 2 containing containing AgCl(s) Ag(s) Pt, (II) 

H+ Cl- 

solution solution 

Pt Pt-H 2 containing containing PbCl 2 (s) Pb(s) Pt. (Ill) 

H+ Cl- 

The two neighbouring solutions in cells (II) and (III) are assumed to 
have practically the same composition.J According to the last 
described method we obtain§ 

= P-H* — 2/xJj + + 2/z AgC1 — 2p Ag — 2^-, (72.28) 

S^iii = Miia “ -h/x pbC , 2 —/x Pb — 2/x^j-. (72.29) 

From (72.26), (72.28), and (72.29) we immediately get 

2$! = 20>? I -(I>° II (72.30) 

since, according to (72.26), the e.m.f. of the cell (I) is determined only 
by pure phases. We can, therefore, calculate the e.m.f. of any galvanic 
cell which is made up of half-cells whose standard values are known. 

The potential difference between neighbouring phases can be 
determined at least approximately by experiment in certain cases 
when the potential difference of interest is large compared with all 
other potential differences occurring in the cell. This allows the 
approximate determination of membrane potentials (§71). We cannot 
go into details here. 

t Hydrogen at unit fugacity would be preferable for the definition of the 
standard electrode from a theoretical point of view. 

+ Cells (II) and (III) are generally written with only one electrolyte solution. 
The present notation is due to Guggenheim. It is theoretically clearer. 

§ Phase superscripts are superfluous since we are dealing with ions. 
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The derivation of eq. (72.26) shows that although there is always 
electrochemical equilibrium between two neighbouring phases, this is 
not true for the two end phases since /X^ 1) ^ fi^K This is explained for 
an open cell by the fact that one or more phase boundaries do not 
allow electrons to pass through. Electrochemical equilibrium does, 
however, exist between the phases 1 and a if the potential difference 
0 <n _ 0 <<r) j s compensated by an external potential difference O'; this 
external potential difference has not been explicitly introduced here. 

The local equilibria described here play an important role in the 
theory of irreversible galvanic cells. Details can be found in textbooks 
of the thermodynamics of irreversible processes. 

We now consider briefly a few further thermodynamic aspects of 
reversible galvanic cells. If we combine the basic equation (72.20) 
with the Gibbs-Helmholtz equation (24.8) we obtain the expression 

v* 8 f[o-r(^)J =-AH (72.31) 

for the temperature dependence of the e.m.f. This equation was first 
derived by Helmholtz. According to (72.20) and (21.37) we have 

-*s(S), -“■ (,2 “» 

where A H and AS are enthalpy and entropy changes corresponding to 
a reaction of one stoichiometric formula as in (72.2). The quantities 
AG, AH, and AS for the reaction (72.2) can thus be found by measur¬ 
ing the e.m.f. and its temperature dependence. Since the three 
quantities are functions of state their values do not depend (at 
constant temperature and pressure) on an irreversible [case (b") ] or 
reversible [case (c")] course of the reaction. In contrast, the heat 
absorbed by the system depends on the path taken in phase space 
and is AH for a reversible process and T AS for an irreversible process. 
In the latter case AH is, according to (72.31), equal to the sum of the 
heat absorbed and the electrical work done by the potentiometer on 
the system. The thermodynamic investigation of heterogeneous 
reactions by means of reversible galvanic cells plays an important 
part in the experimental study of the Nernst heat theorem (§38). 

E.m.f. measurements on galvanic cells are also often used in the 
determination of mean activity coefficients of electrolytes. We 
illustrate this by a simple example, the cell 

Pt | M(s) | MCl(aq.) | AgCl | Ag | Pt, 


(72.33) 
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where M is a univalent metal whose chloride is soluble in water, f 
The overall reaction for the cell is 


M(s) + AgCl(s) -> MCl(aq.) + Ag(s). (72.34) 


v* = 1 for this reaction. Since each participant in the reaction occurs 
in one phase only, the e.m.f. of the cell is, according to (72.21), 
given by 

(D = $° + "MO) a Agci(a) t ( 72 . 35 ) 

O ^CKaq.^Agrte) 

The activities of the pure solids are unity by definition (§ 34b). Using 
(70.22) (with v — 2, v ± = 1), (72.35) can therefore be written 

RT 2RT 

o = = 0 # -^lnz/ ± , ( 72 . 36 ) 


where x is the mole fraction defined by (70.15) and/ ± is the mean 
activity coefficient of the electrolyte MCI defined by (70.11). If we 
now give the definition 


O* = O + - In x 


and use (72.36), we find that 


O* = 0° — 


5 

2RT 

3 


ln/ ± . 


(72.37) 


(72.38) 


The right-hand side of (72.37) involves only measurable quantities. 
We can, therefore, plot O* as a function of x* from experimental data. 
Since lim f ± = 1, the intercept of the extrapolated curve with the 

x -> o 

ordinate gives the quantity O 0 according to (72.38). This equation 
also shows that f ± is directly obtained as a function of x * from the 
curve. The reliability of the extrapolation can be much improved by 
using the theoretical formulae for/ ± mentioned in § 70. 

E.m.f. measurement on galvanic cells is one of the few methods 
capable of yielding activities and activity coefficients for solid solu¬ 
tions, including binary alloys. J We use as our example the cell 


Pt | Al(s) | AlCl 8 .NaCl(m) | Al-Zn(s) | Pt (72.39) 


t The irreversible reaction Ag+ + M -> Ag + M + must in practice be assumed 
to be absent because of the low solubility of AgCl. 

% The two other possible methods are the investigation of chemical 
equilibria discussed in § 35 and the measurement of partial pressures. The 
latter method is, however, applicable only if at least one component is suffi¬ 
ciently volatile in the appropriate temperature range. This is so at higher 
temperatures for the systems Ag-Zn and Cu-Zn for example. 

11 
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where AlCl 3 .NaCl(m) denotes the salt melt acting as the electrolyte 
and Al-Zn(s) is the solid binary alloy. The overall reaction in the cell 
is simply the transfer of 1 mole A1 from the pure phase into the binary 
alloy. This can be represented by 

A1 A i- > Al A1 _ Zn . (72.40) 

v* = 3 and (72.19) therefore gives the e.m.f. of the cell as 

350 = —(^ A i~Maio) = ~ A/z-ai = — RT\na Al (72.41) 
= — RT\nx A1 f M . 

The e.m.f. measurement therefore gives directly the difference 
between the chemical potential of A1 in the alloy and that in the 
pure metal or, amounting to the same thing, the activity or activity 
coefficient of A1 in the alloy. 

Quite apart from their scientific interest galvanic cells are of the 
highest technical importance. They are used as sources of current 
(e.g. accumulators) and also for the performance of chemical reactions 
which are difficult or impossible to realize by other methods. Well- 
known examples are the electrolysis of alkali metal chlorides, the 
electrolytic production of aluminium, and the electrolytic deposition 
of surface layers of metals (galvanization). All these are large-scale 
processes commonly used in industry. 



CHAPTER XII 


Gravitational field. Centrifugal field. 

The determination of 
molecular weights 

§73 Systems in a gravitational field 

Nowhere in the formulation of our theories have we taken account of 
the fact that practically all the measurements we have mentioned 
have to be carried out in the earth’s gravitational field. We must 
therefore try to find out how the presence of the gravitational field 
may affect the equilibrium conditions. The following properties of the 
gravitational fieldf are important in this connexion: 

(a) Both strength and direction of gravity are constant with respect 
to time and to position. 

(b) The presence of the system does not modify the gravitational 
field. 

(c) The action of gravity is on the mass of the system and is 
independent of the chemical composition and the thermo¬ 
dynamic state of the system. 

The gravitational field is, therefore, represented by the potential 

*(z) = gz, (73.1) 

where g is the acceleration due to gravity and z is the height above 
an arbitrarily chosen datum level (e.g. the laboratory bench). The 
equipotential surfaces of the gravitational field are therefore parallel 
to the datum level. 

Equation (73.1) shows that the contribution of the gravity field to 
the total energy changes continuously with the height above the 
datum level for a system with finite extension in the vertical direc¬ 
tion. If, therefore, we denote by dm that part of the mass of the 

t Any deviations from (a) and (b) are far below the limits of accuracy of 
thermodynamic measurement. 
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system lying between two neighbouring equipotential surfaces 
infinitesimally far apart from each other, the total energy contribu¬ 
tion of the gravitational field is given by 


£/<*> = 



(73.2) 


The total mass m of a system consisting of m components can be 
represented by 

m 

m = 2 (73.3) 

i=l 


where is the molecular weighty of component i. We then have 


m 

dm = 2 d n if 


i=i 


(73.4) 


where dis the number of moles of component i found between two 
neighbouring equipotential surfaces infinitesimally far apart. 

The contribution to the total energy of the system due to the 
gravitational field is a function of the positional co-ordinate. We 
must, therefore, initially regard all quantities of state as functions of 
position. This leads to the following consequences: 

(a') The definitions of homogeneous substances and of phases given 
in § 2 are not realizable in the strict sense. 

(b') The spatial distribution of mass must be included in any con¬ 
sideration of energy variation. 

Re (a') From now on we consider a homogeneous substance to be one 
whose inhomogeneity is due solely to a gravitational field. 
A phase is then defined in the same way as in §2. This 
terminology is justified because the inhomogeneities, or at 
least those which cannot be completely neglected (e.g. 
for solids), are continuous functions of the positional 
co-ordinates and are generally easily distinguished from 
the discontinuous inhomogeneities which occur at phase 
boundaries.} The present terminology is also convenient 
since we can retain the nomenclature used in earlier 
chapters without modification. 

t More details concerning molecular weights and their determination can be 
found in § 75. 

% Difficulties do arise near the critical point of liquid-vapour equilibria. We 
cannot discuss these here. 
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Re(b') The new definition of a homogeneous substance no longer 
assumes the spatial constancy of quantities of state. The 
equilibrium conditions for homogeneous substances in the 
absence of chemical reactions must, therefore, also be derived 
explicitly. The generalization for heterogeneous systems is 
not difficult but is of little interest as far as thermodynamics 
is concerned and will not be discussed here. 

We consider a closed fluid system with fixed work co-ordinates. 
The system consists of m components and is homogeneous as defined 
above. Other external fields are excluded, as are chemical reactions. 
Let us write 

U* = U + U«>\ (73.5) 

where U is the internal energy in the absence of gravity and U {0) is 
defined by (73.2). The equilibrium condition (17.2) then becomes (for 
the equality sign only) 

(8U*) S = 0 (73.6) 

8 j" dU + ^ JV dm = 0 (73.7) 

with the secondary conditions 

8 Jd/S = 0, (73.8) 

8 J dwj = 0 (i = l,2,...,m). (73.9) 

The only virtual displacements which are possible with the assump¬ 
tions we have made are variations in entropy and mole number in 
each layer bounded by two infinitesimally neighbouring equipotential 
surfaces. By means of (20.5) and (73.4) we can, therefore, write the 
equilibrium condition in the form 


M® 


^ <U +S 


+ s J m M i 8 (**) dz = 0. (73.10) 


The corresponding secondary conditions are 


Hi— 

Js^g)dz = 0 (i =1,2.m). 


(73.11) 


(73.12) 
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We multiply (73.11) by the undetermined multiplier A 0 , (73.12) by 
and then subtract these equations from (73.10). This gives 

J [T(z) - A 0 ] a(Sg) dz + f J[ Mi (z) + M i 4>(z) -\] «(**) dz = 0. 

(73.13) 

In this equation the variations are no longer subject to secondary 
conditions. The equation can, therefore, be obeyed generally only if 
the expressions in square brackets are identically equal to zero. We 
therefore find that, for all z, 


II 

o 

III 

(73.14) 

^i(z)+M i 4>(z) = X i = fj.f (i = 1,2, ...,m) 

(73.15) 

AT 


dz = °’ 

(73.16) 

du* 

ir = ° ( i = 1 - 2 . m >- 

(73.17) 


Equations (73.14) and (73.15), or (73.16) and (73.17), represent the 
explicit equilibrium conditions for a homogeneous fluid system with¬ 
out chemical reaction in a gravitational field. It is immediately 
apparent that the influence of the gravitational field is formally 
expressed by substituting the quantities /xf defined by (73.15) for the 
chemical potentials. We can, therefore, immediately answer the ques¬ 
tion whether a chemical equilibrium is influenced by a gravitational 
field. According to the method described in § 33 we now obtain the 
condition for chemical equilibrium in the form 

S^f = 0, (73.18) 

i 

where the summation is to be taken, as in § 33, over all the participants 
in the reaction. However, mass is conserved in chemical reactions and 
we therefore have 

Xv i M i = 0. (73.19) 

i 

Because of (73.15), eq. (73.18) then reduces to the condition 

ShftW = 0. 


(73.20) 
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According to (34.14) and (34.23), eq. (73.20) for homogeneous gas 
reactions can be written 

n [pf(z)r = K p (T). (73.21) 

Since the right-hand side of this equation depends only on the 
temperature, eq. (73.16) shows that the equilibrium constant K p is 
not influenced by the gravitational field. The same is true for the 
equilibrium constant K c defined by eq. (34.13). However, the equi¬ 
librium constant K x and the equilibrium constant K(T,P) for homo¬ 
geneous reactions in solution defined by (34.42) depend on the 
pressure. We shall see later that the pressure is not constant in the 
2 -direction. The last two equilibrium constants thus also are not 
constant. Under ordinary conditions, however, the influence of 
gravity is negligible in both cases. 

In order to obtain an expression for the pressure change in the 
2 -direction we start with the Gibbs-Duhem equation (20.43) which, 
because of (73.16), can be written 


F d P - S n i d 


With (73.15) this becomes 


d P ™ ,, dtp 

-j- = - 2 if* -j- 
d 2 *ti 1 d 2 


or, using (73.1) and (73.3), 


dP m dtp dp 

Ite “ ~Vdz ~ ~ p (k “ ~ p9i 


(73.22) 


(73.23) 


(73.24) 


where p is the mean density of the system. Equation (73.24) is the 
general condition for hydrostatic equilibrium. 

In order to investigate the change in mole fractions in the 
2 -direction, we start with the relationship]* 


= - Si dr + dP + 2 dXj. 

j =2 \ Cx jJ T.P.X/^j 

If we abbreviate by writing 


Gi 


= i^i) 

\dXjf T,P,x^j 


(73.25) 


(73.26) 


t The summation in eq. (73.25) is taken from j = 2 to m with a view to 
later application. 
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we find from (73.16), (73.17), and (73.25) that 

(i -‘- 2 .“>• (7S - 27) 

The pressure can be eliminated from these equations by means of 
(73.24). We must, however, remember that (73.24) and (73.27) are not 
independent from each other. Thus, if we multiply eq. (73.27) by n { , 
sum over all i and introduce the relationships 

V, (73.28) 

7=1 

= 0 (73.29) 

7=1 

which are obtained from (26.10) and (26.16) we get eq. (73.24). If, 
therefore, we use eq. (73.24), only m — 1 of the eqs. (73.27) are still 
independent from each other. Elimination of the pressure then gives 

(M i -pv i )^ + ^G ij ^ = 0 (i = 2,3, ...,m). (73.30) 

This with eq. (73.24) again gives us a set of m equations called the 
equations for the sedimentation equilibrium. 

We now briefly consider the application of the general theory to 
one-component systems where the equilibrium is completely deter¬ 
mined by eq. (73.24). If we denote the molecular weight by M and 
the molar volume by v , we have 

p = M\v. (73.31) 

For an ideal gas we have 

Pv = RT . (73.32) 

Introduction of (73.31) and (73.32) into (73.24) gives 

(73 - 33) 

Integration between the limits 0 and h gives the barometric height 
equation 

iJTIn (ptM/piot) = - Jf(0<*>_^< o)) = -Mgh. (73.34) 
For an incompressible liquid eq. (73.24) directly gives 

P<ft)_P«» = _p(^Cft>_0(O)) = _ pg f l . 


(73.35) 
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We can conclude from eq. (73.34) that the pressure difference due to 
gravity in gases and, therefore, according to (73.32) also the density 
differences, are significant only when great differences in height are 
involved or when the compressibility of the gas is considerably 
greater than that of an ideal gas. The latter is the case, particularly, 
near the critical point of condensation (cf. §§47 and 51). The com¬ 
pressibility and, therefore, the density change can be completely 
neglected in liquid systems for all likely pressure differences. The 
hydrostatic pressure difference given by eq. (73.35), however, plays 
an important part, e.g. in the usual arrangements for osmotic pres¬ 
sure measurements (cf. §28). 

For an ideal gas mixture we can easily derive a relationship 
analogous to eq. (73.34) for the partial pressure of each component. 
The upper layers of the atmosphere are therefore richer in the lighter 
gases. This effect is not observable in the laboratory since the gravita¬ 
tional field is too weak. 


§74 Systems in a centrifugal field 

We consider a fluid system of m components in a cylindrical vessel 
which rotates round the axis of the cylinder at a constant angular 
velocity to. Unlike gravitational force, the strength of the centrifugal 
forcef acting on unit mass varies with position and is proportional to 
the distance r from the axis of rotation. Apart from this, however, a 
centrifugal field has the properties (a), (b), and (c) of a gravitational 
field as given in § 73. If, therefore, we represent the centrifugal field 
by the potential 

4>{r) = -Wr\ (74.1) 

the general derivations of §73 can be adopted for the centrifugal 
field. In particular, eqs. (73.24) and (73.30) also apply to the 
sedimentation equilibrium in a centrifugal field if ^ is replaced by the 
expression (74.1). These equations determine the spatial distribution 
of the components as a function of the distance r from the axis of 
rotation. 

We illustrate these conditions in greater detail by using a binary 
system as our example. We can accept that the solvent is unambigu¬ 
ously defined since the theory is applied in practice only to dilute 
solutions. We denote the solvent, as usual, by the subscript 1. The 


t Coriolis forces vanish at thermodynamic equilibrium. 
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equations for the sedimentation equilibrium are then 

dP = pco 2 rdr y (74.2) 

= (74.3) 

The partial derivative on the right-hand side is necessarily positive 

according to (41.35). The sign of the concentration gradient therefore 
depends only on the expression in parentheses on the left-hand side. 
This expression becomes easily comprehensible if we introduce the 
partial specific volumes 

vJM v v 2 jM 2 (74.4) 


and the densities p x and p 2 of the components. Using Euler’s theorem 
(§ 19b) we then get 


(M 2 pv 2 ) — M 2 




The expression in parentheses is therefore positive if the partial 
specific volume of the solvent is greater than that of the solute which 
is usually the case. Under these conditions the concentration of the 
solute increases with the distance from the axis of rotation at equi¬ 
librium. The gradient also increases with increasing distance from the 
axis of rotation and is proportional to the square of the angular 
velocity. 

By using (34.36), we can write (74.3) as 


din x 2 
dr 



dlnf 2 \~ 1 w 2 r 
dhixj ~RT ’ 


(74.6) 


where the activity coefficient is standardized according to § 34(b j8). 
Since we have, therefore, that 


lim/ 2 = l (74.7) 

Xl ->1 

eq. (74.6) can be immediately integrated for the limiting case of 
infinite dilution. We thus obtain the expression 

RT\n(x' 2 lxl) = h(M 2 -pv 2 )a> 2 (r' 2 -r'' 2 ) (74.8) 

which was originally derived by Svedberg. The sedimentation equi¬ 
librium of the solute in a centrifugal field is, therefore, under the 
given conditions, similar to the sedimentation equilibrium of an ideal 
gas in a gravitational field as described by eq. (73.34). 
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Centrifugal fields are extraordinarily important in physics and 
physical chemistry since the ultracentrifuge introduced by Svedberg 
in 1924 can generate accelerations of up to about 10 6 g. Although the 
sedimentation equilibrium is quite unimportant in the gravitational 
field, the equilibrium in a centrifugal field can thus be used to separate 
the components of a system (preparative ultracentrifuge) or to deter¬ 
mine the molecular weight according to eq. (74.8) (analytical ultra- 
centrifuge). For experimental reasons, however, measurements of 
sedimentation velocity are used almost exclusively nowadays for the 
determination of molecular weights. The theory of this method is 
based on the thermodynamics of irreversible processes. We do not, 
therefore, give details here but refer the reader to the appropriate 
textbooks. 

§ 75 The determination of molecular weights 

As is usual nowadays in thermodynamics we have used the mole as 
our mass unit throughout this book. When a system is made up or 
analysed, however, the mass of the components is usually determined 
by weighing, i.e. in gram units. The mass in grams m i of a component 
is related to the mass in moles of a component by the expression 

m i = M i n i . (75.1) 

The expressions used so far therefore imply that the molecular weight 
of all the components is known. 

The use of mole numbers has great advantages particularly in the 
application of thermodynamics to chemical and electrochemical 
problems and in interrelating phenomenological and statistical 
thermodynamics. This quantity suffers, however, from the following 
disadvantages: 

(a) The molecular weight is not definable within the framework of 
thermodynamics. 

(b) The molecular weight is defined as a measurable quantity 
only for two limiting states, i.e. for an infinitely dilute one- 
component gas and (as the molecular weight of the solute) for 
an infinitely dilute binary solution. We can, of course, generally 
assume that the concept of molecular weight retains its physical 
meaning for reasonably neighbouring states, e.g. a slightly 
compressed real gas. For far distant states, however, particu¬ 
larly if these are separated from the defined state by one or 
more phase transitions, the molecular weight becomes merely a 
conventional calculated quantity. For example, NaCl has a 
definite molecular weight in the sufficiently dilute gas phase 
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but no molecular weight can be defined for NaCl in the 
crystalline state. 

(c) Many substances (e.g. graphite, diamond, A1 2 0 3 , silicates, 
three-dimensional cross-linked polymers) can never be brought 
into a state which allows us to measure their molecular weight. 

All this shows that the masses m t of the components are the 
natural or primary variables of state in phenomenological thermo¬ 
dynamics from both a logical and a practical point of view. The 
question how the dimension mass is divided into the two factors on 
the right-hand side of eq. (75.1) is therefore of lesser significance for 
thermodynamics. The new international agreements formulated in 
the recommendations of the International Union of Pure and Applied 
Physics (IUPAP)f and the International Union of Pure and Applied 
Chemistry (IUPAC)f introduce the amount of substance as a new basic 
quantity. The corresponding basic unit is the mole which is defined 
as the amount of substance in a system consisting of a number of 
molecules (or ions, or atoms, or electrons, or other relevant particles) 
equal to the number of atoms in exactly 12 grams of the pure carbon 
nuclide 12 C. This definition together with eq. (75.1) shows that the 
molecular weight must be defined as mass per unit amount of 
substance. 

We shall now consider how molecular weight can be introduced 
into thermodynamics and then discuss the most important methods 
for the experimental determination of molecular weights as far as 
they are based on measurements involving thermodynamic equilibria. 
We shall exclude electrolytes and chemical reactions (particularly 
association and dissociation reactions) since we shall discuss only 
basic concepts. 

The definition of molecular weight is based on certain equations of 
statistical thermodynamics which apply exactly if some very general 
assumptions are made.§ These equations are: 

The thermal equation of state of a one-comjponent gas 


P = ?^ p \l + B^ + c(^\ - 
M r M \M) 


/ . 


(75.2) 




t IUPAP Symbols , Units and Nomenclature in Physics , 1965. 
t IUPAC Information Bulletin No. 24. 

§ A direct introduction as a fact of experience is less satisfactory since it 
does not have the wide empirical basis of the basic equations of statistical 
thermodynamics. 
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it _ TtT 
n_ M, C * 


l+B*^r + C* 

m 9 






(75.3) 


when c g is the concentration in g cm -3 and the subscript 2 refers to the 
solute, f 

The thermodynamic definition of molecular weight in the gas 
phase is, therefore, 

M = RT lim £ (75.4) 

p -*0 * 


and the definition for the solute in a binary solution is 


M 2 = RT (75.5) 

0 11 

The existence of the limiting value is proved by statistical thermo¬ 
dynamics. The definitions (75.4) and (75.5) show that an experimental 
determination of molecular weight basically involves an extrapolation 
of experimental data to vanishing density or infinite dilution. Measure¬ 
ments at several densities or concentrations are therefore required. J 
The main methods used are as follows: 

(a) Measurements of the pressure and the density of a one-component 
gas . This method for which there are various detailed experimental 
arrangements represents the direct application of the definition 
(75.4). The method is useful only if the substance concerned vaporizes 
without decomposition and the saturated vapour pressure is not too 
low in the experimentally accessible temperature range. 

(ft) The measurement of the osmotic pressure of a binary solution. 
This method constitutes the direct application of the definition (75.5). 
It is practically useless for substances of low molecular weight since a 
suitable semipermeable membrane is available only for exceptional 
cases. For macromolecular substances the difference in size between 
the solute molecules and the molecules of the solvent (of low molecular 
weight) are so great that this difficulty hardly ever exists. Osmotic 

t Equations (75.2) and (75.3) are called virial equations and the coefficients 
are called virial coefficients. 

+ If measurements are feasible at a density or a concentration which does 
not depart considerably from the limiting laws (75.4) or (75.5) and no great 
accuracy is required, these measurements can be made at a single density or 
concentration. 



318 


The determination of molecular weights [§ 75 ] 


pressure measurements have, therefore, been for a long time the most 
important method used in this field for molecular weight determina¬ 
tions.t The method has, however, lost importance in recent times 
since other, more accurate methods which are experimentally simpler 
have become available. In practice the most important method of 
measuring molecular weights in solution are based on the fact that, 
according to eq. (28.15), the osmotic pressure is mainly a measure of 
the free energy of dilution. In principle, therefore, any effect which 
depends on the free energy of dilution or on its derivative with respect 
to concentration can be used for molecular weight determination on 
the basis of the definition (75.5). 

(y) The lowering of the vapour pressure of the solvent . We assume, for 
simplicity, that the ideal gas laws apply. p 1 is the partial pressure of 
the solvent over the solution and p 10 is the partial of the pure solvent. 
We then have for the vapour pressure equilibrium, from (27.8) 
together with (26.30) and (34.3), that 


Aju, = RT\n^. 

Pio 

From eqs. (28.15) and (75.6) we obtain 


s. 


p°+n j) 

v 1 dp = v 1 U ^RT ln^. 
Po Pi 


By means of (75.3) we therefore find that 


(75.6) 


(75.7) 


Pi 
Pi o 


= exp 


'■i c, ( 1 +B *M* + ")]■ 


(75.8) 


Expansion of the exponential function and passage to the limit 
c g -» 0 finally give 


c g -^0Pl0^1 C g 



(75.9) 


Since, at the limit of infinite dilution, v 1 -^VIn 1 and x 2 -+n 2 jn ly 
eq. (75.9) can also be written in the more familiar form 


lim ^ 10 Pl = l. (75.10) 

P 10*^2 

This equation is known as Raoult's law. The molecular weight of the 
solute can thus be determined by measuring the lowering of the 

t The Donnan equilibrium must be taken into account if the measurements 
involve polyelectrolytes. 
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vapour pressure of the solvent. The measurement of the elevation of 
the boiling point is, however, usually simpler and more accurate. We 
shall return to this in the following subsection. 

Unlike eq. (75.5), eq. (75.9) involves the partial molar volume and 
thus implicitly the molecular weight of the solvent. We have seen 
earlier that this is not a measurable quantity. The derivation of 
eq. (75.9) shows, however, that by using the equilibrium condition 
we can ascribe to the solvent the same molecular weight in the liquid 
and the gaseous phase. The latter quantity is, however, experimentally 
accessible according to eq. (75.4). This ensures the unambiguousness 
of molecular weights determined according to eq. (79.9). 

(8) The elevation of the boiling point of the solvent . We suppose that 
only the solvent has a measurable vapour pressure and assume that 
the external pressure is kept constant (say at 1 atm). We now investi¬ 
gate the dependence of the boiling point of the solvent on the con¬ 
centration of the solution. If we denote the chemical potential of the 
solvent in the vapour phasef by /x ( ^, the equilibrium condition 
becomes 

M v> = Mi- (75.11) 

If we change the temperature and the composition at constant pres¬ 
sure it must be true that 

dfx[ y) = d/xj (75.12) 

or, with (26.27), that 

-s[ Y) dT = -Sjdr + ^dxj. (75.13) 

The system has only one thermodynamic degree of freedom according 
to the phase rule (29.3). A change in temperature therefore deter¬ 
mines the change in concentration unambiguously. By using (26.28) 
and (75.11) we can transform (75.13) into 

= (75.14) 

or, by introducing the molar heat of vaporization, 

L y — h[ v) — h 2 , (75.15) 

into 

~T iT = (,5 ' 16) 

t For simplicity we write the quantities relating to the liquid phase from 

now on without superscript. 



320 


The determination of molecular weights [§ 75 ] 

This relationship is merely the differential equation for the co¬ 
existence curve in the T-# 2 -plane. The relationship is exact but 
unsuitable for practical purposes since the quantity L y depends on 
the concentration. We therefore have to modify the expression by 
writing the heat of vaporization in the form 


< 

II 

£ 

+ 

O 

1 

(75.17) 

where L% is the molar heat of vaporization of the 
Equation (75.16) then becomes 

pure solvent. 

^10 ~ *1 L% J m _ fyl . 

T T ai - dx* X * 

(75.18) 

At constant pressure we have the general expressions 


(dpi)p = -s 1 dT + ^dx 2 

(75.19) 

and 


(^Mio)p = s 10 dT. 

(75.20) 

From (75.18)-(75.20) with (26.28) we obtain 


_^d T = d(^i) . 

T 2 \ T ) P 

(75.21) 


The required elevation of the boiling point is obtained by integrating 
this equation between the boiling point T 0 of the pure solvent and 
the boiling point T of the solution. 

The temperature dependence of the heat of vaporization of the 
pure solvent is given by Kirchhoffs equation 

= (75.22) 

which is obtained immediately from the definitions (21.26) and (31.7). 
The temperature dependence of the right-hand side of (75.22) can be 
neglected since only very small temperature ranges are involved. If, 
therefore, we denote by L% y the heat of vaporization of the pure 
solvent at its boiling point To, integration of eq. (75.22) gives 

L% = L» y + (CP - C P ) (T - T 0 ). (75.23) 

If we introduce this expression into eqn. (75.21) and integrate 
between T 0 and the boiling point T x of the solution, we obtain 


(75.24) 
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If we introduce the boiling point elevation 

AT = T 1 -T 0 (75.25) 

and expand the right-hand side of eq. (75.24) in powers of A T/T 0 
we get 

Vi_ nf L _ 


TO 

—^-AT + 
RT\ + 


/ L% r 1 C$'-C P \(*T\* 
\ *T+2 R )\TJ 


(75.26) 


if we terminate the expansion with the square term. Equation (75.26) 
relates the boiling point elevation to the free energy of dilution, the 
osmotic pressure, and the activity coefficient of the solvent. The last 
of these can, therefore, be determined from measurements of the 
boiling point elevation. The second term on the right-hand side of 
(75.26) can be neglected anyway since we must extrapolate to infinite 
dilution for the calculation of the molecular weight of the solute. We 
can therefore write 


AT = 


RTl II 


(75.27) 


(75.28) 


If we now introduce the definition (75.5) we get 

4T_«TSJ_ m, .Mias 

c, c, it, m. 

It can be seen that the molecular weight of the solute cancels out on 
the right-hand side. The heat of vaporization per unit mass (specific 
heat of vaporization) 

L ? v = L% V !M X (75.29) 

is therefore usually introduced and the quantity 


m* = 10 3 — 
2 m. 


(75.30) 


is used as the concentration variable. For very high dilutions we have 

M X V 


v x » v 10 = 


m. 


and we thus obtain 


v AT 
lim —- 


RT% 


lim — = 


RTl 


10 3 X* t c g —*■ o Cg 


10 3 i* v M 2 


(75.31) 


(75.32) 
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The quantity 


0 . 


RTl 

10*L* V 


(75.33) 


is called the ebullioscopic constant and has been tabulated for more 
important solvents. 

(e) The lowering of the freezing point of the solvent. If the liquid 
binary solution is in equilibrium with the solid phase of the pure 
solvent an argument completely analogous to that of the previous 
subsection can be used. We shall merely quote the result. If T 0 is the 
melting point of the pure solvent, T x that of the solution and 


A T = T 0 -T x 

is the lowering of the freezing point we have 

i im at = _^L_L 

10 3 L* t M 2 


(75.34) 


(75.35) 


where is the specific heat of fusion of the pure solvent. The 
quantity 


RT 2 

0 f = —_ 


10 3 L* 


(75.36) 


is called the cryoscopic constant. It, too, has been tabulated for the 
more important solvents. 

We finally mention two other methods for the determination of 
molecular weights. These methods also depend on the definition 
(75.5) but are used in practice only for macromolecules (like the 
direct measurement of osmotic pressure). The first of these methods 
is the sedimentation equilibrium in the ultracentrifuge discussed in 
§ 74. This method is of very little significance nowadays. The second 
method uses the scattering of light in solutions. The general basis of 
the theory can be found in advanced textbooks of statistical thermo¬ 
dynamics. Applications to solutions of macromolecules are given in 
specialized monographs. 



Problems 


(Problems marked with an asterisk are more difficult and use of the 
hints or, possibly, the solution may be advisable.) 

CHAPTER I 

§3 

1. The thermal equation of state for an ideal gas is 

Pv = RT (PI) 

where R is the gas constant. The state of the gas is changed quasi- 
statically from P l9 T x to P 2 ,T 2 along the paths I and II shown in 
Fig. Pi. dT = 0 along AB and dP = 0 along BC. 

(a) Calculate for both paths the volume change Av and the work 
W done on the system. 

(b) Which properties of the quantities v and W explain the 
results ? 



Fig. PI 
323 
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*2. Let 


dQ = Xdx+Ydy. 

Use this expression to derive Clausius’ relation 


(P2) 


ax dY J{dw\dy) x d(dwidx) y 

dy dx dx dy 

3. What form does eqn. (P3) assume for quasi-static processes ? 


§4 

4. Derive Carnot’s theorem from Clausius’ principle. 

*5. Show that a perpetual motion machine of the second kind 
could be constructed if the Rayleigh radiation equation 

e = ^ (£ = const.) (P4) 

were true. 

6. Derive the relationship 

7. Assume that C v is independent of temperature and use (Pi) to 
derive the adiabatic for 

(a) an ideal gas, 

(b) a gas which obeys van der Waals’ equation of state (referred to 
1 mole) 

(P + fy{v-b)=RT . (P6) 

8. Show for an ideal gas that a state P 2 , V 2 cannot be attained from 
another state P lf V x along both an adiabatic and an isotherm. 

9. Calculate explicitly the efficiency of a Carnot cyclic process 
using an ideal gas as the working substance. Show that the thermo¬ 
dynamic temperature is identical with the empirical temperature 
defined by eq. (PI) if the same scale is chosen for both. Prove 
eq. (4.14). 

10. Use the Carnot cycle to show that, according to the Second 
Law, the thermodynamic temperature bears a one-one relationship 
to the empirical temperature. 
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*11. Show, by a reduction to the sum of infinitesimal Carnot cycles 
as represented in Fig. 2 (p. 13), that eq. (4.15) is valid for any 
cyclic process. 

*12. Use Stokes’ theorem of vector analysis to prove eq. (4.15) 
without division into Carnot cycles. 

13. The diesel engine is based on a reversible cyclic process 
consisting of two adiabatic parts, one isobaric (P = const.) part, and 
one isochoric (F = const.) part (Fig. P2). The parts occur in the 
order 1 2 -> 3 -> 4. Calculate the dependence of the efficiency on (a) 

the compression ratio and (b) the isobaric expansion ratio VJV 2 . 
Assume that the working substance is an ideal gas whose molar heat 
capacities are independent of temperature. 



Fig. P2 

*14. Two adiabatically insulated substances have constant heat 
capacities C x and C 2 . The temperatures of the two substances are T x 
and T 2 . They are brought into thermal contact, the adiabatic insula¬ 
tion towards the surroundings being maintained. The volume is kept 
constant. Their common final temperature is T 3 . Calculate T z , the 
entropy change A S and prove that AS > 0. 

15. Prove (4.27) for the case of Joule heat being generated by an 
electric current. 


§8 


16. The molar heat capacity C of a homogeneous substance is 
generally defined by the equation 


dQ 

d T' 


(P7) 


12 
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(a) Use this to derive the definition of the molar heat capacity at 
constant volume C v given at the end of § 8. 

(b) Use the function 

U + PV = H = H(T f P) (P8) 

to derive an analogous definition of the molar heat capacity at 
constant pressure C P . 

17. If C x is the molar heat capacity measured at a constant 
variable of state x, derive equations relating C x to 

(a) the molar heat capacity at constant volume C Vi 

(b) the molar heat capacity at constant pressure C P . 

18. Show that d Q is not a complete differential. 

19. Let 

d$ = y dx - (y + x) d y. (P9) 

Show that 

(a) (P9) is an incomplete differential, 

(b) (P9) has an integrating factor. 

(c) Find an integrating factor and solve the Pfaff differential 
equation d# = 0. 

20. Show that the Pfaff equation 

dQ = -ydx + xdy + kdz (P10) 

(where A; is a constant) 

(a) is an incomplete differential, 

(b) does not have an integrating factor. 

*21. Show that, if (P10) is valid, any point P 1 = (x 1 ,y v z 1 ) can be 
reached from any other point P 0 = (x 0 , y Q) z 0 ) along a path where 
dQ = 0 throughout. 

§10 

22. Show without using the Second Law that, for an ideal gas, the 
entropy defined by eq. (10.24) exists as a function of state. 

§H 

*23. Show that the quantities S , U, and T calculated from 
empirical adiabatics and isotherms are independent of the choice of 
the empirical scales of s and t. 


§13 


*24. Use the Gay-Lussac experiment (streaming of an ideal gas 
into a vacuum) as the empirical basis for the derivation of (13.4). 
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*25. 

(a) Show that the theory developed in § 10 does not exclude the 
possibility that a non-static adiabatic process involving the 
parts of the system leaves the entropy of the total system 
unchanged. 

(b) Show that this possibility is excluded by the extension of the 
theory in § 13. 


CHAPTER III 
§20 

26. The thermal equation of state for a monatomic ideal gas is 

PV = nRT (Pll) 

and the caloric equation of state is 

U = InRT. (P12) 

Derive the fundamental equation per mole in the entropy 
representation 

(a) by integration of eq. (20.42), 

(b) by using the Gibbs-Duhem equation. 

27. For an ideal gas, what is the relationship between 

(a) temperature and volume, or pressure, along an adiabatic, 

(b) entropy and volume, or pressure, along an isotherm if the 
molar heat capacities C P and C v are assumed to be independent 
of temperature ? 

28. The expressions 

P = ie (P13) 

apply to black body radiation (radiation from an enclosure) 

(a) the Stefan-Boltzmann law 

e = aT A , 

(b) the function S(T , F). 

29. Can the fundamental equation have the form 


cn(V-b) 

(where a, 6, and c are constants) ? 


. Derive 
(P14) 

(P15) 
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30. From the thermal equation of state 



and the caloric equation of state 

< P17 > 

(where a and c are constants), derive the fundamental equation in the 
energy representation 

(a) by integration of eq. (20.42), 

(b) by using the Gibbs-Duhem equation. 

§21 

31. Derive the equation 

T - r -- T (^) P <pi8 > 

32. Derive expressions 

(a) for the dependence of the molar heat capacity C v on the volume, 

(b) for the dependence of the molar heat capacity C P on the 
pressure. 

(c) Apply the expressions derived under (a) and (b) to an ideal gas; 
apply the expression derived under (a) to a gas obeying the 
van der Waals’ equation (P6). 

§22 

33. 

(a) Use eqs. (Pll) and (P12) to derive the explicit expression for 
the molar Helmholtz free energy of a monatomic ideal gas. 

(b) Verify that the answer to (a) is the Legendre transform of the 
fundamental equation. 

34. For a van der Waals gas, derive the explicit (except for a 
pure temperature function) expression for the molar Helmholtz free 
energy. 

35. Derive the molar Helmholtz free energy from eqs. (PI6) 
and (P17). 

36. What conclusions about the quantities (dU / dV) T and (dC P ldv) T 
can be drawn from the thermal equation of state 

(a) for an ideal gas, 

(b) for a van der Waals gas. 
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§24 

*37. Use eq. (24.10c) to calculate the molar Gibbs free energy 

(a) for an ideal gas, 

(b) for a van der Waals gas. 

38. Let the molar internal energy of a substance be 

u = A(v) + B(T) (Pi 9) 

where A and B are known functions. Calculate P(T , F), s(T , F), 
f(T , F), h(T, F), and C P and G v . Can a characteristic function be 
derived from these expressions ? 

39. Derive eq. (P5) by means of a Massieu-Planck function. 

40. Derive the expression 



§25 

41. Reduce the following to standard derivatives: 

(a) (dV/dU) F , 

(b) (dPldU)a, 

(c) Cp/Cy . 

42. Calculate the coefficient of thermal expansion of a van der 
Waals gas. 

43. 

(a) Apply the solution of 17(a) to C P and that of 17(b) to C v . Show 
that the equations obtained are identical. 

(b) Use the solution of (a) to derive eq. (25.30). 

44. Derive an expression for the enthalpy change associated with 
an isothermal (differential) volume change dF. 

45. What is the thermal equation of state for a gas which shows no 
cooling effect 

(a) in the Gay-Lussac experiment, 

(b) in the Joule-Thomson experiment, 

(c) in both experiments. 

46. State the thermodynamic equation of the inversion curve. 

47. Calculate the Joule-Thomson coefficient 8 for a van der Waals 
gas limited to the second virial coefficient B' defined by the equation 

Pv = RT + B'P+.... (P21) 

What is the relationship here between the inversion temperature and 
the Boyle temperature T B defined by B' = 0 ? 
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48. If van der Waals’ equation of state per mole is written in the 
form 

Pv = RT + Pb-- + a \ (P22) 

V V 2 


and we put, on the right-hand side, 


1 _P__ 
v ~~ RT 


(P23) 


limited to moderate pressures, we obtain the approximation 

r ' > - RT *{ b -St) p+ Wf p ‘- (P24 > 


(This approximation is not self-consistent from the point of view of 
the virial expansion since it does not take the third virial coefficient 
completely into account. The use of the approximation is justified, 
however, because it is simpler than the correct approximation and 
the van der Waals equation gives only a qualitative picture in any 
case.) 

Use eq. (P24) to calculate 

(a) the Joule-Thomson coefficient 8, 

(b) the equation of the inversion curve. 

49. At the critical point we have (cf. § 46) 




(P25) 


(a) Express the constants a and b of van der Waals’ equation of 
state in terms of the critical quantities of state T c , P c . 

(b) State the equation of the inversion curve [problem 48(b) ] 
in terms of the reduced quantities of state P* = P/P c and 
T* = T/T c . 

(c) Draw the inversion curve from (b) on a P*-T* -diagram. (This 
curve gives a qualitatively correct picture. The experimental 
curve shows a steeper gradient and a higher maximum.) 

*50. Derive a relationship between the thermodynamic tempera¬ 
ture T , the corresponding empirical temperature t of the real gas 
thermometer, and the course of the Joule-Thomson coefficient 8 
between the ice point t 0 and the temperature t . 

*51. Assume equal initial conditions and equal final volumes; 
calculate the differential cooling effect in comparable forms for 

(a) adiabatic streaming into a vacuum (Gay-Lussac experiment), 



Problems 


331 


(b) the Joule-Thomson effect, 

(c) isentropic expansion. 

Compare (a) and (c) with the Joule-Thomson effect. 

52. Calculate the maximum value of the Joule-Thomson coefficient 
8 at given pressure. 

53. For the integral (total) Joule-Thomson effect corresponding to 
a finite pressure difference Pi-Pu with Pi I = 0, derive an expression 
containing the Joule-Thomson coefficient 8. Assume that the limit¬ 
ing value of the molar heat capacity C P for P 0 has the temperature 
independent value C P0 over the relevant temperature range. 

54. Show that the total cooling effect becomes an extremum for 
that pressure at which the differential Joule-Thomson effect vanishes 
for the same initial temperature. 

55. Derive the thermodynamic condition for the inversion of the 
total cooling effect and compare it with the corresponding condition 
for the differential Joule-Thomson effect. 

56. Use the approximation (P24) to derive the condition for the 
inversion of the total cooling effect for a van der Waals gas and 
compare it with the corresponding condition for the differential 
Joule-Thomson effect (problem 48). 


§26 

*57. For a multi-component system let 


_E_(frt\ _ 1 * 1,7 

ET \dnj T,v,n k I B I 


(P26) 


where \B\ tj is the cofactor of the element B {j of the determinant \B\. 
Calculate the isothermal compressibility and the partial molar 
volumes. 


CHAPTER IV 
§28 

58. The volume fractions 

<f>i = c i v i, (Ci = nJV) 

are often used as concentration variables in the theory of liquid 
mixtures. Derive a relationship, for a binary solution, between the 
derivative of the osmotic pressure w ith respect to the volume fraction 
of the solute and the derivative of the chemical potential of the 
solute with respect to the mole fraction of the solute. 
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59. Use (P26) to derive an expression for the partial derivatives 

^ (subscript 1 = solvent) for a system of m components. 

§31 

60. Derive the differential equation of the co-existence curve in the 
/u-T-plane. 

*61. The Einstein condensation (for details see textbooks on 
statistical thermodynamics) which occurs in the ideal Bose-Einstein 
gas is determined by the condition p/T = 0 valid at all transition 
temperatures. Figure P3 shows an isotherm diagrammatically. The 
horizontal part of the curve corresponds to the co-existence of vapour 
and liquid in the case of ordinary condensation; it must be inter¬ 
preted here as the co-existence of an infinite number of infinitesimally 
different ‘neighbouring’ phases. 



Fig. P3 


(a) Show that all neighbouring phases have the same energy density 
and the same entropy density at a given temperature. 

(b) Show that the assumption of the co-existence of an infinite 
number of neighbouring phases does not contradict the phase 
rule. Derive the equation for the temperature dependence of 
the ‘saturation pressure’ which here takes the place of the 
Clausius-Clapeyron equation. 

62. State the differential equation which determines the tempera¬ 
ture dependence of a function of state Z(T , P) along the co-existence 
curve for a two-phase equilibrium in a one-component system. 

63. Derive a differential equation for the temperature dependence 
of the molar volume difference A F* along the co-existence curve for a 
two-phase equilibrium in a one-component system. 
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64. Apply the solution of problem 63 to the vapour-liquid equi¬ 
librium ; assume that the molar volume, the coefficient of expansion, 
and the compressibility of the condensed phase are negligible com¬ 
pared with the corresponding quantities of the vapour, and that the 
vapour can be treated as an ideal gas. 

65. Derive a differential equation for the temperature dependence 
of the heat of transition L for a two-phase equilibrium in a one- 
component system. (This equation is due to M. Planck.) 

66. Derive differential equations for the temperature dependence 
of the molar entropies along the co-existence curve for a two-phase 
equilibrium in a one-component system. 

67. Use (P7) to define the molar heat capacities at the saturation 
vapour pressure for the vapour-liquid equilibrium in a one- 
component system. (The molar heat capacity of liquid helium is 
usually measured under these conditions for experimental reasons.) 

68. Use the assumptions of problem 63 to derive explicit expres¬ 
sions for the molar heat capacities C B measured at the saturated 
vapour pressure. What conclusion can you draw from this about the 
C B of the condensed phase (example: liquid helium) ? (The expression 
for the molar heat capacity of the saturated vapour is due to 
Clausius.) 

69. Use the solution of problem 17(b) to solve problem 68. 

*70. Use eq. (P3) to solve problem 65. 

*71. Suppose that the assumptions of problem 64 apply. Deduce a 
vapour pressure equation by integrating the Clausius-Clapeyron 
equation between a standard temperature T 0 and a temperature T . 
Neglect the temperature dependence of the difference MJ P = C' P — C P 
between P 0 and T , and the pressure dependence of the entropy of the 
condensed phase at the temperature T 0 . If T and T 0 do not differ by 
much, i.e. (T— T 0 )jT 0 <^ 1, what is the form of the vapour pressure 
equation ? 


§32 

*72. For a binary two-phase system derive differential equations 
giving the relationships between the variables T , P, and x[, and 
between the variables T, P, and x[. 

73. From the solution to problem 72 derive the differential 
equations for an isothermal vapour pressure diagram. Use eq. (28.10) 
to show that these differential equations lead to Konowalow’s rules. 
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*74. Make the same assumptions as in problem 64f for binary 
vapour-liquid equilibria. Prove the following statement: ‘If the 
azeotropic point corresponds to a minimum (maximum) on the 
isobaric boiling point curve, an increase in pressure causes the azeo¬ 
tropic mixture to be enriched with the component having the greater 
(smaller) partial heat of vaporization.’ (Wrewsky’s theorem.) 

75. Derive the differential equations of the isobaric T(x[)- and 
T(x'[) -curves from the solution to problem 72. 

76. Apply the solution of problem 75 to a binary melt in 
equilibrium 

(a) with pure solid component 1, 

(b) with pure solid component 2. 

Assume (usually correctly) that the partial heats of fusion are 

L tl = H*"- H*' >0, L t2 = H* n - H *' > 0 (P27) 

and use (28.10). Use your results to draw a schematic isobaric melting 
point diagram. What does the phase rule state about the point of 
intersection of the two co-existence curves ? 

CHAPTER V 
§33 

77. Use (28.10) to show that a dystectic point (equilibrium of a 
solid chemical compound with a melt of variable composition) is 
necessarily represented by a maximum on the isobaric melting point 
curve if the heat of fusion of the compound is positive (this is so in 
all known cases). A dystectic point is also called the melting point of 
a congruently melting compound since the solid compound co-exists 
with a melt of the same stoichiometric composition. 

78. The typical diagram for a dystectic point shown in Fig. 22 
(p. 128) sometimes changes into the form shown in Fig. P4. The 
length E 1 D' of the curve represents the co-existence of the melt with 
the solid compound of composition a, length D'M B represents the 
co-existence of the melt with pure solid component B. Use problems 
76 and 77 to show that 

(a) dTjdx < 0 along the length M A E x of the curve, 

(b) dT/dx> 0 along the lengths EjD' and D'M B , 

(c) the isobaric melting point curve generally has a kink at the 
point D'. 

f The assumptions in problem 64 about coefficients of expansion and 
compressibility are irrelevant here. 
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The point D' is called the melting point of an incongruently melting 
compound. Explain this name. What statement does the phase rule 
make about D' ? (Example: the system Na 2 S0 4 (solid), Na 2 SO 4 .10H 2 O 
(solid), aqueous solution of Na 2 S0 4 . The point D' in this system is 
frequently used as a thermometric fixed point.) 
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79. Assume that C0 2 can be treated as an ideal gas. Derive the 
differential equation for the decomposition pressure of CaC0 3 

(a) from the generalized Clausius-Clapeyron equation (31.23), 

(b) from the condition for chemical equilibrium. 

80. The heat of reaction at constant volume A U and the heat of 
reaction at constant pressure A H are both equal to the appropriate 
sum of the heats of reaction of the (arbitrarily chosen) reaction steps 
(Hess’ law). 

(a) Prove Hess’ law. 

(b) Use Hess’ law to show that the heat of formation of benzene 
from graphite and H 2 can be found from the experimentally 
easily accessible heats of combustion. 

*81. Derive differential equations for the temperature dependence 
of the heat of reaction Q for conditions of 

(a) constant volume, 

(b) constant pressure, 

(c) concurrently changing volume and pressure. 

(The equations for cases (a) and (b) are known as Kirchhoff’s 
equations.) 

*82. Derive the solutions to problem 81 as special cases from 
eq. (P3). 
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§34 

83. What is the form of eqs. (34.5) and (34.8) for an ideal gas 


which dissociates according to 


A 2 ^2A 

(P28) 

when the degree of dissociation 


«A, + W 

(P29) 


is introduced ? 

84. For an ideal gas which dissociates according to (P28) calculate 
the dependence of the molar heat capacity at constant volume (based 
on one mole of the undissociated gas) on the degree of dissociation a 
defined by (P29). 

*85. For the case described in problem 84, calculate as functions 
of OL 

(a) Cp — C Vi 
(b )C P \C V . 

86 . 

(a) Whatan alytic properties of the functions [a(T)] P and (doc/dT) P 
are obtained from the solution to problem 85 if the temperature 
independent value for AH is that given under (c) here and T is 
of the order of magnitude 5 x 10 2 K ? 

(b) Use the results of (a) to draw a schematic representation of the 
function oc(T). Use the values a = 0*2 at T = 300 K, a = 0*5 at 
T = 340 K, and a = 0-8 at T = 380 K. 

(c) Use the curve drawn for (b), and problems 84 and 85 to draw 
the curves C P (T) as well as Cpa* and CpAt + a (2U PA — C PAi ) with 
the values 

C PM = 4 ^> c pa = &H = 12900 cal. 

(The values given correspond approximately to the system 

N 2 0 4 ^2N0 2 .) 

87. If a chemical compound is prepared using a homogeneous 
gaseous equilibrium, it is often convenient to introduce the degree of 
formation y into the mass action law expression. For a reaction 

A 2 + B 2 ^2AB (P30) 

where A 2 and B 2 are the reactants, the definitions 

%b = %> = n Bt = b-y 


(P31) 
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apply; a and b are the original numbers of moles of A 2 and B 2 respec¬ 
tively. Investigate whether, and for what values of a and 6, y becomes 
a maximum. 

88. For the ammonia synthesis 

3H 2 + N 2 ^2NH 3 (P32) 

starting with a reaction mixture of stoichiometric composition, the 
definitions 

W Na = n o(l ~y)> = 3n 0 (I —y)) ^NHs = 2n o V (P33) 

apply; n 0 is the number of moles of N 2 in the initial reaction mixture. 

(a) How does the equilibrium constant K p depend on the tempera¬ 
ture between 375 °C and 500 °C where, within a good approxima¬ 
tion, 0 > AH = const. 

(b) In the same temperature range, how does the degree of forma¬ 
tion y depend on temperature and pressure if the assumption 
y<^ 1 is made. 


§38 

89. Derive an expression for the vapour pressure of a crystalline 
solid by integrating the Clausius-Clapeyron equation (31.6) between 
0 and T with the following assumptions: 

(1) The vapour can be treated as an ideal gas. 

(2) The molar volume of the solid can be neglected compared with 
the molar volume of the vapour. 

(3) The temperature dependence of the molar heat capacity of the 
vapour can be represented in the formf 

Cp(T) = C" P , + C" P8 (T) for T>T 0 

Cp(T) = for (P34) 

(4) The molar heat capacity of the solid decreases sufficiently 
steeply with temperature to ensure the existence of the integral 
at the lower limit. (Cf. § 38 which also discusses the interpreta¬ 
tion of the integral to T-> 0.) 

The constant of integration usually denoted by i is called the vapour 
pressure constant. 

t Many misleading statements about assumption 3 are found in the 
literature. We only point out here that this assumption remains strictly valid 
in quantum statistics if the ideal gas state is defined by n/V -> 0. Details can 
be found in textbooks of statistical thermodynamics. 
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90. 

(a) Derive an expression for the equilibrium constant K p of the 
mass action law for an ideal gas by integrating the van’t Hoff 
equation (34.29) from 0 to T. Use assumption 3 of problem 89. 

(b) Show that the constant of integration I has the form 

I = v i j i = Aj (P35) 

i 

where the j i are constants of the material, called chemical 
constants. 

91. 

(a) Make the assumptions of problems 89 and 90 for a reaction 
between pure crystalline phases. Derive an expression for 
the quantity A G from the condition that the partial pres¬ 
sures of the participants in the reaction must obey both the law 
of mass action and the vapour pressure equation. 

(b) Show that the Nemst heat theorem may be formulated as a 
statement concerning vapour pressure constants and chemical 
constants. 

92. Show that 

^->0 for T-> 0 (P36) 

can be deduced from the Nernst heat theorem. 

CHAPTER VI 

§41 

93. 

(a) Explain why the stability conditions make statements about 
the sign of the molar heat capacity C P and the compressibility k 
but not about the coefficient of thermal expansion a. 

(b) Derive the inequality 

< P37 > 

94. Show that heat must be introduced into a system during a 
quasi-static isothermal expansion of a gas. Which property of gases 
is important in this connexion and why must the property be taken 
into consideration ? 

95. Show that the path of the adiabatics and isotherms in the 
P-F-plane shown in Fig. 1 (p. 12) is derived with complete generality 
from the stability conditions. 
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§43 

96. Derive the solution to problem 95 from the Le Chatelier-Braun 
principle. Investigate which stability conditions play an important 
role in this connexion. 

97. Suppose that a gas is in thermal equilibrium with a heat 
reservoir via a diathermic wall. Let the pressure of the gas be con¬ 
trolled by a manostat in experiment 1. A temperature change d T 
now causes an entropy change d x 8. Let the gas in experiment 2 be 
surrounded by a rigid wall. The same temperature change now causes 
an entropy change d 2 S. 

(a) Apply the Le Chatelier-Braun principle to both experiments. 
What immediate conclusion can be drawn from the stability 
conditions ? 

(b) Which stability conditions are used in the application of the 
Le Chatelier-Braun principle ? 

(c) Can the Le Chatelier-Braun principle in the form (43.2) be used 
as the empirical basis for the derivation of the stability 
conditions? What, therefore, is the relationship between the 
Le Chatelier-Braun principle and the stability conditions ? 


§44 

98. Show that a chemical equilibrium in an ideal gaseous mixture 
necessarily obeys the stability condition (44.2). 


CHAPTER VII 
§46 

99. Show that at the critical point of vaporization of a one- 
component system 

(a) the condition of thermal stability C v > 0 is necessarily fulfilled, 

(b) in generalf it is also true that C v < + oo. 

*100. Prove the statements of problem 99 for multi-component 
systems. 

t Here, and in problem 102, ‘in general’ means that exceptions are of an 
accidental nature and have no thermodynamic connexion with the stability 
limit. 
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§47 

101. What assumption has to be made for the mechanical stability 
condition (d 2 F*ldV* 2 ) TfX > 0 not to be fulfilled for the critical phase 
of the vapour-liquid equilibrium in a binary system ? 

102. Show that the mechanical stability condition is, in general, 
fulfilled for the critical solution point of a binary system. 

§48 

103. Derive the Ehrenfest equations for a third order transition. 

CHAPTER VIH 

§55 

104. The thermal strain coefficients oq are defined by the equation 

«<=(§) , d,j = 1,2.6) (P38) 

and the thermal stress coefficients by 

& = (^) (S ,,’ = (P39) 

Express cq by means of the and & by means of the ocj. 

105. Show that 

«i->0, ft->0 as T-> 0, {i = 1,2,...,6) (P40) 

can be deduced from the Nernst heat theorem. 

106. The molar heat capacity at constant strain is defined by 

and the molar heat capacity at constant stress by 

(P42) 

Use problem 104 to calculate the difference C {Ty — C, S) . 

107. Show that 

gU0 as T-±0 (P43) 

follows from the Nernst heat theorem. 
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108. The isentropic elastic stiffness coefficients are 

<P44 > 

Use the methods described in §25 to derive a relationship between 
isentropic and isothermal elastic stiffness coefficients. 

*109. Express the ratio C {T}) jC {Sj) in terms of isentropic and 
isothermal elastic stiffness coefficients [cf. eq. (41.25)]. 

§56 

*110. Derive the matrix of the elastic stiffness coefficients for a 
tetragonal crystal. 

*111. Derive the matrix of the elastic stiffness coefficients for a 
cubic crystal. 

*112. Derive the matrix of the elastic compliance coefficients for a 
cubic crystal. Express the elastic compliance coefficients in terms of 
the elastic stiffness coefficients. 

113. Cubic crystals whose building elements interact only by 
central forces obey the Cauchy relation 

C 12 = C 44 (P45) 

which is borne out quite well by experiments on alkali metal halides. 
Express the Cauchy relation and the isotropy condition in terms of 
the elastic compliance coefficients. How does an isotropic substance 
which obeys Cauchy’s relation behave ? 

114. Express the isothermal compressibility 

(a) in terms of the elastic compliance coefficients for a triclinic 
crystal, 

(b) in terms of the elastic stiffness coefficients for a cubic crystal, 

(c) in terms of Lame coefficients, Young’s modulus, and Poisson’s 
ratio for an isotropic substance. 

115. What conclusions can be drawn from the stability conditions 

(a) for the elastic stiffness coefficients of a triclinic crystal, 

(b) for the elastic stiffness coefficients of a tetragonal crystal, 

(c) for the elastic stiffness coefficients of a cubic crystal, 

(d) for the Lame coefficients ? 

116. What conclusions can be drawn from the stability conditions 

(a) for the elastic compliance coefficients of a tetragonal crystal, 

(b) for the elastic compliance coefficients of a cubic crystal, 

(c) for Young’s modulus and Poisson’s ratio. 
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Chapter IX 

117. Heat is evolved when rubber is stretched isothermally, 
whereas rubber contracts on heating (Gough-Joule effect). 

Make the simplifying assumption that all strain components except 
the change in length can be ignored and explain this effect. 


CHAPTER IX 

§58 

*118. What can be deduced from the stability conditions 

(a) for the (scalar) electric susceptibility, 

(b) for the dielectric constant. 


§59 

119. Calculate to the order E 2 the dependence of 

(a) the partial molar entropy, 

(b) the partial molar enthalpy, 

(c) the partial molar volume on the electric field strength. 

(d) Use the solution of (c) to derive eq. (60.3). 

120 . 

(a) Derive the differential equation of the co-existence curve in the 
T-E-plane (P = const.) for a two-phase equilibrium in a one- 
component system. Assume that the phase boundary has the 
same direction as E. 

(b) Integrate the equation between 0 and E. Assume that 
(T — T 0 )IT 0 1 for the fractional displacement of the equilibrium 
temperature by the electric field and that, therefore, the 
temperature dependence of the molar heat capacities and their 
dependence on the electric field strength can be neglected. 

(c) Use eq. (59,9) to derive the same result. 

121 . 

(a) For a binary vapour-liquid equilibrium derive differential 
equations which describe the dependence of the change in 
composition of the two phases on the field strength at 
T = const., P — const. 

(b) What conclusions can be drawn from the application of the 
equations derived in (a) to a mixture which is azeotropic at 
E = 0. 



Problems 
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122. Find the dependence of the molar heat capacity C p E on the 
electric field strength. Assume that the Debye equation 

r„i2 

V X s X = + ( P46 ) 

where y 0 is independent of temperature and [fx] is the molar dipole 
moment, can be applied to the electric susceptibility. 

123. Investigate the effect of an electric field on a chemical 
equilibrium in an ideal gaseous mixture. 

124. Find the dependence of the molar heat capacity C P H on H. 
Assume the validity of the Curie-Weiss law (66.6). 

125. Use the solution to problem 124 to derive an explicit expres¬ 
sion for cooling by adiabatic demagnetization. Assume that 6 a 0 
and that 

CpMT, 0) = A. (P47) 

126. Use the equations of §67 to derive the Ehrenfest equations 
(48.4) and (48.5) for the setting in of superconduction at vanishing 
magnetic field strength. 



Hints for solving the problems 


*2. Use eq. (3.2) in the differential form. Divide the work done 
into two steps, one at constant x , the other at constant y. Expressions 
for X and Y are thus obtained. When these are differentiated and 
then subtracted, eq. (P3) is obtained. 

*5. Use the equation 

P = R (HI) 


obtained from electrodynamics, for the radiation pressure. Then use 
the expression (§8) 

dq -Q/ T+ \Q T +p Y v ,H21 

to derive an explicit equation for d Q. Find the integrating factor 
N (T) for dQ and calculate the efficiency of the Carnot cycle. 

6. Start from eq. (4.17) and represent S as a function of T and V. 
Since d 8 is a complete differential, the mixed second derivatives must 
be the same. Equation (P5) is then obtained directly. 

10. If T is not a reversible one-one, i.e. strictly monotonic, function 
of t, there must be at least one pair of values t v t 2 with t 1 > t 2 such that 
T(t j) = T(t 2 ). Now use the Carnot process to show that eq. (4.14) is 
not obeyed under these circumstances and that the entropy is there¬ 
fore not a function of state, which contradicts the Second Law. 

*11. Let the given process correspond to n Carnot processes. 
Formulate the statement to be proved and show that it is equivalent 
to the statement: the sum of the areas of the curved triangles by 
which the two processes differ vanishes for n-> oo. For the proof, use 
the argument that the curvatures can be neglected for sufficiently 
large n and that neighbouring adiabatics may, therefore, be regarded 
as being parallel. 

*12. Stokes’ theorem for a vector A is 


<j) A . ds = J rot A . d/ 


(H3) 
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Hints for solving the problems 


where d s is the line element and d/ the vectorial area element. The 
integration on the left-hand side must be carried out over a closed 
curve, the integral on the right over the area bounded by this curve. 
Use (3.6) to transform the integral §(dQ/T) stretching over an 
arbitrary reversible cyclic process in the P-F-plane into the form of 
the left-hand side of eq. (H3). Now apply Stokes’ theorem and use 
the continuity properties of thermodynamic functions (homogeneous 
system!) and eq. (4.14) to show that the integrand vanishes every¬ 
where in the P-F-plane. Equation (4.15) follows immediately. 

13. Define efficiency as 

W 

Vd = -^~- (H4) 


Calculate W from the part processes and remember that the heat Q 23 
is introduced at constant pressure. Eliminate the temperatures with 
the aid of the equation of state (Pi). 

14. Calculate the entropies of the substances in the initial and final 
state by means of eq. (4.17). Calculate the total entropy change using 
(4.20) and (4.21). In order to show that AS > 0, first prove the auxiliary 
theorem 


olA + f$B > A a BP for 


a + jS = 1, A B 
0<a, 1, ^4,P>0. 


(H5) 


Use (H5) in the expressions obtained for T 3 and for AS. 

15. Return the system reversibly to the original entropy surface 
and then use the First Law. 

*21. Divide the path into three parts, such that y = const, along 
the first part, z = const, along the second, and z = const, also along 
the third. 

*23. Consider the change from empirical variables of state s,t 
measured on an arbitrary scale to the values s*,t* measured on a 
different scale. Let the two scales be related by the expressions 


s = s(s*), t = t{t*). (H6) 

Write eqs. (11.5) and (11.8) for the asterisked variables and express 
the Jacobi determinant of the right-hand side of (11.8) in terms of 
the Jacobi determinant of the original variables. 

*24. Refer to theorem 4 of § 13 and show that the half volumes 
generated by an adiabatic may be distinguished physically by means 
of the empirical entropy for the special case of an ideal gas even 
though they are generally indistinguishable. The sign of O, and 
therefore that of r, is thus clearly fixed for the present case as can be 
seen from (10.23), (11.10), and (11.20). 
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Hints for solving the problems 


*25. 

(a) Use eq. (10.3) and the definition preceding eq. (13.1), 

(b) Use eqs. (10.3)-(10.5) together with the theorem of experience 
formulated at the end of § 13. 

28. 

(a) Use the fact that the entropy is a complete differential. 

30. First derive the equations of state (20.22) and (20.23) in the 
entropy representation. Use these to eliminate the intensive para¬ 
meters of the entropy representation 

(a) from eq. (20.42). 

(b) from eq. (20.46). 

32. 

(a) Use (P5). 

(b) Use (P18). 

(c) Use (PI) and (P6). 

*37. 

(b) Eliminate the volume by means of the approximate expression 


Pv = RT + BP = RT + 


{ b ~w) p - 


*50. Use 


d T. t , AT AT 

AT ~~At A ’ “““dT Cp ~ Cp ~At 


(H7) 

(H8) 


and integrate eq. (25.36) between the ice point T 0 , or t 0 , and the 
unknown thermodynamic temperature T. Since the difference 
between the ice point and the steam point is 100°, T 0 can be elimi¬ 
nated by means of the integral to this steam point. 

*51. 

(a) In order to obtain comparable forms, introduce the pressure 
change dP corresponding to the volume change dv in the Joule- 
Thomson experiment. 

(b) Derive the expression for the Joule-Thomson coefficient from 
eqs. (21.15) and (20.20). 

(c) Use (25.9), (24.24), and (25.36). 

Remember for purposes of comparison that, in general, \d(Pv)ldP] h > 0. 

*57. Use (25.3) and (26.16). 

*61. 

(a) Derive the analogues to the Clausius-Clapeyron equation for 
the pairs of variables /x/7 7 , \jT and T. Remember that the 
finite difference quotients on the right-hand sides become 
differential quotients for neighbouring phases. 
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Hints for solving the problems 

(b) Apply the condition pjT = 0 and the result of (a) to the infinite 
number of Gibbs-Duhem equations. 

*70. Put 

y = T, X = L, x = n 

Y = n(C' — C") (H9) 

in the form of eq. (P3) valid for quasi-static processes. Remember 
that the saturation pressure is independent of n. Use (A 117) and the 
Clausius-Clapeyron equation. 

*71. Introduce the standard pressure P + and eliminate LJTq by 
means of (31.5), (31.7), and (A50). 

*72. Start with the differential form of the equilibrium conditions 
(27.8) and represent the chemical potentials as functions of T> P, 
and the The derivatives of /x 2 with respect to the mole fractions 
are eliminated by using (26.16). 

*74. Derive first a differential equation for the change in composi¬ 
tion of the azeotropic mixture with temperature. Start with the 
equations mentioned in the hints for problem 72 and use the condition 

x[ = x[ (H10) 

for the azeotropic point. Find the second derivative of the isobaric 
boiling point curve at the point (H10) and thus deduce a criterion 
which shows whether the boiling point curve has a maximum or a 
minimum at the azeotropic point. Simplify the differential equation 
derived first by introducing the partial heats of vaporization 

L l = h f 1 -hl>0 ) L t = *;-*;> 0 (Hll) 

and by using the assumptions mentioned in the problem. 

*81. Consider on the one hand a reaction at the temperature T 
followed by heating of the reaction products to the temperature 
T + d T and, on the other, heating of the reactants from T to T + d T 
followed by reaction at T + d T. Take the work done into considera¬ 
tion for the cases (b) and (c). In case (c), replace the pressure change 
by a constant mean value. Use the progress variable £ defined by 
eq. (14.3) as the variable for the chemical reaction. 

*82. In the form of eq. (P3) valid for quasi-static processes, put 

y = T, X = Q , x = i 


(H12) 
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Hints for solving the problems 

where the summation is to be taken over the participants in the 
reaction with the sign convention of eq. (33.15), and the denote 
the molar heat capacities for the conditions given in problem 81. 

*85. 

(a) Start with eq. (A31) with x = P. Remember that ( duldv) T ^ 0 
for the dissociating ideal gas. Calculate (dajdv) T from (A143) 
and (dvldT)p from the thermal equation of state of the 
dissociating gas, (A142), and (34.29). Take (34.30) and (34.31) 
into consideration. 

(b) Use (A146) and (A150). 

98. First carry out the calculation for V = const, and use the 
general theory to show that the result is also valid for P = const. 

*99. Represent 8 2 % as a sum of squares by the method of 
completion of squares. 

*100. Apply the method of problem 99 to the general case and 
calculate A x assuming that the sequence of independent variables 
starts with s. 

*109. Use the generalization of (25.19) for more than two 
variables. 

*110. A tetragonal crystal has a four-fold axis of symmetry. If this 
is chosen as the z-axis, the transformation of coordinates correspond¬ 
ing to this symmetry property is 


x^-y, y->x , z—>z. 


The derivation is analogous to that of § 56 for a monoclinic crystal. 

*111. A cubic crystal has three mutually perpendicular four-fold 
axes of symmetry. 

* 112. Use eq. (55.11) and the expression 


A' = 


A 

\A\ 


(H17) 


where the matrix A is formed by substituting for each element A {j of 
the matrix A the cofactor of from the determinant | A | and then 
transposing the matrix so obtained. Remember that \c\ is a step 
determinant. 

113. Express the elastic stiffness coefficients in terms of the elastic 
compliance coefficients (i.e. reverse problem 112). 

114. Use (52.25), (55.12), and (56.26). 

115. Use eq. (55.2). 



349 


Hints for solving the problems 

116. Useeq. (55.5). 

Put the variables in a sequence such that the temperature comes 

last. 

117. Use eq. (55.2). 

*118. 

(b) The energy of the electric field in the dielectric must be 
included in the fundamental equation in order to obtain any 
statement about the dielectric constant. The second term of 
(57.19) must therefore be introduced into the fundamental 
equation and the stability conditions must then be applied. 
Use a thermodynamic potential analogous to (59.4). 

121 . 

(a) Express the chemical potential of component 1 as a function of 
T , P, E, and x v Use the differential form of the equilibrium 
condition (27.8). 

(b) Find the limiting value of 

dx n x ldx[ 
dE/dE 
for 

x[ — x\ -> 0. 

126. Use eqs. (67.14) and (67.15). 



Solutions to the problems 


i. 


(a) 

II 

> 

II 

■*h 

(Al) 



(A2) 


II 

1 

£2 

i 

+ 

(A3) 


(b) du is an exact differential and v is thus a function of state 
(§2). d W is not an exact differential; W is thus not a function 
of state. 

3. 


dX_dY_ = /3V\ (dP\ _/dV\ /dP\ 

dy dx ~ \ dx)y\dy) x \dy) x \dx) v 
*5. The efficiency is obtained as 



(A4) 


(A5) 


Use of Carnot’s theorem then shows the possibility of a perpetual 
motion machine of the second kind. 

7. 

(a) pv(R/c V )+i = const. (A6) 

(b) (p + ^) (v — b) iR/Cr > +1 = const. (A7) 

The assumption made in problem 7(a) and (b) that C v is 
independent of temperature can be valid only for certain 
temperature ranges because of the excitation of internal degrees 
of freedom. Details can be found in textbooks of statistical 
thermodynamics. 
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Solutions to the problems 


8. A state P 2 , % can reached from a state P v V x along an adiabatic 
and along an isotherm if the adiabatic and the isotherm through 
intersect in at least one other point. Equations (Pi) and (A6) 
have, however, exactly one solution for P and F. 


9. 


gj- 
g\ ' 


T 2 


(A8) 


*11. For the sum of the Carnot processes the contributions of the 
internal curve parts vanish since they are travelled each time twice 
but in opposite directions. The statement to be proved is, therefore, 



(A9) 


where C is the curve of the given cyclic process and C is the zig-zag 
curve which encloses the Carnot processes. (A9) is equivalent to the 
statement 

All a rtt § 

(A10) 


2n 

Iim 2 




where ^denotes the integral extending over the bounds of one of the 
curved triangles. 



Fig. A1 

Use of eq. (3.6) (the reversible character of the cyclic process is now 
being used!) gives 

fdO f2d U C 3 dU PdU f*PdF f 3 PdF fiPdF 

TT := J 1 ^ r + J 2 "5 r + J 3 ~T + h T + J 2 T + J 3 T 

(All) 
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The sum of the first three integrals (this does not vanish since d UjT 
is not an exact differential) may be written 


(A12) 

or, for sufficiently large n, 


^ ( U 2 - U,)-^ ( U t - U x )-1 ( U 3 - )-1 ( U 2 - V 3 ) 

AT" AT' AT" 

+ ^(U 2 -U 2 ) = -^(U 2 -U 1 ) + ^(U 2 -U 3 ). (A13) 


AT' and AT" are of order nr 1 . The differences between the internal 
energies are also of order n~ x for an ideal gas. It is sufficient for the 
general case to state that they must be of order n~ c with e > 0. We 
thus find that 




d U 

T '' 




(A14) 


In an analogous way the sum of the last three terms of (All) is 
obtained as 



AT' 

T\ 


2 P d V + 


AT" 

T\ 


/: 


PdV. 


(A15) 


The first integral represents the surface area of the triangle shown in 
Fig. Al. Since the curvature can be ignored for sufficiently large n 
and neighbouring parts of the adiabatics may be regarded as parallel, 
it follows immediately that this integral is of order n~ 2 . For an ideal 
gas, the last integral is of order nr 1 . We can write the order n~ e ' with 
e' > 0 quite generally for each of the last two integrals. We therefore 
get 

fPdF 

= 0(n~ 2 ) + 0(n-iW). (A16) 

The statement (A10) then follows from (All), (A 14), and (A16). 

*12. We have 


f t - 1?![frl +p ] dv+ (5), dp | * ^ ir+BdPi - 


(A17) 



Solutions to the problems 
Stokes* theorem gives 
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j[Adv+BdP] =jy dvdp, 

and the equation 

dA_dB _ 0 

3P 3V~° 

must apply over the whole of the P-F-plane. Suppose that this were 
not so at, for example, a point £. Because of the continuity of thermo¬ 
dynamic functions, there would have to be a region round £ in which 
dAjdP — dB/dV ^ 0 and this inequality would have to have the same 
sign throughout this region. We could, therefore, construct a Carnot 
cycle in this region. For this Carnot cycle, eqs. (A17) and (A18) would 
give 

tffjr # o (A20) 


(A18) 

(A19) 


which contradicts eq. (4.14). Equation (A19) must, therefore, be 
correct. Its correctness is easily verified explicitly by applying the 
equation to an ideal gas. We can now use eqs. (A 19), (A 17), and 
(A18) to obtain (4.15) directly. 


13. 


’to" 1 ” 

i (W 
KW*- 1 (TO- 

- 1 

^7 

(A21) 

with 









* 

II 


(A22) 

*14. 


t 3 = 

4- C 2 T 2 
C 1+ c 2 ■ 


(A23) 

A S! — In 

PC1+C2 

. ln lY 

, ^2 T t \ci( 

<4 , Ci 


LAkJ — HI 

TpTg* 

Ita+ci. 

C\ + C 2 TJ X^ + Cz ' C\ + C 2 

tJ j- 


(A24) 

To prove the auxiliary theorem, prove that the function 

F(oc) = (a - 1 )a + 1 - a“ (A25) 


is nowhere zero for 0 < a < 1 and a > 0, i.e. that in this region there is 
no point of intersection between the straight line (a-l)oc and the 
curve a a — 1 (Figure!). The desired equation then follows from a 
consideration of the second derivative. 
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Solutions to the problems 


Application to (A23) gives 


or 




C^C 2 


21 + 


_c 1 _ 

c x +c 2 


T 2 > TCi/iCi+Ci) T Ci/(Ci+C2) 


(A26) 


qici+c* 

_ 3 _> 1 

pc 1 pc 2 


(A27) 


and, therefore, with (A24), A S > 0. 

15. If an amount d Q' of Joule heat is generated in the system under 
conditions of adiabatic insulation the representative point of the 
system after internal equilibrium is attained is situated on an entropy 
surface which differs by an amount d S { from the original entropy 
surface. In order to return the point to the original entropy surface, 
the adiabatic insulation must be removed and an amount of heat 


dQ = TdS i (A28) 

must be removed reversibly. Since no work is done, the First Law 
states that 

|d<?| = d<2'. (A29) 

(4.27) then follows from (A28) and (A29). 


16. 




(b) 

Cp — ^ 

8h\ 

8TJ P 

(A30) 

17. 




(a) 

+ 

d 

11 

H 

II 

o H 

Mm,- 

(A31) 

(b) 

11 

P-| Q_i 

II 

P 

+ 


(A32) 

18. 

8 r /sin 

8t [\ 5 F/ t + 

>1 , vu 

. ^dVdf 

(A33) 

19. 




(a) 

(D.M 

8(y+x)\ 

8 X Jy 

(A34) 



Solutions to the problems 355 

(b) If (9.18) is reduced to two variables, e.g. by putting k = j , the 
equation is always obeyed. 


(c) 

r = y 2 , 

(A35) 


<r(x,y) = ~lny. 

(A36) 

20. 


(a) 

dx dY dy dx 

dy dx dy dx 



dY dZ dx dk „ 

(A37) 


8z 8y dz dy ° 

dZ dX dk dy 

dx dz dx dz 


* 1 + 1 ) 

( dy dk\ (dk dx\ 

]+x \~Tz~di)- y \&~Tz) *°- 

(A38) 

21. Part 1: 

d« y<> 



y ~ y °’ dx k' 

(A39) 


1 

II 

1 


This part leads to the point x*, y 0 , z v 


Part 2: 

„ , dt/ y 



11 da: x’ 

(A40) 


y° ~ 



y = -~x. 
u x * 



The point 0,0, z l has now been reached. 
Part 3: 

dy _ y 
Z Zv dx x 


(A41) 



This part ends at the point x v y v z v dQ = 0 along every part. 
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Solutions to the problems 


22 . 


d Q 

T 

1 (8U\ 1 \(8U\ _1,_ l8U. m P._ 

T\dT) v AT + T\\dv ) T +P \ dF T8T dT + T dV 

1 8 2 U PI (8P\ 

T8V8T ~ T* + T\8TJ V ' 

(A42) 

*23. 

8{V,P) _ 8(V,P) d a At 

8(s*,t*) ~ 8(s,t) ds* At* 

(A43) 

which leads to 



dT* _ d T d t dS* _ d S ds 
d£* d£ dt* * ds * ds ds* 

(A44) 

and, therefore, 



* 

II 

* 

II 

&Q 



U*(s*,t*) = U(s,t). 

(A45) 


24. The empirical entropy of an ideal gas is defined by (11.14). 
The empirical temperature defined by (11.13) remains constant 
during the Gay-Lussac experiment. The empirical entropy s there¬ 
fore increases. (11.21) then shows that the metrical entropy also 
increases. The general validity of the result follows from theorem 4. 

25. 

(a) No general statements about the sign of r can be derived from 
Carath^odory’s principle, rjr = — t"/t could, therefore, be true; for 
non-static adiabatic processes of the part systems (according to the 
definition dcr' > 0, do-" > 0) do- = 0 could apply. 

(b) The theorem of experience shows that r> 0,r' > 0,r" > 0. 
According to (10.4) and (10.5), o- is a monotonic function of o' and a" 
with the same sign, da' > 0, da" > 0 therefore implies da > 0 according 


to (10.3). 

26. 



(a) \ 

(b )j 

s = B(§ In u + In v) + s 0 . 

(A46) 

27. 

(a) 

Tv K ~ x = const., 

(A47) 


p(K~l)lK 

——— = const. 

(A48) 

(b) 

s — i?lnv + s 0 , 

(A49) 


s — -R\nP + s' 0 . 

(A50) 
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28. 

(b) 

S = §aT 3 V. 

(A51) 

29. The form (PI5) is impossible since it is not a 
function of the first degree of the extensive parameters. 

30. 

homogeneous 

(a) 1 

(b) j 

u = -%. 

(A52) 

32. 



(a) 

\dv) T \dT*) v 

(A53) 

(b) 

(W\ • 

\dp) T \dT*) P 

(A54) 

(c) Ideal gas: 

(dCiA /8Cp\ Q 

\dvjr \ 8 P)t 

(A55) 

Van der Waals gas: = 

(A56) 

33. 

(a) 

f = — BT(\n v + f In T) + T . const. 

(A57) 

34. 

f = -RT^ln(v-b) + ^+m- 

(A58) 

35. 

f = — * T* v i + T . const. 

(A59) 

36. 



(a) Ideal gas: 

m =0 f&\ =o 
\dv) T u ’ \8v) t 

(A60) 

(b) Van der Waals gas: 



o 

II 

e 

1 

II 

(A61) 


Cf. problem 32. 
13 
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Solutions to the problems 


*37. 

(a) Ideal gas: g = RT (In P - f In T) 4 - T . const. (A62) 

(b) Van der Waals gas: 

0 = i?r[lnP —InT — 

+ [( 6 “ Pt) ~ RT+[b- (ajRT)] p] P + ^ T) ' (A63) 

?)A 

38. P(v,T) = y(v)T= y(v)T~A'(v) (A64) 


where y(v) is an unknown function. 



s(T,v) = j^>dT + jy(v)dv + S() , 

(A65) 


h(T,v) = A(v) + B(T) + Tvy(v)-A’(v)v, 

(A66) 


f(T,v) = A(v) pjy(v) dv T J ^,JdT + Ts 0 , 

(A67) 


Cy = B’(T), 

(A68) 


C — B’(T) Ty2(v) 

t'p-W) Ty'{v) — A"(v)' 

(A69) 

Since (Pi9) is not a characteristic function, no characteristic functions 
can be derived from it. Although f(T,v) is formally a characteristic 
function, it contains the unknown function y(v). 

41. 

(a) 

tdV\ kS 

[du) F ~ S(Ta - Pk) - P(nC P k-<x 2 VT)' 

(A70) 

(b) 

tdP\ S 

[dUJo V\nC v + (Fa — Sk) (T(a//c) — P)]' 

(A71) 

(c) 

C P _ K C P 

C v kC p — Tv a 2 

(A72) 

42. 

1 Rv 3 (v — b) 

v RTv 3 — 2 a(v — b) 2 * 

(A73) 
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44. 

/8H\ SC P 

\dV) T ~ vk ' 

(A74) 

45. 



(a) 

P = Tf(V). 

(A75) 

(b) 

V = Tg(P). 

(A76) 

(c) 

PV = const. T = nRT. 

(All) 

46. 

( Sv \ V inv 

Wiw T inv 

(A78) 

47. 

(2alRT)-b 

C P0 +(2alRT*)P 

(A79) 

where G P0 

is the limiting value of C P for P 0. 



T — — — 2 T 
inv “ Rb ~ B ' 

(A80) 

48. 



(a) 

(2alRT)-b-(3abl(RT)*)P 
b ~ C P o + (2ajRT 2 ) P - ( 3ab/R 2 T 3 ) P 2 

(A81) 

where C P0 

is the limiting value of C P for P-> 0. 


(b) 


(A82) 

49. 



(a) 

27 R 2 T\ , 1571 

°-64 P ;- »-j r ; 

(A83) 

(b) 

p* _ — _iuT* 2 \ 

■ £ inv 3 V-* inv 27- 1 iny/’ 

(A84) 

*50. 

100.e' 

” e^-l’ 

(A85) 


J = Ji»Tcp' d< 

(A86) 


where primed quantities are measured on the empirical scale and J* 
is the integral (A86) with the normal boiling point of water as the 
upper limit. 
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*51. 



(a) 

!8T\ 1 (8u\ 

\8v) u - C v \dv) T ’ 

(A87) 



(A88) 

1 

| '8T\ d v 1 /8u\ / cv \ 

i>j a dP ~~Cy \Jv) T \dP} h 

(A89) 

III 

< 

1 (8u\ /8v\ 1 \8(Pv) 

Cy\dv) T \dp) h Gy{8P . 

(A90) 

h 

(c) | 

(8T\ T /8v\ /8T\ v 

lap/. " c; \8 t)p ~ [ 8P) k + Cp 

(A91) 


Cooling during the Gay-Lussac experiment depends only on inter- 
molecular forces (and therefore disappears for an ideal gas). In the 
Joule-Thomson experiment this effect is modified by the work done 
and is generally reduced. For gases it is always true that (dT/dP) s > 0. 
In general, therefore, the cooling effect in the Gay-Lussac experiment 
and in a reversible adiabatic decompression is greater than that in 
the Joule-Thomson experiment. 


T(8*vl8T*) P 
max (8C P I8T) P ‘ 

(A92) 

53. AT={ P ^8dP 

Jo Lp 0 

(A93) 

where C P0 is the limiting value of G P when P-^0. 

54. We have 


AT = '^l Wr dP = - C^, (A “ ^T-oonst- 

(A94) 

The condition for the vanishing of the differential Joule-Thomson 
effect (problem 46) is 

(8h\ 

Wr “ 

(A95) 

The required statement then follows. (The extremum is a maximum.) 

(^“^o)r-const — 0- 

(A96) 
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The total cooling effect vanishes if the enthalpy at the initial 
temperature has the same value for the initial pressure and for 
P-> 0. The differential Joule-Thomson effect vanishes if, at the 
initial temperature, the enthalpy as a function of pressure passes 
through an extremum. 

56. If P' inv and T' inv are the values of P and T for the inversion of 
the total cooling effect, we have 



2 RT[ nv (2 RT^\ 
inv 3 \6 a ) 

(A97) 

and, therefore (cf. problem 48), 



p: = 2 P 

* inv mv* 

(A98) 

*57. 

* 

II 

So 

s 

JM3' 

IMS'* 

r*. 

to 

(A99) 


m 

Z 

v, = - 5-1 

1 mm 

Z Y*c } c k \B\ jk 

1 &=1 

(A100) 

with c { = nj V. 



58. 

= CiXI (M)t,p 

(A101) 

59. 

- 

cq Sq 

ew" 

II 

| 

h 

G 1 *5* 

(A102) 

where | B '| is the determinant of degree (m—1) formed from the 
elements B {j with i, j ^ 1. 

«n 

60 - d T = 

(S ia) —S { P ) )IV (H^-HW)IV 

- T(p M -p^ ] ) ' 

(A103) 

*61. 

(a) From 

d (p/T) _ (d(U/V)\ 

1/y) \ dp It./i/t’ 

(A104) 


dp _ (8(S/V)\ 

d T \ dp J T ,n 

(A105) 


U\V — const. 
S/V = const. 


at T = const. 


we obtain 


(A106) 
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(b) For the co-existence of neighbouring phases an infinite number 
of equations of the form 

(S/VydT-dP-p'dfx^O 

0 S/VydT-dP-p'dfi = 0 (A107) 


is valid. The last term on the right-hand side vanishes since 
p = 0 at all temperatures in the region of co-existence. Because 
of (A 106) the set of equations (A107) reduces to the one 
equation 


dP _S 
d T~ V 


(A108) 


The co-existence of an infinite number of phases therefore does 
not contradict the phase rule. Equation (A108) determines the 
temperature dependence of the ‘saturation pressure* and there¬ 
fore takes the place of the Clausius-Clapeyron equation. 


62. 


d Z _ fdZ\ /dZ\ dP 
AT ~ \8T] P + \8PJ t AT 


(A109) 


where dPjdT is determined by the Clausius-Clapeyron equation. 
d{AF*) L 

63. -i^ = A(«F*)-A(«F*) 5 ^ j; . (A110) 


64. If the quantities referring to the gas phase are distinguished 


by' we 

find the approximate expression 



dF*' V*' / L \ 

AT ~ T [ RT )' 

(All 1) 

65. 

AT ~ + T AF*^^ a ^ 

(A112) 

66. 

AS*' L (8V*'\ ) 

AT F AF* \8T )p | 

dS*“ L (dV*"\ | 

AT F AV* \ 8T jp) 

>. (Al 13) 

67. 

AS*' AS*" 

AT AT ~ 3 ' 

(A114) 



Solutions to the problems 


363 


68. Gas phase: 


C'. = C' P -^, 


py*" 

condensed phase: C n 8 = C" P -=^-L » <7p. 


RT 


69. 


-<r r -^-g)£ 


\ 8T 




C'p—T 


and an analogous expression for the condensed phase. 

, P L 0 AS* 0 AC P L T T 0 \ 

7L n P+ RT + R + R \ ln P 0 + ?’ 7' 


(A 115) 
(A116) 
(A117) 

(A118) 


P+ is a fixed standard pressure (usually 1 atm), L 0 the molar heat of 
transition at the temperature To, A S*° the change in molar entropy 
associated with the transition condensed phase -> gas phase under 
standard conditions (pressure P+, temperature P 0 ),f and 

A Cp = C' P -C" P , 

the difference between the molar heat capacities at constant pressure. 
For TJT ^ 1 we find from (A 118) that 


ln pT = - 


A S*° 


RT R 


(A118a) 


*72. 

K(«i-«I) + (i-*!)(«;-4)] dr 

- KK -<)+(!- 4) W - 4)] d P = p dx{, (A119) 

KK - +( i - x' x ) («' -«")] dT 

-KW-<) + (i-^)K-^)]d p = (%$ T p dx " r (A120) 


dP = (x[ - x’l) (dixjdx^p 

dxi (1 - x[) [xl(v[ - t£) + (1 - 4) K - vl )\’ 


(A121) 


dP _ (a? t — x 1 ) (d/J-j/dx^T'P _ 

dx{ ~ (i-*;)KW-<) + (i-*; )(v 2 -v" 2 )y 


(A122) 


t The quantity A S*° has been tabulated for P+ = 1 atm and T 0 = 298* 15 K. 
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We know that v[>v n v v' 2 > v\. Using (28.10) we thus obtain 
Konowalow’s rules for T = const.: 

I. At constant temperature the vapour pressure as a function of 
composition has a stationary point when, and only when, 
liquid and vapour have the same composition. 

II. At constant temperature the vapour pressure is increased by 
the addition of the component whose concentration is greater 
in the vapour than in the liquid. 

III. If the pressure is changed at constant temperature, the 
composition of the liquid changes in the same direction as that 
of the vapour. 

74. If we put 


M -(p) 

XdxJp'T {dxj 


= A, 

P,T 


(A123) 


the azeotropic point on the isobaric boiling point curve is 


a minimum for A > 0, 
a maximum for A < 0. 


If x[ a) is the mole fraction in the azeotropic mixture we have further 
that 


d T 

with 

£. = ^-^>0. 

Wrewsky’s theorem follows from (A 123) and (A124). 

nn __ ^( x i~ x i) _ 

dx' (1 - x{) [xl(h[ - hi) + (1 - xl) (h' 2 - hi )]’ 


(A124) 

(A125) 

(A126) 


d^i (1 — x x ) \x 1 {h 1 — h x ) -f- (1 — x[) (h 2 — h 2 )] 


(A127) 


76. The following equations are valid for the binary liquid: 
(a) Co-existence with pure solid component 1 


dT = T_ i d J^\ 

d^i \^i / t,p 

(b) Co-existence with pure solid component 2 


(A128) 


d T = T x x (dpA 

dx x L /2 1 - x 1 \dxj Tt p 


(A129) 
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In case (a) dTjdx has the same sign as L fv in case (b) dTjdx has the 
opposite sign to L h , The point of intersection of the two co-existence 
curves (eutectic point) represents a uni variant equilibrium. 

77. If the value of x x for the solid chemical compound is denoted 
by a, the co-existing melt obeys the equation 


AT _ a-x x 

d#! (l-a^Aja \dxj T ,p 

(A130) 

with 


A 12 = a(h\ - Aj) + (1 - a) (h;-h' 2 ). 

(A131) 

For A 12 > 0, we have 


AT n r 

t— > 0 for a > x x 

dT o r 

t— <0 for a < x t 

-z — = 0 for a = x,. 

dx^ 

(A132) 


The isobaric melting point curve therefore has a maximum at this 
point (dystectic point). 

78. The length ED' of the curve obeys (A 130) together with the 
first of the conditions (A132). The length D'M B obeys eq. (A128) 
together with (P27). The gradient dTjdx of the curve is therefore 
positive in both cases. (A 130) and (A 128) generally give different 
values of dTjdx at the point D'. The curve therefore has a kink. Pure 
solid substance B, the solid compound of composition a, and the melt 
of composition a ' co-exist at the point D'. The solid compound cannot, 
therefore, be in equilibrium with a melt of the same composition 
(unlike the state of affairs at a dystectic point). On melting, the 
compound decomposes into the melt of composition a' and a corre¬ 
sponding amount of solid component B. The point D' is therefore 
called the melting point of an incongruently melting compound 
(incongruent melting point) and represents a uni variant equilibrium. 

79. 

(a) If the composition of the phase CaC0 3 is characterized by the 
mole fraction of CaO, i.e. we put x x = J, eq. (31.23) gives 

dlnP 2 L 


d T RT 2 


(A133) 
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with 

L = + (A134) 

where ' denotes the phase CaO, n the gaseous phase C0 2 , and 
m the phase CaC0 3 . 

(b) If we remember that the molar enthalpy H$ aC o 3 °f fh e chemical 
compound CaC0 3 is related to the mean molar enthalpy H*" 
of the ‘mixed phase’ CaO + C0 2 by the expression 

■^cacos = %H* m > (A135) 

eqs. (A133) and (A134) are again obtained. 

80. 

(a) Let the reaction under discussion by I -> II. Let 
I-^l->2->...->?i-+-II 


be a reaction path via an arbitrarily chosen number of inter¬ 
mediate reactions. The First Law then gives 

Smii-Smi = AC/ = Z[Z«<-2%-i] (A136) 

n+1 

= SAC/,. 

i = l 

Since V is likewise a function of state we find the heat of 
reaction at constant pressure 


n+l 

ACC = 2 ACC,. 

i = 1 


(A137) 


(b) 6C + 60 2 = 6C0 2 ; 6ACC I; (I) 

3H 2 + |0 2 = 3H 2 0; 3ACC„, (II) 

C 6 H 8 + ^0 2 = 6C0 2 + 3H 2 0; ACC m . (Ill) 

If (I) and (II) are added together and (III) is subtracted from 
the sum, the result is 

6C + 3H 2 = 3C 6 H 6 ; (6 ACC, + 3ACC n - ACC ln ). 

* 81 . m\ = 


X'OTh 


S 


(A138) 

(A139) 


d Q 
d T 


= T Vi C i + 


($?),- 


(A 140) 
(A141) 
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where the summations are taken over the participants in the reaction 
with the sign conventions of eq. (33.15). 

4c* 

83. TZ^ P = K v> 

(A 142) 

4a 2 

l-« Co ~ Kc 

(A143) 

where c 0 = n 0 \ V is the volume concentration of the gas without any 
dissociation having taken place. 

84. If C Vn is the molar heat capacity at constant volume for the 
undissociated gas and C Vd is the corresponding quantity for the 
dissociation product, we have 

Gy = (1 - CL) Cy u + 2a Cy d + 

(A144) 

where A U is the heat of dissociation at constant volume. From (A 143) 
we obtain 

/da\ a(l — a) A U 

\dTJ v ~ 2-a RT 2 

(A145) 

which, with (A144), gives 

c c , arc c 

(A146) 

85. 

(a) We have 


ii 

> 

^ 1 R, 

(A147) 

/2a\ a(l — a) 

\dv) T ~ v(2 — a) ’ 

(A148) 

(dv\ R .. . RT a(l-a 2 ) 

\8t) p ~ P (1 + + P 2RT 2 ^ H ‘ 

(A149) 

From these we get 


„ „ [2RT + «(1- a) m + RT)f 

Lp 2RT 2 (2-a) 

(A150) 

, C P C Vu + a(2C yd -C Vn ) + R(l + a) + [(AH) 2 /RT 2 ] [a(l 
{ ’ Gy Cy n + a(2Cy d -C v J + [(AU)*IRT 2 ][a(l-a)l(2- 

— a 2 )/2] 

-«>] ' 
(A151) 
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86 . 

(a) For a « 0*57, the function a(T) shows a point of inflexion and 
the function docjdT a maximum. 

87. y is a maximum for a = 6, i.e. for an initial reaction mixture 
of stoichiometric composition. 


88. 



(a) 

, AH 

K p = + const. 

(A152) 

(b) for 1 


(A153) 


is approximately true. The degree of formation therefore 
increases proportionally to the pressure whereas it decreases 
with increasing temperature. The reaction must be carried out 
at relatively high temperatures to get an adequate reaction rate. 
The high temperature causes a decrease in yield which must be 
compensated by the application of high pressures. These 
thermodynamic arguments form the basis of the manufacture 
of ammonia. Departures from ideal gas behaviour must be 
taken into account in quantitative calculations (because of the 
high pressures). 

T P" 1 CT (\T' C T 

89. \nP = -^+^\nT + +i (A154) 

where L 0 is the limiting value of the heat of vaporization at T->0. 

90 . 

a pi AP 1 CTcM 1 ' CT 

(a) ln^ = -^ + ^- 0 lnT + iJ # JLJ # AC Ps dT" + I (A155) 

where A H 0 is the limiting value of the enthalpy of reaction at T 0. 

(b) The expression (P35) is obtained from (34.3), (34.5), and (34.24). 

91. 

(a) AG = AH a - T dT"- RTA(j - i) (A156) 

where A H 0 refers to the crystalline state. 

(b) According to (38.10), (38.17), and (A156) the Nernst heat 
theorem can be expressed as 


* =J 

for all pure condensed phases. 


(Al56a) 
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92. According to the Nernst heat theorem (Planck’s formulation) 
we have 

93. 

(a) We find from (41.16) or (41.19) that the quantity (dVjdT) P only 
appears as its square in the stability conditions. No statement 
about its sign can, therefore, be made. 

(b) The inequality (P37) has nothing to do with the stability 
conditions but follows from the Maxwell relation (24.24). 

94. The heat introduced during a quasi-static isothermal expan¬ 
sion is 

d Q = T (^) v dV - (Ai58) 


Since, for gases, the coefficient of thermal expansion a > 0, we find 
with (41.18) and (41.23) that (dP/dT) v > 0. 

95. We have 


dP\ = Cp(dP\ 
C v \dV)T 


(A159) 


According to (41.16) and (41.21) we have 



(A160) 


from which the required statement is obtained. 

96. Problem 95 is equivalent to the example cited in the text for 
the purpose of illustrating the Le Chatelier-Braun principle. We see 
from (43.8) that the stability conditions used here are (41.18) and 
(41.20). These are equivalent to (A160). 

97. 

(a) From | d x S | < | d 2 S | we find that 

C P >C V (A161) 

which agrees with (41.21). 

(b) The stability conditions used are 



(A162) 


The simplest way of obtaining them is by means of the enthalpy. 
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(c) If the validity of (43.2) is assumed, (43.7) only shows that the 
derivatives (dP j ldX j ) P{ and (dXJdP i ) Xj must have the same sign. 
No stability conditions are therefore obtainable from (43.2). 
The Le Chatelier-Braun principle is a weaker statement than 
the stability conditions. 

98. For V, T — const, we have 

d E I'tMi = 2 ~ v i (A163) 

i i "'i 

and, therefore, 

=2^>0. (A164) 

La? i J T,V i 

The transformation theory of §41 shows that this condition is also 
fulfilled for P = const. 

*99. 

(a) If b 2 n is transformed into a sum of squares, the result is 

S 2 w = i[A 1 (Sy 1 )2 + A 2 (S 2 / 2 )2] (A165) 

with 

|A166 > 

The definition of the critical point is that (A 165) becomes 
positive semi-definite. If C v < 0, 8 2 u would be indefinite or 
negative semi-definite. If C v = 0 ,S 2 u would not exist and there 
would be no critical point in the ordinary sense. 

(b) A a = 0 at the critical point. In general, therefore, C v must 
necessarily be less than -foo since, otherwise, 8 2 u would 
generally be zero which contradicts the definition in (a). 

*100. We have the general expression 

8 2 « (A167) 


If s is chosen as the first independent variable, we always have 


8 2 u T 
ll “ 8s 2 ~ Cy 


(A168) 


The statement C v > 0 is obtained by a method analogous to that of 
problem 99. If it were generally true that C v oo, this would lead to 
the definition of an additional equation for a critical phase which is 
impossible according to §45. 
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101. Variations of the mole fractions vanish for a phase of constant 
composition. The conditions for a critical phase therefore become 
identical with those for a one-component system for which the 
mechanical stability condition is not fulfilled. 

102. At the critical solution point we have 

£2 02 jp* 

dV * 2 dV*dx 1 02 ^* 02 ^* / 02 ]?* \ 2 

d 2 F * d 2 F * ^~8V* i ~8x\ [dV^dxJ = °' (A169) 

dx^V* dx\ 

d 2 F*/dV * 2 = 0 is therefore possible only for particular cases for 
which 8 2 F*jdV*dx 1 = 0 is also true. 


dP 1 (dCpldT)'p — (dCpjdT)' p 

AT vT (8a]dT)" P -(8al8T)'p ’ 

(A170) 

d P ( 8al8T)"p-(daldTY P 

AT ~ (8kI8T)" p — (Sk/STYp ’ 

(A171) 

AP (dal8P)" T -(8al8P)’ T 

AT~ (8 K j8PY T -(8 K i8P)' T ' 

(A172) 

104. af = 

j 

(A173) 

; 

(A174) 

105. According to the Nernst heat theorem we have 



(A175) 

and, therefore, because of the Maxwell relation obtained from (55.5), 

r° for 

(A176) 

Correspondingly, we have 


(5L„-° for r -*° 

(A177) 

and, therefore, using (55.2), 


MSLr 0 for 

(A 178) 
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Tj } ~ C {Sj} — Tv 2 Cij OLi (Xj 
i,j 

= Tv S K ijPiPj- 


107. From -*0 for T->0 

\obidb s f T,Sm=ij 

we find that 

± m \ =± m \ =^-> 0 f C 

dS i \dT) {Sk) 8T \dSj T ,s^ 8T 


(A179) 


(A180) 


d tdTA 


= ^2-»0 for T->0. (A181) 


C ij = C ij ^- 77 

C/ 




(A182) 

(A183) 


C 11 

C 12 

C 13 

0 

0 

0 

C 12 

C 11 

C 13 

0 

0 

0 

C 13 

C 13 

C 33 

0 

0 

0 

0 

0 

0 

C 44 

0 

0 

0 

0 

0 

0 

C 44 

0 

0 

0 

0 

0 

0 

C 66 


(A184) 


*111. The solution is given in the text by eq. (56.21). 

*112. The matrix of the elastic compliance coefficients has the 
same form as (56.21). 

We have , _ 

■*-l£= 3 tes 3 - (A185) 


( c n — c Vi> ( c li + 2 c ii) 


(A 185) 
(A186) 
(A187) 


*113. For the elastic compliance coefficients, the Cauchy relation is 
(*u “ K ia) (*n + 2k u) = ~ K u K u- (A188) 
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The isotropy condition becomes 

2(*n — * 12 ) = K w (A189) 

If the Cauchy relation is obeyed by an isotropic substance, we have 
*11 — ~ 4k 12 = 1 ^* 44 . (A190) 

114. 

(a) Triclinic crystal: 

* = k u + k 22 + k 33 + 2k 12 + 2k 13 + 2k 23 . (A191) 

(b) Cubic crystal: 


3 

c n + 2 c 12 


(A192) 


(c) Isotropic substance: 

3 3(1 —2v) 

2/x l + 3A~ ~ E y 


(A193) 


115. 

(a) Triclinic crystal: 

\c ij \ with all principal minors >0. (A 194) 

(b) Tetragonal crystal: 

C 11 > C 33 > C 44 ^ C 66 ^ 0 

C? 1 -Cf 2 > 0 (A195) 

C 33( C 11 + ^12) — 2Cj 3 > 0. 

(c) Cubic crystal: 

Cjj > 0, > 0 

c ii ” c i2 > 0 (A196) 

c ii( c n + c 12 ) — 2 c\ 2 > 0. 

(d) Isotropic substance: 

fXj j >0 i A L + > 0. (A197) 

116. 

(a) Tetragonal crystal: 

*n > 0 , /c 33 > 0 , k 44 > 0 , *r 66 > 0 

K 11 “ *12 > ^ 

*33(^11 + *12) — 2*13 > 


(A198) 
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(b) Cubic crystal: 



K u > 0 , K 44 > 0 

K ii ~ *i 2 > o 

*ll(*ll + %) - 2*12 > 

(A199) 

(0) 

* 

A 

© 

1 

V 

© 

(A 200 ) 

117. 

cc 

1 

II 

h 

gjoQ 

(A 201 ) 

According to this, an increase in temperature at constant extension 
must increase the stress if an extension is associated with an entropy 
decrease, i.e. with evolution of heat. 

*118. 

(a) No information about y can be obtained from the stability 
conditions since the sign of the term E.dP in eq. (58.9) is 
determined by the sign of y. 

(b) 

119. 

e > 0 . 

(A 202 ) 

(a) 


(A203) 

(b) 


(A204) 

(c) 


(A205) 

120 . 



(a) 

d£ - Li* • ,p ■ COn>t > 

(A206) 

(b) 

T-T 0 lA(v x ) 

T 2 AH* ’ 

(A207) 

121 . 



(a) 

d *i _ (i - *;> K(xi - xO+( 1 - (xi - X 2 )] ® 

d£ t-^i —%i) 

(A208) 


_ (i-x 1 ')K( x ;- x j) + (i-^)(x 2 -X 2 )]fi 

d E (x 1 — x x ) (dpjdxi )j> t p tE 

(A209) 
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(b) 

dxJdE _ (^i/^i)r,p,E 
xi -x\ -> o /dE {^H'iI^ x i)t,p,e 

(A210) 

For x[ = x\ we therefore have, in general, that d x^/dE ^ dx'JdE. 
The application of an electric field will, therefore, destroy the 
azeotropic character. 

122. 

C PtE (T,E)=C PiE (T, 0) + ^t 2 E*. 

(A211) 

123. 

K p {T,E) = K p (T, 0)exp(||^) 

(A212) 

with 

Ax = 2><Xi- 

(A213) 

124. 

cr 

C pm (T, H) = C PII {T, 0) + i/2 

(A214) 


125. If the initial state is denoted by ' and the final state by ", we 
have 


T" B + CH " 
T * B + CH'*' 


(A215) 
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